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ong Kong is proud to be organizing the

brightest secondary school mathematics
talents from over 00 countries at the a7th
International Mathematical Olympiad (IMO) in
July 2016. We hope that IMOment will promote
interest in mathematics among students and the
public in this period leading up to IMO 2018, and
beyond.

Readers are welcome to submit articles on
mathematics and/or Mathematical Olympiad to
IMOment. Submissions should be original, one to
four pages in length in either Chinese or English
(or both), and should be sent by attachment to
an email to info@imohke.org.hk, or be mailed

to Rm . 403, 4/F, Kowloon Government Offices,
405 Nathan Road, Kowloan, titled "Submission to
[MOment."

Organising Committee of the 97th
International Mathematical Olympiad 2016
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Alice \?&-nga,ggradua'fe'nf.ﬂiunesan dipls’ School, P ; .
represented Hong [(ui;g at the International Mathematical P9
Olympiad in 2012, IFnd 2014, winning one Silver and two

braonze medals. She got a perfect score in the2012 China
Girls Mathematical Dlympiad. She is now studying at the
tts Institute ology in the USA.
s ;i .

AL = Andy Loo AW = Alice Wong

AL: Long time no see, Alice! Let's talk about why do you like
mathematics?

AW: Hello Andy! | like the elegance of mathematics. Once you
understand the principle behind the question everything becomes
natural. The full understanding is crucial to excellence in this
field. Moreover, the inter-connectedness of different areas of
mathematics is particularly fascinating. A problem may appear as
an algebraic one but can in fact be solved by geometric methods.
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AL: Db | see! Tell us about your math Olympiad story.

AW: | started taking Mathematical Olympiad classes in fourth
grade and became fascinated by this subject. The simple yet
ingenious solutions were beyond my imagination. My enthusiasm
in mathematics, along with some luck, earned me a taste of
success. Fueled by the desire to achieve more, | challenged myself
to more ambitious goals. During this journey. there were times

of failure and discouragement. However, my persistence did not
allow me to give up and eventually brought me to the International
Mathematical Olympiad (IMO).

AL: Are there any particular challenges you have faced as a female
math Olympian? How did you overcome them?

AW: As a female Math Olympian, | often find myself among

the minority in the Math Olympiad community. It is a common
sterentype that males do better than females in mathematics.
Personally | refuse to accept this. | believe females and males may
have different thinking modes which can be complementary. Still

it is no surprise that there were people who believed | wouldn't do
great in mathematics. In order to prove them wrong, | studied hard
and eventually earned a ticket to IM0. | am proud of what | have
achieved, and it has disproved the ideological stereotype.

AL: Did you meet many fellow female Math Olympians from other
countries?

AW: During different Math Olympiad contests, | have made friends
with female competitors from other countries. Such friendship

is particularly valuable, for what links us together is not only the
passion for mathematics, but also the mission to prove to the
world that the performance of females in mathematics can be as
good as anybody else's. What surprises me more is to have become
college classmates with these girls | met at contests. This not only
helps us sustain our friendship, but also makes me realize girls
with the same vision can indeed come together and face the world
with confidence.

AL: What is the most important thing you have gained from Math
Olympiad?

T RGBS ES - BRIBHE
BEEEmmEE - EEARAE - BRRERFIEE
HEMILHE - #ERIE - BIRERE 7 EXER
ABE—RER - REEBFAWRE - RIRER
—EEMNE - ERUBAEHHEBILEE £
HEENHMSEHREE - o

B RIS S
B ?

T BELERE
RS - =
DR
=S4 —EIEE

CHES . iARE
BECAEE DB
2R EE - IRE
A —AEEVS AL

I -

B AAVHREER
RUEERAYSCE - O

REERR IR IEAR -
%EHF?MEE!WF?
FIR ?

T gOtE - A2
HEFRPWDE -
BMERSHRE
X EREERE
HECAEBEDL - A
BREESFBEE
TRIOFRIABEK -
®

ISSUE4 4

STRENGTH THROUGH E[INFIIJENEE

-
AW: The mast important |ES§EI'& learnt is the importance

of persistence. The road to striving for excellence is not always
smaoth. One may be tripped over many times. Wha%s the
difference is persistence would make one stand up and march
forward again. Sometimes | can be stuck in a problem for a few

days. Persistence grants me the motivation to continue working on g
it no matter what. This character apphonut only to math cantests
but also general life matters.

AW: In the future, | hope:
to apply my knowledge to

are capable of and strive to

unjust stereotypes.

AL: Many female students
interested in mathematics
may look up to you as a role
model. What would you like to
say to them?

AW: Yes indeed, we are

the minority. We may have
been looked down at and
discouraged by others, but
the most important part is to
have faith in ourselves. Don't
let the fire in your heart die
just because of what others

say. @

help the minarity, ﬁeﬁially =
females, r '

eliminate inequality caused by
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AL: What are your futur"!"-n._“
aspirations? -
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GEOMTRIC TWINS: MENELAUS' THEOREM AND CEVA'S THEOREM

In plane geometry, we have the following two theorems:

Theorem I: Ina AABC. |et E. F be two points on the segments
AC. AB respectively, and D be a point on the ray BC beyond C.
If D, E and F are collinear (see Figure 1). Then

BD CE AF __ 1
CD AF BF
Theorem Z: Ina AABC. et D, E and F be three points on the

segments BC, AC and AB respectively. It AD, BE and CF are
concurrent (see Figure 2). Then

BD CE AF _ 4
CD " AE " BF —

B— Figurel

BENGR - U EEE LS AR ARG EE
SERER - EM7 A2 REESHEENER
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R FELLIKREDpBASSET (70 F - 140 F )

> Z—HEIEERE 1500 FETHKEE - WUR
ANHEBRZER (1647 F - 1734 F ) i - IR
ERHMERNERERETEE -

[Bl_— Figure 2

Roughly speaking, these theorems convert problems related

to collinearity and concurrency into ones where we can do
calculations. They are respectively called Menelaus' Theorem and
Ceva's Theorem. It is generally accepted that the first theorem is
due to Greek mathematician Menelaus of Alexandria (70-140). The
other similar thearem, which was proved 1500 years later, bears
the name of Italian mathematician Giovanni Ceva (I647-1734). Now
|et us see how they are proved.
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MENELAUS' THEOREM AND CEVA'S THEDREM

Proof of Menelaus’ Theorem: Let P be the point on 4B such that

CPis parallel to £F (see Figure 3). Then we have % = %

BD BF L .
and oy = Fp. and by eliminating FP from these two equations,

CE-AF _ CD-BF _BD _CE  AF _
wehave ==m= = S 0r 55 U BE — 1
which is the desired equation.

A

B = Figure 3

ZEREENER . EB_P X PR

AD ~ BE ~ CFHIRE - (BLEREEERENLR
B - ) B Y7 KR AxyZ 00ERE - HPEEE
BD [ABD| [PBD] [ABD|-[PBD] [ABP],
CD ~[ACD| [PCD] [ACD]—[PCD] [ACP]

sg#h CE _ [BCP ACP
gl GF = Bel R AL — WCH - Rt

BD CE AF _ [ABP] |BCP] [AC’P]:l o

CD ~AE BF — [ACP] [ABP] [BCP]

RN —EEBAE 7R - HABETE . mE
EREAFE—RBWERN  EXWERAILA
ME - EIEESEEED - HMEBRE D R
AABC 29 ; MEEREEDS - D E~ F =24
HE=AFHNEL -

Bl—: s AEESHEEERERLERE -

REC - ERESESEEER A4ABD B
cpr - BMEE S - DL . A8 — 1. B4
EERR—EER AACD K4k BPE - BEH
B¢ . DE.LE — 1. gall tmEE RYE
AP~ DP M BC 1 - MiBBERMABNSRE -

Proof of Ceva's Theorem: As in Figure 2, let P be the point where
AD, BE and CF meet. (Any one of these segments is called

a cevian.) If [XYZ] denotes the area of a AXYZ, then we have
BD [ABD| [PBD| [ABD|-|[PBD] [ABP]

CD ~ [ACD] _ [PCD] _ [ACD| - [PCD] _ [ACP]|
. CE _ [BCP|  AF _ [ACP]
and similarly —= = mand BF — [BCP] and hence
BD CE AF _ [ABP] [BCP] [ACP] _ 1
BCP — *

CD ~AE ~BF ~— |ACP| " |ABP]

Before we proceed to some interesting examples, we remark that
although the equations appearing in the above two theorems are the
same, they do not mean the same thing: in Menelaus' Theorem, we
require that D lies outside the AABC. while in Ceva's Thearem, all
the three points D, E and F lie on its sides.

Example I: Prove Ceva's Theorem by Menelaus' Theorem.

See Figure 2 again. Applying Menelaus' Theorem to the AABD and

. BC DP AF __
the line CPF, we haveC—D “AP "BEF — 1. On the other

hand, if we apply the same theorem to the A4 CD and the line BPE,
BC DP AE _ . .
then we have = F i 1. The desired equation will

be obtained after we combine these two equations and eliminate the
terms AP, OP and BC.
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5l— : 324D ~ BE ~ CF R —18Z R4 - 5% AD
FEHR BC ° i07:808 2LADE = ZADF -

RETFERTIN—I85E 4 W BC FITHNESR -
%%FEE DE -~ DF MEEBRRAERN=8F (R
M) - R AD T=ER BC » T XY IRA - O] R
Z/ADE = /ADF EBEE8 AX=4Y - =27  RE
HPIBERE AR AX = 4Y - BRI Y MAER -

B REAERTEELAY
BD . CE . AF — 1. @i ax//cD - B

AE _ AX , A A
AL — AX g AR _ AV g

Example Z: Let AD. BE and CF be three cevians with an
additional assumption that 4D is perpendicular to BC. Prove
that ZADE = #ADF.

The idea is to draw the line through A4 parallel to BC and
consider the triangle formed by ADE, ADF and this line (see
Figure 4). Since AD is perpendicular to BC and so XY, we
see that LZADE = ZADF is equivalent to AX = AY. In other
words, the problem will be solved if we can show AX = AY.

Now by Ceva's Thearem, we have% : % . é—? =1
Since AX//CD it follows that é’)lg

and S|m||ar|y B5F = AY ThErefurE

_ AE-CD __ AF BD a ®
AX =65 =" - AY AX — AECD _ AF BD _ 4y
@G B
Y A X
F
E
P
B D C

B Figure 4
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The converses of Menelaus' Theorem and Ceva's Theorem
actually hold; that is, the collinearity or the concurrence follows
if that elegant equality holds. These converses turn out to be
particularly useful in proving some beautiful theorems such
as the famous Pascal's hexagon theorem and the existence of
various centers of a triangle. In Mathematical Olympiad these
theorems and their converses have proved to be indispensable.
You may agree with this after playing with problem 3 of the

in this issue!
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You may have heard of the theory

of six degrees of separation, which
suggests that you are connected with
almost every person in the world via
a chain of at most b friends (e.g. you
are connected with X in the sense
that you know A, A knows B, B knows
C. C knows D, D knows E and E knows
X). This phenomenon, though counter-
intuitive, is hardly surprising if we
understand the nature of exponential
growth.
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Supposing that a typical person has m friends, the number of
people you can connect with via chains of at most 2 friends is
roughly m?2, as each of your m friends in turn has m friends.

0f course there may be overlaps between your friends as your
friends’ friends, as well as between the friends of different friends
of yours, but we can neglect these complications for now.

By the same token, you can connect with roughly 23 friends via
chains of at most 3 friends, and »#2* via chains of at most 4 friends,
and so forth. In general, the number of people you can connect =~
with via a chain of at most # friends is m”, which is an exponential
function in 2. (When mn exceeds the total population, the overlaps =/
mentioned in the previous paragraph become more obvious. Also, (
there may be hermits who are not connected with anybody.)

The exponential function grows at a staggering rate. Legend has it
that an Indian minister once gave the king a beautiful chessboard.

When asked what reward he wanted, the minister answered, | want |
one grain of rice on the first square of the chessboard, and on each ©
subsequent square, please place double the number of grains of

the preceding square.” The king gladly agreed. only to find that the
number of grains needed for the B4th square is 2% =~ 9 x 108,
more than the rice available in the whole world! Y

There are many variations to the concept of "friendship.”
Twentieth-century mathematician Paul Erd8s was such a prolific
collaborator that people defined the ErdSs number: Erdos himself %

has an Erd6s number of 0, his collaborators have an Erdds number + -
of |, those who have collaborated with Erdds's collaborators (and 5
do not qualify for a smaller Erdés number) have an Erdds number
of 2, and so forth. There are more than 300 people with Erdds
number |, mare than BO00 people with Erd6s number 2, and more
than 30000 people with Erdds number 3. While these figures do
not closely exhibit the exponential pattern we predicted (can you
think of some possible explanations?), the growth rate is high
nonetheless.
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Readers can also investigate other phenomena of this type.

For example, if a person is connected with everybody that has
entered his field of vision some time in his life, how many steps of
connection does it take for one to reach almost everybady in the
world?

Now let's consider connection in another dimension: ancestry. Have
you ever thought that every one of us is our own cousin?

If we weren't our own cousin, all our ancestors would have tobe ¢ 1
distinct as we move up along our family tree. We have 2 parents, 4
grandparents, 8 great-grandparents, and in general, 2" ancestors

in the nth generation. We would need to have 2°° ~ 10° ancestors ‘
in the 30th generation (or less than 1000 years aga), but that F R
exceeds the total world population at that time! By the pigeonhole ('t”\::
principle, there must be repetitions. A

Can we, then, prove that every two people in the warld, A and B, are g
related? After all, if all their ancestors were different, there would

be 2 x 7%° = 730 ~ |[° distinct ancestors around 000 years

ago, more than the world population at that time! Unfortunately,

this proof doesn't work because each pair of “overlapping”

ancestors may just both be ancestors of A or ancestors of B.The £
above argument does not guarantee that some ancestor of A is

the same person as some ancestor of B. What it does suggest, i i, -
however, is that it is quite likely for two people to have a common
ancestor from not too long ago, and that the human race is a much
closer family than we might have imagined! @
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How To SoLvE A
MATH OLYMPIAD PROBLEM ? (4)
Brought to you by IMO 2016 HONG KONG

1) See a combinatorics
proble.m.

2) A?P‘j the Pijeon‘no‘c

Principle.

3) Doesnt work.

4) Try small cases.
5) Observe the pattern.
6) Make o quess.

7) Prove that it is

sufficient.

&) Prove that it is
oP‘timal.

9 A?P‘j M.I. for

3ememl result.

10) Get & T/ %

(THE END)

n Penple, Joi
Find the min

& EN A% USE YOUR BRAIN

PREZE I Challenge Corner

FEHNEREMNBRE RSEEZE  OJR:
For the solutions and list of awardees of the Challenge Corner of the Ist issue, please see:
http://www.edb.gov.hk/tc/curriculum-development/kla/ma/IMO/IMOment.html

1. FEAL R4 Mathbook £ - BARHZEMHER (IR AZ B
A& - QB2 AL ) - BEJBER 5 BRF - EPRIAGHE
3ANZEERAR (BIE 3 AFEBARMRESRMARER) - 1A7F
E3IANEZHERAZHE (AIESAFRKEMAZREL ) ? 2RMRH

fobe 2
K22
== °

(n the social networking website Mathbook, friendship is mutual (i.e. if A is a friend of B, then B is
also a friend of A). Is it possible to have 5 users such that no 3 of them are all friends with each
other (i.e. each of these 3 users is friends with the other two) and no 3 of them are all strangers
with each other (no two of these 3 users are friends)? Prove your answer.

1
2.5 x RBIEBE - K x+— H&/NME -
x

It x is & positive real number, find the minimum value of x +—
X

3. &R ABCD B 172K - WK P~ QO R S AIABINE
AB~ BC~ CD ~ DA W% - 818 PR//BC X QS//AB - HE#R
AC~ PO~ RS IZBEMIFFAT - KRB —IRERRN—74 -

Let ABCD he a parallelogram and P, O, R, and S be points on the sides 4B, BC, CD, DA
respectively such that PR//BC and OS//AB. It no two of the lines AC, PO and RS are
parallel, prove that these three lines meet at one point.

4 SKEANHERE

Evaluate the following expression:

SR S SS S
[x2x4 ~ 2x3x5 9798100

BNEED - NEBEFEEEHE info@imohkc.org.hk IBRX#EZ ( B1EER ) -
WHREFPHAREBRE PR MR - BRIPAENZHERELNLE - —RBER O
E—HEH - 5 208 BHRZEANREREELZM - EEBHEREZHE 3R
EEEE - MEQMUDPNIHAENIER - IFZAFHRXEEIES - BREBR T —
HiA T - 2016 FE A+ TtEBEHEBREN I EREZETHRNETNLTHBRER
EHE - MNB5ER - OJEH E inffo@imohkc.org.hk &5 -

Hong Kong secondary and primary school student readers are welcome to submit solutions (with proofs) via
email to info@imohke.org.hk, specifying the student's name in Chinese and in English, the school's name in Chinese
and in English, and the student's class in the email. Each student may send at most one email. Souvenirs will be
awarded to the first 20 students solving the most questions on the condition that each school can have at most

3 awardees. Solutions can be submitted in Chinese or English. Both typed and scanned files are acceptable. The
awardees will be announced in the next issue. The decision of the Organising Committee of the a7th International
Mathematical Olympiad on any matter of this activity is final. Enquiries may be emailed to info@imohke.org.hk.



