Activity 5
Searching Methods
Topic:




· Searching Methods
Levels:



· P4-P6

· S1-S3

Time required:

· 1 hour

Levels of Difficulties:


· Low(*) : suitable for P4 or above
· Middle(**) : suitable for S1 or above

· High(***) : suitable for S3 or above
	Low (*)
	Middle (**)
	High (***)

	P4
	
	
	
	
	
	

	
	P5
	
	
	
	
	

	
	
	P6
	
	
	
	

	
	
	
	
	S1
	
	

	
	
	
	
	
	S2
	

	
	
	
	
	
	
	S3


· Remarks:

1. Unless stated or otherwise, the level of difficulty of the components in this activity is Low.

2. The above levels of difficulties are just for reference. Teachers should choose suitable components for their students based on their professional judgements.

Skills and Content to be learnt:

· Searching methods
· Computational thinking

· Logical reasoning

· Comparison

· Divide and Conquer
Strategies:

· Game-based learning
· Discovery approach

· Guided learning

Materials:


· Number cards 1 to 10 (Appendix 2)
· Number printed on one side of each card.

· Magnetic number cards for metal whiteboard, if possible.

· 10 blank cards (Appendix 2)
· Activity Worksheet for each student.
· Teacher’s computer, projector and screen for displaying document.
Activity Description:

In this activity, teacher will introduce searching methods by using guessing games. Teacher will start with a list of 10 number cards. Students are required to guess a secret number in the list. The length of the list of items will be subsequently increased to 26, 300 and even 10000. Students will learn the binary search method and estimate the number of iterations required.  
Procedure:

1. Teacher may begin the lesson by using the simplest searching method: the linear search.

· Teacher takes out 10 blank cards and draws a picture on one of the card. 

· Teacher shuffles the cards and turns the cards face down on the table (or blackboard/whiteboard). 

[image: image1]
· Teacher asks students to guess which card has the picture. 
· Without further information about the location of the picture card, students will either choose the card randomly, or choose the card one by one starting from one end. The latter method is called linear search.

· Teacher should remind students that in the best case they need to guess once, but in the worst case they need to guess 10 times. 

· This brings out the need for a more efficient searching method. Teacher then carries out the following activities.

2. Teacher places 10 number cards in ascending order on the blackboard/whiteboard as shown below.

[image: image2]
3. Teacher flips the cards to hide the numbers and writes down the “position” of each card on the board.


[image: image3]
4. Teacher then writes down a secret number between 1 and 10 on a blank card and choose a student to guess the number.

Instructions to student:

· “You should guess the secret number by selecting a card.”
· “After you have selected a card, I will tell you whether your guess is correct, too small or too large.”
· “If you can find the secret number within 4 guesses, then you win and get a candy, otherwise, you lose with no punishment.”
5. Teacher may draw 4 “lives” on the board to represent 4 opportunities. After the student has chosen a card, teacher will remove the card from the board and tell the student the result of his guess. Teacher then erases one life from the board.

[image: image4]
6. Teacher can let several students to try the game and observe the strategies they adopted. Teacher should use different types of secret number in the games: typical values, middle values (5 or, 6), boundary values (1, 2, 9, 10), etc.

7. Teacher can then let the winners to share their strategies. Hopefully, if some students have adopted the binary search method (or similar methods), teacher can further elaborate the method. Otherwise, teacher can introduce the binary search method.
8. Teacher introduces the binary search method to students.
Step 1. Choose the middle card (e.g. card 5 in 10 cards).

· A simple rule for choosing the middle card from n cards:

· If n is an even number, choose the n/2 th card;

· If n is an odd number, choose the (n+1)/2 th card.

Step 2. If the card’s number is the secret number, then the secret number is found.
Step 3. If the card’s number is greater than the secret number, remove the right half of the cards.

Step 4. If the card’s number is smaller than the secret number, remove the left half of the cards.

Step 5. Repeat Steps 1 to 4 until the secret number is found. 

· Teacher may remove the cards on the broad in Step 3 and Step 4 above to illustrate the method.

· Teacher should emphasize the reason for choosing the middle card from the list. 
· By choosing the middle card, we can be sure that only half of the cards will be left behind. 
· If we choose a card other than the middle one, there is an opportunity that more than half of the cards will be left behind.
· Teacher may ask students to think of some daily life examples that involve using similar technique as binary search. E.g. turning to a particular page in a book.

9. To ensure all the students can try the binary search method, teacher should ask students to do Q1 on the Activity Worksheet. Teacher may demonstrate how to do Q1 (a) and let students to complete Q1 (b).  
10. Teacher can discuss with students why binary search method is a winning strategy for the above game.

[image: image5]

Analysis:


	Compare with the middle value

(
1st bisection

(
Compare with the middle value

(
2nd bisection

(
Compare with the middle value

(
3rd bisection

(
Compare with the middle value
	If the secret number is 5, the search ends.
If the secret number is 2 or 8, the search ends.
If the secret number is 1, 3, 6 or 9, the search ends.
If the secret number is 4, 7 or 10, the search ends.
The search ends. If the secret number is not found, the secret number is not within the 10 cards.

	Conclusion
	Secret number
Number of comparisons required 
5
1
2, 8
2
1, 3, 6, 9
3
4, 7, 10
4
To apply binary search on 10 numbers, at most 3 bisections and 4 comparisons are required. 


11. Teacher then asks students to do Q2 on the Activity Worksheet and discuss the solutions with them. 
Focus of discussion:
· Estimate the maximum and minimum numbers of guesses.

· Consider the unsuccessful cases in binary search.

· Both ascending and descending arrangements are suitable for performing binary search. 

12. Next, teacher shuffles the cards on the board so that the cards are not arranged in any order. Teacher then ask some students to try to use binary search method to guess the secret number. 
· Important: the numbers on the cards should be hidden (facing the board) otherwise students can still eliminate the unlikely cards by observation.

· Students should be able to discover that it is impossible to apply binary search on unordered cards. 

· Teacher should tell students that there is no preference in choosing any card if the cards are not arranged in any order. In this case, we usually choose the cards one by one starting from the left. This is called linear search. It is not an efficient searching method. The maximum number of guesses is 10 (the number of cards).
13. Teacher then asks students to do Q3 and Q4 on the Activity Worksheet.
Focus:

· Necessary condition for using binary search.

· Binary search can be applied to any lists of ordered numbers.

14. Before proceeding to the next activity, teacher can use examples to illustrate how to calculate the maximum number of comparisons/guesses required in a binary search.
Suppose there is a list of 10 numbers. We bisect the list into halves and then bisect one of the halves into halves again and so on until one number is left. How many times of bisection do we need?
	2
	10

	2
	5

	2
	2

		1


	
	OR
	1st bisection:
10 / 2 = 5 
2nd bisection:
5 / 2 = 2
3rd bisection:
2 / 2 = 1


In applying binary search on a list of 10 numbers, the middle number will be compared before and after each bisection, i.e.
Compare ( Bisect ( Compare ( Bisect ( Compare ( Bisect ( Compare
So it involves 3 bisections and 4 comparisons/guesses.
Extended question:

To find a name from a sorted list with 24 names, what is the maximum number of comparisons/guesses required?
(Teacher can prepare a sorted list with 24 names.)
	2
	24

	2
	12

	2
	6

	2
	3

	
	1


At most 4 bisections and 5 comparisons/guesses are required.
(Teacher can let students to verify the results through hands-on practice.)
(**)

15. Next, teacher uses the pictures in Appendix 1 to demonstrate how to apply binary search on a sequence of letters arranged in alphabetical order. 

Teacher may demonstrate it himself/herself, or ask a student to try.
Step 1. Zoom in Figure 1 to display 26 letter cards arranged in alphabetical order. 
Step 2. Zoom in Figure 2 to assume the 26 cards have been flipped. 
Step 3. Choose a card by referring to the position (number) of the card.

Step 4. “Flip over” the chosen card by changing the background colour of the card to white.

Step 5. Check the guess.
Step 6. If the guess is not correct, add diagonal lines to those cards that are to be removed.

[image: image6.png]



Step 7. Repeat Steps 3 to 6 until the secret letter is found.

(**)

16. Teacher then asks students to do Q5 on the Activity Worksheet.

Focus:

· Binary search can be applied to any lists of ordered items.

· It is not necessary to see all the items in the list in order to choose an item. We only need to know the result of each guess when conducting binary search.

· Estimate the maximum and minimum numbers of guesses.

17. To further demonstrate how powerful the binary search is, teacher can visit the website https://www.khanacademy.org/computing/computer-science/algorithms/intro-to-algorithms/a/a-guessing-game and display it on a projector screen. Teacher can invite a student to find out a secret number between 1 and 300. He should be able to find the number within 9 guesses. 
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Teacher can then raise a question.

· Do we need to write down 10000 numbers if we want to guess a number between 1 and 10000?

(**)

18. Challenge to students:
· Suppose I want to carry out a number guessing game with numbers between 1 and 100, but I don’t want to list out all the numbers, positions or cards for the participants to choose. What should I do?

· If the students have no idea, teacher may ask them if they have watched the TV programme “Super Trio (獎門人)”. There is a popular game called “Number Bomb (開口中)”.

(***)

19. By using the idea in the “Number Bomb” game, teacher demonstrates how to apply binary search on the sequence of numbers from 1 to 100. 

· Demonstrate how to indicate the sub-list to be searched by using the left and right numbers (in fact positions) of the sub-list.

· Suppose the original list is from 1 to 100. We want to search for a target in the list.

Step 1. Set Left = 1, Right = 100.

Step 2. Choose Middle = integral part of (Left + Right)/2.

Step 3. If Middle = Target, then the target is found.

Step 4. If Middle > Target, then set Right = Middle – 1.

Step 5. If Middle < Target, then set Left = Middle + 1.

Step 6. Repeat Steps 2 to 5 until the Target is found.

· E.g. 

· The original list is from 1 to 100. (Left = 1, Right = 100)

· Middle = integral part of (1 + 100)/2 = 50. The first guess is 50, which is larger than the target. Then the sub-list to be searched next will be from 1 to 49 (i.e. Left = 1, Right = 49).
(***)

20. Let students practice the above binary search method by doing Q6 on the Activity Worksheet.

· Teacher can demonstrate how to do Q6 (a) and ask students to complete Q6 (b).  

(***)

21. Teacher then asks students to do Q7 on the Activity Worksheet.

Focus:

· Estimate the maximum and minimum numbers of guesses.

(***)

22. Final challenge to students:

· Q8 on the Activity Worksheet.

Activity Worksheet 5 : Searching Methods
(*)

Q1. Given ten number cards 1 to 10 arranged in ascending order as follows.


[image: image8]
We want to use the following binary search method is used to find a secret number between 1 and 10. 
Binary search method:

Step 1. Choose the middle card.

· A simple rule for choosing the middle card from n cards:

· If n is an even number, choose the n/2 th card;

· If n is an odd number, choose the (n+1)/2 th card.

Step 2. If the card’s number is the secret number, then the secret number is found.

Step 3. If the card’s number is greater than the secret number, remove the right half of the cards.

Step 4. If the card’s number is smaller than the secret number, remove the left half of the cards.

Step 5. Repeat Steps 1 to 4 until the secret number is found. 

For each of the following cases (a) and (b), record the steps of binary search by shading the possible location(s) of the secret number according to the result of each guess.
(a) Suppose the secret number is 2.

	Number of guesses
	Guess number
	Guess result
	Shade the possible location(s) of the secret number

	1
	
	( Too small

( Too Large

( Correct
	1
2
3
4
5
6
7
8
9
10


	2
	
	( Too small

( Too Large

( Correct
	1
2
3
4
5
6
7
8
9
10



(b) Suppose the secret number is 7.

	Number of guesses
	Guess number
	Guess result
	Shade the possible location(s) of the secret number

	1
	
	( Too small

( Too Large

( Correct
	1
2
3
4
5
6
7
8
9
10


	2
	
	( Too small

( Too Large

( Correct
	1
2
3
4
5
6
7
8
9
10


	3
	
	( Too small

( Too Large

( Correct
	1
2
3
4
5
6
7
8
9
10


	4
	
	( Too small

( Too Large

( Correct
	1
2
3
4
5
6
7
8
9
10



Discussion:
In Q1, binary search is used to find a secret number from a list of 10 numbers sorted in ascending order. The flow of the process is as follows:

[image: image9]

Analysis:


	Compare with the middle value

(
1st bisection

(
Compare with the middle value

(
2nd bisection

(
Compare with the middle value

(
3rd bisection

(
Compare with the middle value
	If the secret number is 5, the search ends.
If the secret number is 2 or 8, the search ends.
If the secret number is 1, 3, 6 or 9, the search ends.
If the secret number is 4, 7 or 10, the search ends.
The search ends. If the secret number is not found, the secret number is not within the 10 cards.

	Conclusion
	Secret number
Number of comparisons required 
5
1
2, 8
2
1, 3, 6, 9
3
4, 7, 10
4
To apply binary search on 10 numbers, at most 3 bisections and 4 comparisons are required. 


(*)

Q2. Given ten number cards 1 to 10 arranged in ascending order as follows.


[image: image10]
(a) Binary search method is used to find a secret number between 1 and 10.

(i) What is the minimum number of guesses required to find the secret number?

	


(ii) What is the maximum number of guesses required to find the secret number?
	


(b) If the secret number is 0, after how many guesses will you discover that the number is not in the cards?
	


(c) If the secret number is 15, after how many guesses will you discover that the number is not in the cards?
	


(d) Suppose the cards are arranged in descending order from left to right, can you still use the binary search method to find the secret number?
	


(*)

Q3. Suppose we want to search for a secret number from a list of numbers.


(a) What is the necessary condition for using binary search method?
	


(b) If the condition in (a) is not satisfied, what searching method should we use?
	


(*)

Q4. Given ten number cards with even number 2 to 20 arranged in ascending order as follows. 

[image: image11]
(a) We want to find a secret even number between 2 and 20. 

(i) Can we use binary search method to find the number? 
	


(ii) If binary search method is used, what is the minimum number of guesses required to find the secret number?
	


(iii) If binary search method is used, what is the maximum number of guesses required to find the secret number?
	


(b) If the secret number is 5, after how many guesses will you discover that the number is not in the cards?
	


Discussion:

Suppose there is a list of 10 numbers. We bisect the list into halves and then bisect one of the halves into halves again and so on until one number is left. How many times of bisection do we need?
	2
	10

	2
	5

	2
	2

		1


	
	OR
	1st bisection:
10 / 2 = 5 
2nd bisection:
5 / 2 = 2
3rd bisection:
2 / 2 = 1



In applying binary search on a list of 10 numbers, the middle number will be compared before and after each bisection, i.e.
Compare ( Bisect ( Compare ( Bisect ( Compare ( Bisect ( Compare
So it involves 3 bisections and 4 comparisons/guesses.
Extended question:
To find a name from a sorted list with 24 names, what is the maximum number of comparisons/guesses required?
Calculation:
	2
	24

	2
	12

	2
	6

	2
	3

	
	1


At most 4 bisections and 5 comparisons/guesses are required.
(**)

Q5. Given 26 letter cards with letters A to Z arranged in alphabetical order as follows. 


[image: image12]
We want to find a secret letter between A and Z. 

(a) Can we use binary search method to find the secret letter?  
	


(b) Is it necessary to see the letters on all the cards in order to choose a card?
	


(c) If binary search method is used, what is the minimum number of guesses required to find the secret letter?
	


(d) If binary search method is used, what is the maximum number of guesses required to find the secret letter?
	


(***)

Q6. Suppose we want to find a secret number between 1 and 100 by using the following binary search method.

Binary search method:

Step 1. Set Left = 1, Right = 100.

Step 2. Choose Middle = integral part of (Left + Right)/2.

Step 3. If Middle = Target, then the target is found.

Step 4. If Middle > Target, then set Right = Middle – 1.

Step 5. If Middle < Target, then set Left = Middle + 1.

Step 6. Repeat Steps 2 to 5 until the Target is found.

For each of the following cases (a) and (b), record the steps of binary search by writing down the values of Left, Right and Middle, and the comparison result just after Step 2 in each iteration.
(a) Suppose the secret number is 37.

	Iteration
	Left
	Right
	Middle
	Comparison

	1
	1
	100
	50
	Middle  >   Target

	
	
	
	
	Middle      Target

	
	
	
	
	Middle      Target


(b) Suppose the secret number is 79.

	Iteration
	Left
	Right
	Middle
	Comparison

	
	
	
	
	Middle      Target

	
	
	
	
	Middle      Target

	
	
	
	
	Middle      Target

	
	
	
	
	Middle      Target

	
	
	
	
	Middle      Target


(***)

Q7. Suppose we want to find a secret number between 1 and 100 by using binary search method.

(a) What is the minimum number of guesses required to find the secret number?
	


(b) What is the maximum number of guesses required to find the secret number?
	


(***)

Q8. Suppose your teacher asks you to guess a secret number between 1 and 10000. After each guess, he will tell you whether your guess is correct, too small or too large. He allows you to suggest the number of guesses you need, but not too many. At least how many guesses should you suggest in order to be sure to win?

	


Answers

(*)

Q1. Given ten number cards 1 to 10 arranged in ascending order as follows.


[image: image13]
Suppose the following binary search method is used to find a secret number between 1 and 10. 

Binary search method:

Step 1. Choose the middle card.

· A simple rule for choosing the middle card from n cards:

· If n is an even number, choose the n/2 th card;

· If n is an odd number, choose the (n+1)/2 th card.

Step 2. If the card’s number is the secret number, then the target is found.

Step 3. If the card’s number is greater than the secret number, remove the right half of the cards.

Step 4. If the card’s number is smaller than the secret number, remove the left half of the cards.

Step 5. Repeat Steps 1 to 4 until the secret number is found. 

For each of the following cases, record the steps of binary search by shading the possible location(s) of the secret number according to the result of each guess.
(a) Suppose the secret number is 2.

	Number of guesses
	Guess number
	Guess result
	Shade the possible location(s) of the secret number

	1
	5
	( Too small

( Too Large
( Correct
	1
2
3
4
5
6
7
8
9
10


	2
	2
	( Too small

( Too Large

( Correct
	1
2
3
4
5
6
7
8
9
10



(b) Suppose the secret number is 7.

	Number of guesses
	Guess number
	Guess result
	Shade the possible location(s) of the secret number

	1
	5
	( Too small

( Too Large

( Correct
	1
2
3
4
5
6
7
8
9
10


	2
	8
	( Too small

( Too Large

( Correct
	1
2
3
4
5
6
7
8
9
10


	3
	6
	( Too small
( Too Large

( Correct
	1
2
3
4
5
6
7
8
9
10


	4
	7
	( Too small

( Too Large

( Correct
	1
2
3
4
5
6
7
8
9
10



(*)

Q2. Given ten number cards 1 to 10 arranged in ascending order as follows.


[image: image14]
(a) Binary search method is used to find a secret number between 1 and 10.

(i) What is the minimum number of guesses required to find the secret number?
	1


(ii) What is the maximum number of guesses required to find the secret number?
	4


(b) If the secret number is 0, after how many guesses will you discover that the number is not in the cards?
	3


(c) If the secret number is 15, after how many guesses will you discover that the number is not in the cards?
	4


(d) Suppose the cards are arranged in descending order from left to right, can you still use the binary search method to find the secret number?
	Yes


(*)

Q3. Suppose we want to search for a secret number from a list of numbers.


(a) What is the necessary condition for using binary search method?
	The number should be sorted in ascending or descending order.


(b) If the condition in (a) is not satisfied, what searching method should we use?
	Linear search.


The teacher may provide guiding question to students:
Think about:

If the names on the name list are not sorted in order, can we still quickly find a student from the list?

(*)

Q4. Given ten number cards with even number 2 to 20 arranged in ascending order as follows. 


[image: image15]
(a) We want to find a secret even number between 2 and 20. 

(i) Can we use binary search method to find the number? 
	Yes


(ii) If binary search method is used, what is the minimum number of guesses required to find the secret number?
	1


(iii) If binary search method is used, what is the maximum number of guesses required to find the secret number?
	4


(b) If the secret number is 5, after how many guesses will you discover that the number is not in the cards?
	3


(**)

Q5. Given 26 letter cards with letters A to Z arranged in alphabetical order as follows. 


[image: image16]
We want to find a secret letter between A and Z. 

(a) Can we use binary search method to find the secret letter?  
	Yes


(b) Is it necessary to see the letters on all the cards in order to choose a card?
	No


(c) If binary search method is used, what is the minimum number of guesses required to find the secret letter?
	1


(d) If binary search method is used, what is the maximum number of guesses required to find the secret letter?
	5


Explanation

In worst case, we need to continue guessing the letter until there is one card left, which is the secret letter.
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Original number of cards = 26

Maximum number of cards left after the 1st guess = 13

Maximum number of cards left after the 2nd guess = 6

Maximum number of cards left after the 3rd guess = 3

Maximum number of cards left after the 4th guess = 1

The 5th guess will be the secret letter.

OR

Original number of cards = 26

Number of cards left after the 1st guess ( 26/2 = 13

Number of cards left after the 2nd guess ( 26/22 ( 6

:

:

:

:

:

:
Number of cards left after the kth guess ( 26/2k 

Suppose there is one card left after the kth guess, then

26/2k ( 1  (  k = log 26 / log 2 ( 4.7

The maximum number of guesses ( 5

(***)

Q6. Suppose we want to find a secret number between 1 and 100 by using the following binary search method.

Binary search method:

Step 1. Set Left = 1, Right = 100.

Step 2. Choose Middle = integral part of (Left + Right)/2.

Step 3. If Middle = Target, then the target is found.

Step 4. If Middle > Target, then set Right = Middle – 1.

Step 5. If Middle < Target, then set Left = Middle + 1.

Step 6. Repeat Steps 2 to 5 until the Target is found.

For each of the following cases (a) and (b), record the steps of binary search by writing down the values of Left, Right and Middle, and the comparison result just after Step 2 in each iteration.

(a) Suppose the secret number is 37.

	Iteration
	Left
	Right
	Middle
	Comparison

	1
	1
	100
	50
	Middle  >   Target

	2
	1
	49
	25
	Middle  <   Target

	3
	26
	49
	37
	Middle  =   Target


(b) Suppose the secret number is 79.

	Iteration
	Left
	Right
	Middle
	Comparison

	1
	1
	100
	50
	Middle  <   Target

	2
	51
	100
	75
	Middle  <   Target

	3
	76
	100
	88
	Middle  >   Target

	4
	76
	88
	82
	Middle  >   Target

	5
	76
	82
	79
	Middle  =   Target


(***)

Q7. Suppose we want to find a secret number between 1 and 100 by using binary search method.

(a) What is the minimum number of guesses required to find the secret number?
	1


(b) What is the maximum number of guesses required to find the secret number?
	7


Explanation

[image: image18.png](2 0s e s e )7 ) ) e ) (0]




In worst case, we need to continue guessing the number until there is one number left in the list, which is the secret number.

Length of the original list of numbers = 100
Maximum length of the remaining list after the 1st guess = 50
Maximum length of the remaining list after the 2nd guess = 25
Maximum length of the remaining list after the 3rd guess = 12
Maximum length of the remaining list after the 4th guess = 6

Maximum length of the remaining list after the 5th guess = 3
Maximum length of the remaining list after the 6th guess = 1
The 7th guess will be the secret letter.

OR

Length of the original list of numbers = 100
Length of the remaining list after the 1st guess ( 100/2 = 50
Length of the remaining list after the 2nd guess ( 100/22 = 25
:

:

:

:

:

:
Length of the remaining list after the kth guess ( 100/2k 

Suppose there is one number left after the kth guess, then

100/2k ( 1  (  k = log 100 / log 2 ( 6.6
The maximum number of guesses ( 7
(***)

Q8. Suppose your teacher asks you to guess a secret number between 1 and 10000. After each guess, he will tell you whether your guess is correct, too small or too large. He allows you to suggest the number of guesses you need, but not too many. At least how many guesses should you suggest in order to be sure to win?
	14


Explanation

Length of the original list of numbers = 10000

In worst case, we need to keep on guessing until there is one number left.
The maximum length of the remaining list of numbers after each guess will be changed as follows:

5000  (  2500  (  1250  (  625  (  312  (  156  (  78  (  39  (  19  (  9  (  4  (  2  (  1 
[image: image19.png]


Maximum number of guesses = 13 + 1 = 14
OR

Solving 
10000/2k = 1  
(   
  k = log 10000 / log 2 ( 13.3
The maximum number of guesses ( 14
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Figure 1 - Letter Cards
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Figure 2 - Flipped cards
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