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Hnng Kong is proud to be hosting the brightest
secondary school mathematics talents from
over 100 countries and regions at the a7th
International Mathematical Olympiad (IMO) in
July 2016. We hope that IMOment will promote
interest in mathematics among students and the
public in this period leading up to IMO 2018, and

beyond.

Readers are welcome to submit articles on
mathematics and/or mathematical Olympiad to
IMOment. Submissions should be original. one to
four pages in length in either Chinese or English
(or both). and should be sent by attachment to
an email to info@imohke.org.hk, or be mailed

to Rm . 403, 4/F, Kowloon Government Offices,
405 Nathan Road, Kowloon, titled "Submission to

MOment."
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MO 2015 was held in Chiang Mai, Thailand from Jul 4 to IB. The

Hong Kong team consists of the following students:
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CHELING Wai Lam (lueen Elizabeth School, Form )

KWOK Man Yi (Baptist Lui Ming Choi College, Form 4)

LEE Shun Ming Samuel (CNEC Christian College, Form 4)
TUNG Kam Chuen (La Salle College, Form B)

WU John Michael (Hong Kong International School, Form 4)
YU Hoi Wai (La Salle College, Form 4)

Cheung and Yu were in the IM0 team last year, while the rest are
first-timers.

Since Hong Kong will host IMO 2016, we sent a total of 14 observers
in addition to the contestants, the leader and the deputy leader.
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For the first time in over two decades, the United States went to
the top of the scoreboard. (The last time this happened was in Hong
Kong during IMO 1994!) China was behind by a margin of 4 points.
The next few teams were more than 20 points behind, and they
were all Asian teams --- South Korea, North Korea and Vietnam.

Australia, Iran and Singapore all went into top 10. The host Thailand
was |Zth. Russia, ranked 8th, went out of top b and went home
without any gold medal for the first time in history.

The six students from Hong Kong scored 20, 20, 18, 16, 14 and

13 points respectively, thus brought home 2 silver and 3 bronze
medals. The other student obtained an Honourable Mention. It was
a bit unfortunate that two students were just one point away from
upgrading their medals. The total score of 101 puts the Hong Kong
team in the 28th place, which is a relatively low position compared
with recent years.

Considering that this is a very young team (all five medallists are
still eligible next year and four of them will still be eligible for IMO
2017), the result is reasonably acceptable. However, it is quite clear
that there is much room for improvements in their performance
in geometry, as reflected in Problem 4, which is an easy geometry
problem in Day 2. In this question a lot of lower-ranking teams did
better than Hong Kong, in which only half of our team members
solved it. Five of these teams even scored full marks. (In fact, if
only the top al teams are considered, the total score of the Hong
Kong team in this question would be second bottom.) Apparently
the Hong Kong team is relatively weak in geometry. (| myself am
weakest in this among the four areas of IM0 problems as well.) So
a question naturally came up to me --- is there something to do
with the school curriculum which makes some countries relatively
stronger in certain areas?

In the Closing Ceremony, the one contestant who got a perfect
score was invited onto the stage for a special award. He was from
the Canadian team, apparently of Chinese origin. This was his sixth

IMD and his fifth gold medal, which updated IMO history.

| seemed to see that a golden microphone was presented to the
leader of Israel at the Farewell Party. Apparently this is for the
leader who speaks the most during the Jury Meetings. How did the
organiser do the counting?
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Finally | include some miscellaneous snapshats from various parts ; :-'

of the IM0. =
Atter leaders translated the papers into their own languages, —,
the translated papers were posted for everyone to review and T

approve. This provides a good chance to learn the different N

languages. It turned out that there were several different ways to ,.,

represent the angle sign (which appeared in Problem 3) in different 555 208

languages. Some had a symbaol on the left of the angle ( HOA4 ) .
some on the right, and some above! There were also different
symbols for “angle'. The interested reader may visit the IMO official
website (www.imo-official.org) to explore further.

In the official English paper, the symbol < was used instead of <
(same for the symbol in the opposite direction). Interestingly. in

a small number of translated papers, the symbol became <. This
means those |eaders actually retyped the whole equation instead of
just copied it from the source file of the English version!

As in most other mathematical competitions, calculators are not
allowed for the IMO. | noticed that protractors have also been
disallowed nowadays. As such rule did not exist many years ago
(when | was a contestant), | wonder when this rule was first
enforced.

While protractor is disallowed as it is a “measuring instrument’,
“drawing instruments' are allowed. In particular, contestants
could bring compasses. However, rulers (not straight edges!) are
also explicitly specified as allowed. Aren't rulers also measuring
instruments?

There is a computer system which had been in use for many years.
The system would take care of different aspects of the IMO, such as
working out coordination schedules, generating results, facilitating
the printing of name tags. etc. We may be able to save a lot of
potential troubles if we use the same system next year, but of -
course at a cost.

There were certainly a lot of other things which | could not list
one by one. | believe that our different experience in IM0 2015
would help a |ot towards better preparing for IMO 2016, and | look
forward to a successful event next year. @

(To BE CONTINUED...)
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Amid the war drum'’s beating, the enemies are drawing near. To
fight, or not to fight? General Han Xin must count his soldiers
and make a decision. But how can he count the thousands of
soldiers in a split second?

Han orders the soldiers to stand in rows of 3, and notes the
remainder. Next, he in turn asks them to stand in rows of 3,

of 7, of Il and of I3, also noting the remainder in each case.
Then using these figures, Han deduces the total number of
soldiers. Thanks to the soldiers' discipline, the whole process is
completed quickly, and the General is able to make a decision in
time.

Actually, this is a mathematical problem. Rasically, if we know
the remainders when a positive integer is divided by some
numbers (such as 3, 5. 7, Il and I3 in the above example), can we
find out the value of the positive integer? Legend has it that the
famous general Han Xin of the Western Han dynasty often used
this method to count his soldiers, though the authenticity of this
story is uncertain.

ABEXEESZED —THEFNFESMEE
(BRTFEK) - SHREYRSE rBCEERRE
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PILARBIERT n=a (mod m) RINEEEL n BRI m
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EEEL  BREREH o, 0,0, RMWE

BRIEEE m,m,,--,m (BEIEPEEMEDSZ
AAR | NoRE ) - DEFERESELEE »
mEFf A RIERTl

n=a, (modm,)

n=a, (modm,)

n=a, (modm,)

UEAN - TAMINOIRERR n RUFRBOIEEE - FRUASRRG
mm,---m, BERBIIHEE - MEMBBEEILEE
B9 n WOJBEE -

NAEERIRVESR - #AEER —EIETHURK
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n=1 (mod 3)

n=3 (mod)>)

HMPEBEE—LH n=1,4,7,10,13,--- - EP 13 [F
Fomaes _ 3 - WATERGEE - HMzzl
38 0 OIARERRRELL 335 =15 BFER 13 %R
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ERBLIEANE » NEEM  FELARE
n BUE - BN . EEEFERESH 10 EEEL
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What we do know is that a selfsame problem and its answer was
written at least [a00 years ago in the ancient mathematical text
The Mathematical Classic of Sunzi. For this historical reasaon, this
problem solving method is now called the Chinese remainder
theorem.

Now let us state the Chinese remainder theorem formally. For

convenience, we use the congruence relation 7 = ¢ (mod m)
to mean that the integer » leaves a reaminder of ¢ when divided
by 1 . (More generally, the congruence relation holds whenever

n and « leave the same remainder when divided by 7 .) For any
integers «,. a,,---, «, and pairwise relatively prime positive
integers /1, m,, ---, m, (no two of which have a common factor
greater than 1), there exists infinitely many positive integers #
satisfying the set of congruence relations

n=a, (modm,)

n=a, (modm,)

n=a, (modm,)

Further, we can prove that when divided by the product
mym,---m,_, all the feasible values of » have the same
remainder, and all numbers having this property are feasible
values of 7.

To find the possible values of # , although there are some proper
methods in modular arithmetic, they are usually more tedious than
a direct search. For example, for the set of congruence relations

n=1 (mod 3)

n=3 (mod)>5)

the first congruence relation restricts us to
n=1,4,7.10,13,---. Among these values, 13 satisfies the
second congruence relation too. So by the Chinese remainder
theorem, the feasible values of /2 are exactly the integers that
leave a remainder of 13 when divided by 3x5 =15. 0f course,
this kind of calculation demands computational prowess and a
sense of numbers. Not everybody can solve the problem as quickly
as Han Xin did! In passing. note that although » has infinitely many
feasible values, we may pin down a unique value provided that we
know an approximate range of s2 . Han Xin must have had a rough
idea of his number of soldiers, and used the above method to get a
more accurate figure.

Oftentimes when we apply the Chinese remainder theorem, we are
only concerned with the existence rather than the value of # . For
example, are there infinitely many sets of 10 consecutive positive
integers that are all composite? The answer is yes. Let us look at a
proof via the Chinese remainder theorem.
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BR55%:% 10 EEEEE n+1.n+2.--.n+10 - BE [ letthe 10 consecutive numbersbe 7+ 1, 7+2,---, n+10.To b - | Ry | L /,
K on+l EEHE - BEESEES 401 25E make » + | compasite, the easiest way is to make it a multiple of : . i ‘ 1

SEE  BEE . = ., B HaeEgs | Some composite number /., . In other words, the remainder when | .
| N = 7N | 7N i H ‘

n is divided by 2, is —1 (or, equivalently, m, —1). Likewise,
\

—lﬁE ijz m, */1\ )‘ - [EI& EEE ' ﬂfﬁ:;/" e . | forevery i+ k. to make it a multiple of some composite number
EERRESAH m WER - HFAFTE » K m, ,weneed » to leave a remainder of —4 when divided by m,
m, WEREIZE —« - AARBERIVERE - 8l Written in congruence relations:

ol 7 015458230 - thf4kE T —BE=E NS - n May 23, 2013, the world lost a beautiful mind. Having

“Sv /22238 ANDY L0

-

zis S (01ggea) ‘= o~ T Yl ‘ R known him since high school when | hosted an open dialogue
n=-2 (modm,) n=-2 (modm,) ) ﬁE’ ki Hqi}ﬂﬂ&?}&ﬂ’\{ﬁ%‘ﬁﬁﬁﬁﬂﬁiﬁi{ﬂ with him in Hong Kong, and having learned from him both in
- BRAZFEEMIMMAZRRZAINDM  o0d gut of class at Princeton University, | was particularly
- BE - A8 - MTEURAVEEE - SFAEEB - saddened by the passing of Professor John Nash.
n=-10 (mod m,,) 7 10 (mod m,,)
HPEFREREIE - & m,my, -, m, WG B By the Chinese remainder theorem, when /., m,. -, m,, are M BT A — TR T A S B3RS —E 2 TRg@)  Nash is best known for his pioneering work in game theory,
EE m,m,,-,m, SEBRMEEN)  AE pairwise relatively prime (note that we can 71, m,. -~ my, RIS R . A O L A A iE_mazpe . the study of strategic decision making. In a game, each player
EE\JE%Z%Z r M\Eﬁﬁmgil’ij%gf ) %ﬁg’?— at will). a corresponding positive integer #2 must exist, and ET;EMHERE,JZEE;E%?%Z:;: . @Tlﬂiﬁt chooses a strategy. The combination of chosen strategies
EESEay , - EEE 2 N there are infinitely many of them. For every such », the “/E Lf FHYRE B A RE PITEIRETR E 1_‘_':'_5' determines the outcome of the game. We often consider
ATrHY p sl 1t 1*\’L+ <t 19 E‘”i "~ ¥ consecutive numbers 2+ 1, 77+ 2,---, 7+ 10 are multiples RFE—ER "WML - BIMttBERIME - EX  the utility that each player gets from the outcome, which
2 my,my, oo my, SR - BETAHERAEGE | o my, .-, m,, respectively. Although this method cannat MZE - measures how much he enjoys the outcome.
e n» WOBEE - (BERFRMEREEHIMERE | directly give feasible values of # . it gives us more flexibility in
my,m,, - m, REDEE - EFREEREEAK - choosing factors of m,, m,, -+, m,, and hence in choosing 7. 19504 . (4B E+EMNMH R TERBES In 1850, Nash (then a PhD student) established a concept
A | RS - IS . R R that v.mulfi later be caIIFd Nash equilibrium: Elvenl a game, a
EREED EERRANEE  SEGEE SO - 1 A E SRR b - e A D] 75 ELfth A B nurr!:?llln'r?tlun.fnf str'ate.glesﬂ::husen |le thle pI:yers.. isa Ni?shI
S SER . BT EEE 2 6l Next,let us look at a rather similar problem: Do there exis | s (g e g8 o s il equilibrium if, supposing the game is played again, na single
2 10 {EZH % infinitely many sets of 10 consecutive positive integers where MRBRGAET - BBRNEECRIRIEMIEN  player can increase his expected utility by deviating from his
MIAMIEK n+10 BB - n+L,n+2,---,n+9 exactly one is a prime? For example, we may require #»+10 to . BCiInANEIEE - IPEEEEREASFE— current strategy, assuming that all other players’ strategies
EERE - NMAEBRERE - HPASHNEEES beaprimeand n+1, n+2, -+, n+9 to be composite. By the B8 - 8= . BINHET—xE4Eayfs remain unchanged. In other words, if the same game is played
AEE n=mm,--my+a, 2mm,---my+a,-- B same rﬁaiuning as before, we know that there exists an integer 75, HEE AR A RS S S . 3] uncel:nure, ahnd if every playel:' hEI|:E\;1&S thfllft ulthez playershwill
N o A cmpy YIS a swchthat n=mm,---m, +a, 2mm,---m,+a,--- . - — not change their strategies, then he himself also does not have
E‘[Z ! ::El’ o i’b g 19 e ﬁij)’x; @j’iﬁ%i\ all make n+1, n+ 12, ) N -9|- 9 cumpuslite? But nagn we select Efh B C S REMEL LB CHIRE - an incentive to change his own strategy.
E;"% qﬂ%t}j_:%; il . E\’%‘gﬂ : E%"E some of them that make 7 +10 prime? Here we invoke another
WERES —EESSRGERER  HhASERS thearem in advanced number theory: For any relatively prime ' AREPEEMSS  EFHMEFEHP—ERESR - Toillustrate this idea, let us look at one of the most famous
d+h,2d+h3d+h,-- REBIN h BHEEH positive integers d and 4, the arithmetic sequence of integers SEMIET . B4 AE - B8 —E(2—z4  and fundamental games - battle of the sexes. Suppose
FEE . YA PN ESES @S - S22 d+h,2d +h,3d +h,--- contains inhﬁn|i1tely r|;1|any |Jrim|asi HNBE—ITEAE - YO ESEMEEE - a couple, John and Alicia, are going on a date. There are
Lk FI |25 R == i ' , | This is the famous Dirichlet's theorem, which enables us to solve  imerEEsE Rt S ERSs . ' two options: a mathematics lecture and a movie. For some
éi;]_%zig;if%l?%l;ﬁhl(e;;;;en?:m)m ﬁgﬁ the above problem easily (by taking d = m,m, --- m, and ‘Eiﬁ;;i%%i"%r;%z if%'w ﬁ%f\::ﬁ fi 473 reason, they haven't agreed on where to go and they cannot
T FEZEE N e K ’ h=a+10). ERRGEMWROE - BRECAEEBEY ©  ommunicate now. So, each of them must individually decide

h=a+10 ) ° .‘ R - RS ERERNREAE - thPIZEARE4  where to go. Their utility in different outcomes is represented
' RTSEIINBITER : in the following table:

REMBER 7 - HPBESHEEEZAE 10 EZ

Here comes the real difficult problem: Can we find infinitely many

Ee  (EEEShMTEMESER ? SEHAE groups of 10 consecutive positive integers such that in each —
AT - E—REME . BE=EasEy - group, exagtly two numbars are primes? Thg answer is unknown. - Alicia v
R A S G A S WS . = AARE 10 R:E unly.thlpg we know is tha.t if the anSWer is yes. then we know B Ry e o
- o - ot P PN . ere exist infinitely many pairs of primes that differ by at most Lecture Dty ey
- MEREBELUBERNGR - Al22SRLEAER 10 This result may sound simple, but it remains an open problem John \‘{9hn' 2 e B
BEREERRY | BRIEHAREGEREZSHEE - to prove or disprove it! The best result known so far is that there Movie Jo\h;-\zi I foha 1 Alicia: 2
HELRIBIE 240 - MiEEAER T 204 #5506 are infinitely many pairs of primes whose difference is at most : : T

fy - 246, and even this result was only proved in recent years:
#H R 3&iE /Photo Source: ICTP Photos Archieves
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If they both go to the mathematics lecture (and hence meet
and date there), John will enjoy the date more than Alicia will.
If they both go to the movie, Alicia will enjoy it more. If they go
to different places, their date will be spoiled and they won't
enjoy it at all.

Obviously, both going to the lecture is a Nash equilibrium of
this game, because assuming that Alicia goes to the lecture,
if John did not go to the lecture, he would decrease his

utility from a positive number to [, instead of increasing it.
Similarly Alicia also cannot increase her utility by unilaterally
deviating. By the same token, both going to the movie is a
Nash equilibrium too.

Yet, this game may also have mixed strategy Nash equilibria.
That is, a person's strategy may be to go to the lecture with
a certain probability and go to the movie otherwise. Suppose
John goes to the lecture with probability 2/3 and the movie
with probability 1/3 (we may think of John's strategy as: roll
a dice, and go to the lecture if the dice roll gives a1, 2, 3 or 4,
and go to the mavie if the dice roll gives a 3 or B), and Alicia
goes to the lecture with probability 1/3 and the mavie with
probability 2/3. Is this a Nash equilibrium?

Assuming Alicia is using the above-mentioned strategy, can
John increase his expected utility by deviating? Suppose
John went to the lecture with probability p and the movie
with probability . Considering the probability of the four
outcomes, John's expected utility would always be

1 2 2

: 0+ (1—p) : 1 .

So John cannot increase his expected utility by deviating
from his present strategy. Neither can Alicia, as the reader
may similarly verify that her expected utility would always be
2/3 no matter how she deviated. Thus, we have indeed found
a mixed strategy Nash equilibrium, where both John and
Alicia have an expected utility of 2/3.
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In fact, not only does battle of the sexes has Nash equilibria,
but Nash proved in 1951 that any game with finitely many
players and finitely many pure strategies (where players may
use mixed strategies) has at least one Nash equilibrium - a
result that would earn him an Economics Nobel Prize more
than 40 years later.

Next, we consider a slightly different scenario: Suppose
John's and Alicia's friend, Harold, comes to the couple's
assistance. Harold makes recommendations to the couple
(separately) on where to go. With probability 1/2, he
recommends bath to go to the lecture. With probability 1/2,

he recommends bath to go to the movie. Both John and Alicia
know this habit of Harold. John and Alicia may choose to follow
Harold's recommendation or to use any other strategies.

Actually, it is an equilibrium for both of them to always follow
Harold's recommendation: Suppose Harold recommends

John to go to the lecture. Knowing Harold's recommendation
habit, John is certain that Harold must also be recommending
Alicia to go to the lecture. So, assuming Alicia follows Harold's
recommendation, John should indeed go to the lecture. By
similar analyses, we see that neither John nor Alicia should
unilaterally deviate from Harold's recommendation in any
case.

What is John's expected utility in this equilibrium? As John
will be at the lecture with Alicia with probability 1/2 and at
the maovie with Alicia with probability 1/2, it follows that his
expected utility is 1.9. Similarly Alicia's expected utility is also
1.3, which is higher than they could have gotten in the mixed
strategy Nash equilibrium without Haraold's help!

This kind of equilibrium, where each player can choose

his strategy based on some signal, is called correlated
equilibrium, which is one of the many generalizations and
variations of Nash equilibrium. Other efforts to expand on the
concept of Nash equilibrium include considering games with
multiple stages, allowing for uncertainties about the game,
and relaxing rationality conditions on players. All these attest
to the wondrous world of possibilities inspired by Professor

John Nash in his lifetime and beyond. @
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Find the area of a triangle whose side lengths are \/g 10 and /13 respectively. (Hint:

Construct a square.)
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Refer to the discussion of correlated equilibria in the article Nash and Beyond in this issue. Given
Harold's recommendation habit described in the article, find a correlated equilibrium of the game
other than the correlated equilibrium stated in the article.
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Hong Kong secondary schoal student readers are welcome to submit solutions (with proofs) via email to infol@
imohke.org.hk, specifying the student's name in Chinese and in English, the school's name in Chinese and

in English, and the student's class in the email. Each student may send at most one email. Souvenirs will be
awarded to the first 20 students solving the most questions on the condition that each school can have at most
3 awardees. Solutions can be submitted in Chinese or English. Both typed and scanned files are acceptable. The
awardees will be announced in the next issue. The decision of the Organising Committee of the G7th International
Mathematical Olympiad on any matter of this activity is final. Enquiries may be emailed to infoimohke.aorg.hk.



