























Importance of the Normal Distribution

Method 1

Using the binomial distribution,
P(X<90)=0.1117

Method 2

Using the normal approximation to the binomial distribution,
X ~ Bin(400,%) ) X -~ N(100,75)
P(X <90)=P(X <89.5)=P(Z < 89'5'100)
J75
P(Z <-1.212)=0.1127




Importance of the Normal Distribution

2. Central Limit Theorem

The sample mean of a large random sample of random variables
with mean g and finite variance o* has approximately a normal
distribution with mean x and variance &2/ n.

The proof can be done by either using moment generating function
or probability distribution function. The details of the proofs can be
seen on

Alexander M. Mood, Franklin A. Graybill and Duane C. Boes (1974).
Introduction to the Theory of Statistics (3"9Edition) (pp.234-235).
Mc-Graw-Hill.
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Activity 2 - Normal Distribution

Example 1 — Are you fit?

Source
http://www.hked-stat.net/common/activity as 2.htm

Worksheet
Word document version

pdf version

BMI Calculator
http://www.ryvita.co.uk/calculatebmi.html




Activity 2 - Normal Distribution

Example 2 — Pieces of string

Look at 10 cm on a ruler and then take a ball of string. Every
student cuts a piece of string of 10 cm from the ball of string by
guessing. Measuring the lengths of all the pieces in mm.
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Notes on Activity 2

The following issues can be discussed after the activity.

1. Describe the distribution of data.

2. Is it symmetrical about the mean? If not, are there any
factors contributing to the shape of the distribution?

3. Can we manipulate the data so that these factors can be

removed after manipulation? If yes, how? If not, why?

4. Describe the distribution of the manipulated data.




History of the Normal Distribution

Abraham De Moivre
(1667 — 1754)

The normal curve was developed mathematically in 1733 by De Moivre
as an approximation to the binomial distribution. His paper was not
discovered until 1924 by Karl Pearson.

Pierre Simon Laplace
(1749 — 1827)

Laplace used the normal curve in 1783 to describe the distribution of
errors. In 1810, he proved the Central Limit Theorem.




History of the Normal Distribution

Johann Carl Friedrich Gauss
(1777 — 1855)

Gauss used the normal curve to analyze astronomical data in 1809. The
normal curve is often called the Gaussian distribution.

In Germany, the portrait of Gauss, the normal curve and its p.d.f. have
been put on their 10 Deutschmark Note.




Properties of the Normal Distribution

1. f(x) >0 for all values of x.

2. [ f(x)dx=1

3. The parameters x and o of the normal distribution
are the mean and the standard deviation of the

distribution respectively.




Expected Value of the Normal Distribution

A random variable X follows a normal distribution with mean « and variance

&, find E(X).
1 _(X_:U)

f _ 2
X = ox

e 297, —00<X< ™
E(X):j:xf(x)dx

2

X_
Let z=—ﬂ,weget
O

Z2

E(x) = % [ (oz+me 7 dz
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E(X)=— j oze *dz+u—— | e 2 dz= N2 = U

_H
\N 2T N2 U 27T




Variance of the Normal Distribution

A random variable X follows a normal distribution with mean x and variance
o?, find E(X).

(x=4)
- 1 U
Var(X)=| (x—uYf e 20° dx
(X) j_w( ,u) o 2r
Let z=2"# e get
O
(72 _2_2
Var(X) = " 7% 2 dz
N2 T
2
O
Var(X) = N2 =0
N2

Var(X)=o"




Properties of the Normal Distribution

Normal curve is symmetrical
- two halves identical -
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Properties of the Normal Distribution

The location of the normal distribution Is determined

by u .

Normal distributions with different
means but equal standard deviation.
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Properties of the Normal Distribution

The dispersion of the normal distribution is

Normal distributions with equal mean
but different standard deviations.

X, ~ N, 0?)
X, ~N(u, 06,%)

determined by o.

probability density
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Properties of the Normal Distribution
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Standardization of a Normal Variable

The standard normal distribution i1s a normal distribution with
mean 0 and variance 1.




Standardization of a Normal Variable

The standard normal distribution i1s a normal distribution with

mean O and variance 1.

fX~N(u,o2)and z=2"#

O

E(Z>=E<X;”)

£2) =~ [E() - E(w)]

1

E(Z) == (u-p)

E(Z) =0

. then

Var(Z) = Var(x —

Var(Z) = %[Var(x —11)]

Var(Z) = izVar(X)




Example

The life time of the batteries for a notebook
computer under normal usage Is normally
distributed with mean 210 minutes and
standard deviation 15 minutes.

a) What percentage of these batteries will have a
life time between 195 minutes and 240
minutes?

b) What percentage of batteries will have a life
time less than 180 minutes?



(a) Let X be the lifetime of the batteries for a notebook

computer.
X ~ N (210, 152)

P(195 < X < 240) = ?
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150 165 180 195 210 225 240 255 270




Table of the Standard Normal Distribution

Area under the Standard Normal Curve

y4 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
0.0 0.0Q00 0.0040 0.0080 0.0120 0.0160 0.0199 0.0239 0.0279 0.0319 0.0359
0.1 0.0398 0.0438 0.0478 0.0517 0.0557 0.0596 0.0636 0.0675 0.0714 0.0753
0.2 0.07193 0.0832 0.0871 0.0910 0.0948 0.0987 0.1026 0.1064 0.1103 0-1141
0.3 0.1179 0.1217 0.1255 0.1293 0.1331 0.1368 0.1406 0.1443 0.1480 0.1517
0.4 0.18954 0.1591 0.1628 0.1664 0.1700 0.1736 0.1772 0.1808 0.1844 0.1879
0.5 0.1915 0.1950 0.1985 0.2019 0.2054 0.2088 0.2123 0.2157 0.2190 0.2224
0.6 0.2457 0.2291 0.2324 0.2357 0.2389 0.2422 0.2454 0.2486 0.2517 0.2549
0.7 0.2"5 0. 0.26 e =T 0.2764 0.2794 0.2823 0.2852
0.8 0.2 0. g 0.3051 0.3078 0.3106 0.3133
0.9 0.3 0. .3315 0.3340 0.3365 0.3389

0. 0. e 0.3554 0.3577 0.3599 0.3621
1.1 0. 0. 0. 0.3770 0.3790 0.3810 0.3830
1.2 0.3849 0.3869 0.3888 0.3907 0.3925 0.3944 0.3962 0.3980 0.3997 0.4015
1.3 0.4032 0.4049 0.4066 0.4082 0.4099 0.4115 0.4131 0.4147 0.4162 0.4177
1.4 0.4192 0.4207 0.4222 0.4236 0.4251 0.4265 0.4279 0.4292 0.4306 0.4319
1.5 0.4332 0.4345 0.4357 0.4370 0.4382 0.4394 0.4406 0.4418 0.4429 0.4441
1.6 0.4452 0.4463 0.4474 0.4484 0.4495 0.4505 0.4515 0.4525 0.4535 0.4545
1.7 0.4554 0.4564 0.4573 0.4582 0.4591 0.4599 0.4608 0.4616 0.4625 0.4633
1.8 0.4641 0.4649 0.4656 0.4664 0.4671 0.4678 0.4686 0.4693 0.4699 0.4706




X =21
Let Z = !

P(195 < X < 240)
P(-1<Z<2)
0.3413 + 0.4772

0.8185

>
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Let X be the lifetime of the batteries of a notebook

computer.

X ~ N (210, 152)
X =210
15
P(195 < X < 240)

Llet Z =

P(-1<Z<2)
0.3413 + 0.4772

0.8185




(b)

P(X < 180) = ?

150 165

180 195 210 225

240

255 270

X
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