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ong Kong is proud to be organizing the

brightest secondary school mathematics
talents from over [00 countries or regions at the
a7th International Mathematical Olympiad (IM0)
in July 2016. We hope that IMOment will promate
interest in mathematics among students and the
public in this period leading up to IMO 2018, and
beyond.

Organising Committee of the 97th
International Mathematical Olympiad 2016
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lbert Li Yau-wing, a graduate of Ying Wa College, represented

Hong Kong at the International Mathematical Olympiad in 2011
and 2012, winning one gold and one silver medal. He just graduated
from the Chinese University of Hong Kong with a bachelor degree in
mathematics, and will be going to graduate school in mathematics
at Yale University in the United States.

| have known Albert since we were in primary school, and we have
represented Hong Kong together at many competitions. One time he
was my roommate. When | opened my eyes in the morning, Albert
was sitting on his bed looking at me. The first sentence he uttered
was not “Good morning,” but “Let » be a positive integer!” Albert's
mathematical prowess and his wholehearted dedication to the
subject have earned my ever-increasing respect over the years.

Andy: When and how did you first discover your interest in math?

Albert: | found mathematics to be very interesting in kindergarten,
when | often borrowed my sister's math textbooks to read.
Actually my sister is four years older than me. When my
sister was reciting the multiplication table, | learned it too.
So | knew addition, subtraction, multiplication and division
back when | was in kindergarten.

!
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Andy: When did you start to take part in math competitions?

Albert: When | was in Primary &, the SARS epidemic broke out in
Hong Kong, and school was suspended. It was during that
time that | completed the entire volume of 10 years of
primary school math Olympiad past papers. Then in
Primary 4, | took part in my first math Olympiad
competition.

Andy: Why do you like mathematics?

Albert: When | was smaller, | liked mathematics for the satisfaction
of successfully solving a problem. Now, | like mathematics
because of its abstractness, which is what often links up
different fields such as geometry and number theaory.

Andy: Which areas of math are you most interested in?

Albert: Number theory and algebra have been my favorite
mathematical fields since secondary school. The underlying
ideas of number theory are often more abstractness and
elegant than those in other areas. On the other hand,
algebra reveals connections between topology, geometry,
number theory and other fields.

Andy: Are there any particularly unforgettable stories from your

math Olympiad experience?

Albert: My most unforgettable experience is the 2011 Chinese
Mathematical Olympiad, which was held in Jilin City of the
Changchun Province. During our excursion, the temperature
was as |ow as -30 °C, and | had never been to such a cold
place before. Just after walking outdoors for a few minutes,
| couldn't stand it any longer, and was sent to the medical
room.

Andy: What do you think are the most important factors that

contributed to your mathematical success?

Albert: | think the most crucial factor for my success is my deep
interest in mathematics, which motivated me to spend more
time and work harder on math than others do. At the
same time, this passion also keeps me going in the face of
hard problems, eventually leading to achievements.
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Andy: Has there been any particularly memorable obstacle or

setback in your academic pursuit? How did you overcome
it?

Albert: When | first entered secondary school, | found that the math
(lympiad in the secondary level was rather different
from that in the primary level. The latter focuses more on
speed calculation whereas the former stresses logical
thinking. It took me some time to adapt to this transition,
mainly by doing exercises continually.

Andy: Do you have a favorite math Olympiad problem?

Albert: Among the numerous math Olympiad problems, my favorite
is the following problem, which puts combinatorics with
geometry. It was proposed by the Netherlands for IMO 1988,
but unfortunately wasn't selected.

Given a set of 1388 points in the plane, no three of which
are collinear. 1788 of the points are colored blue and the
remaining 200 are colored red. Prove that there exists a
line in the plane such that each of the two parts into which
the line divides the plane contains 834 blue points and 100
red points.

Andy: What are the most important things you have learned from
your math Olympiad activities?

Albert: | think the most important thing | learned is the ability of
logical deduction. It is indispensable not only for
mathematical research but also for everyday interaction in
lite. Only with sound reason can one convince others.

Andy: What are your future plans?

Albert: After graduating from university, | plan to further my
studies and do research in algebraic number theory.

Andy: Do you have any advice for high school students
who are interested in math, and are possibly aspiring to
pursue further studies in math?

Albert: No matter how many setbacks you encounter in the pursuit
of mathematics, do not become defeated. As the Chinese
saying goes, "Without persistence, one cannot even break
rotten wood. With persistence, one can carve diamond.” @
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hile probability problems occur from time to time in junior

mathematical competitions, their occurrence in the IMO or
other major mathematical competitions at secondary school level
is relatively rare. However, while we seldom encounter problems
directly asking for the computation of probabilities, the use of
probabilistic methods finds much more place. For example, there
was such a problem on the Asian Pacific Mathematics Dlympiad

(APMO) 1338:

APMO 1998 Problem 1. .

Let 7 be the set of all n -tuples (4,, 4,, ..., A, ) where each
A.,i=1,2,..,nisasubsetof {1, 2, ..., 1998} et | 4]
denote the number of elements of the set A. Find the number

Z |4 VA4, U---UA |

(4,4,,...,4,)

Note that the set {1, 2, ..., 1998} has 2'*® subsets
because we may choose to include or not to include each of

the 1998 elements in a subset. Hence there are altogether
(2"°%y" = 2% terms in the summation.

Now we compute the average value of each term. For i = 1,
2, ..., 1998, i isanelementof 4 W4, U---U A, ifand

only if i is an element of at least one of 41, 42, ..., 4, .

The probability for this to happenis 1—27" . The probability
distribution on the number of terms of 4, W 4, U---U 4,
follows binomial distribution, hence the average value of each
term in the summationis 1998(1—27") . and so the answer is

219%7.1998(1-27").

Another common technique is to solve some existence
problems by showing that certain structures exist with positive
probability.

In each cell of a 100x 100 table, one of the integers 1, 2, ...,
5000 is written. Moreaver, each integer appears in the table
exactly twice. Prove that one can choose 100 cells in the table
satisfying the three conditions below:

() Exactly on cell is chosen in each row.
(2) Exactly on cell is chosen in each column.
3 The numbers in the cells chosen are pairwise distinct.

R

BEEY {1, ..., 100} FO—{EBEIEHES] a, ~ ...~
CUOEEENES | (TS o [EAETF - BESA - B
ERBEEGELMQ) -8R =1~ . 5000
 MEEZ ) S FRSEENEEEER 0
( MEPBMEEFRARE—THE—5) =
ppe ! 1 (nmEemrETtH AR )

100 99

° BUE - EEEEWE KRG 3) FBRANR

1—5000><in>0 o E )
100 99

£ Y8 & 0] 28 Mathematical Excalibur
25 13 H35 2 SR 84 Probabilistic Method B9
Z (OJEEZESIZLL "math excalibur” &)
NP BEZAMAF -

R  REEBTEENSRARE ) EEm
BIRUIEE - BR CAlopepazEERE - BERM
KRB ZBRA—E MR - BEEERIMA
BEBFT R mELERS - MEPBEERAL
ZEIRMIL -

HrlREEREZE - LINE—EBRE

BREEESYE  SESHREOURIGARRN
p MBESHRZIR JEHEHMS4HEEE  Ho
epd <1 (S e SEARBENESR ) - B -
ELEEHEARENURZIEL -

ULERZHYTFEER Laszlo Lovasz
a2 AARY - Lovasz £ 1963 £ £ 1966 FEINES
MIMO - HE=%—4R - BEZE - fthix 1965 F
#1966 FMjE IMO EEE M D R AIE |

LLL R B IMO AV EEREERAA
B - Bl - ZELUNERE

| 2014 2 IMO S8 .~

FE LN EER - BEPEMEATT £
RS IEEAE RN — R - (1R —
RATENESE - HEASAMETES - Hob
BEEENERSARY  BLENERLES
ARG -

ISSUER ©
PROBABILITY AND THE IMD

Take a random permutation @, , ..., @0 0f {1, ..., 100} and

choose the a, -th cell in the 7 -th row. Such choice satisfies (1)
and (2). For j =1, ..., 5000, the prabability of choosing bath
cells written ; is either O (if they are in the same row or column)

1 1
oL : " .
U 15099 (otherwise). Hence the probability that such choice

satisfies (3) is at least 1—5000><L><L >0, and so the
desired conclusion follows. 99

Interested readers may refer ta the article Probabilistic
Method in\olume |3, Number 2 of Mathematical

Excalibur (just google "math excalibur”) for more elementary
examples.

While the statement ‘certain structures exist with positive
probability’ sounds simple, its actual verification can be difficult,
even though all we need is a positive lower bound for the
probability. The main difficulty lies with the fact that the desired
structure often needs to satisfy multiple properties, some of which
may occur simultaneously.

In order to overcome this difficulty, one useful tool is the
following.

Lovasz Local Lemma (LLL).

Suppose there are several events, each occurring with probability
at most p, and that each event is dependent on at most d other

events, where epd < 1. (Here e is the base of the natural
logarithm.) Then the probability that none of the events happens is
positive.

The about result is due to the Hungarian mathematician
Laszla Lovasz. Lovész joined the IMO four times from 1963 to
|966. obtaining one silver and three gold medals. Furthermore, he
obtained perfect scores as well as a special prize at each of IM0

1365 and 1966!

It turns out that the LLL is of great help in a number of
combinatorics problems in the IMO. For example. consider the
following problem.

IMO 2014 Problem B.

A set of lines in the plane is in general position if no two are
parallel and no three pass through the same point. A set of lines in
general position cuts the plane into regions, some of which have
finite area; we call these its finite regions.
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Prove that for all sufficiently large 7. in any set of 7 lines in
general position it is possible to colour at least </ of the lines
blue in such a way that none of its finite regions has a completely
blue boundary.

Note: Results with </ replaced by c/n will be awarded points

depending on the value of the constant c.

Partial Solution.

Randomly number the lines 1 to . split them into c</n groups

with — lines each and randomly colour one line in each group

blue. FIIIC;‘ each finite region, consider the event 'the three lowest-
numbered lines on its boundary are coloured blug'. It suffices to
show that the probability that none of these events happens is
positive.

3
c
Each event occurs with probability (ﬁj . Nso, each event
6nn

depends on less than other events (each of the three lines

@
n
belongs to less than 27 finite regions and to a group with e

( c f 6n\/; )
el — = 6ec
Jn) ¢ '

1
So the result follows from the LLLif ¢ = \/@ .

lines). Now

|
The above gives only a partial solution with ¢ Ve
&

instead of a complete solution (which requires ¢ = |

); nevertheless it illustrates the power of the LLL as a
straightforward computation already leads us to something non-
trivial.

|t is known that a more sophisticated probabilistic treatment
could prove the case. Interested readers may try it out.

Apart from the above example, there are other IM0 problems
and shortlisted problems that are related to the LLL or can be
solved using probabilistic techniques. One example is IMO 2012
Problem 3. Interested readers may read the article IM0 2012
(Leader Perspective) in Volume |7 Number | of Mathematical

Excalibur, in which Dr Leung Tat-Wing, leader of the Hong Kang
team in IMO 2012, would discuss the problem and point readers to
further references about probabilistic technigues. @
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WE are often under the impression that we cannot satisfy
everybody just because there are not enough resources in
the world. For example, maybe all IMO participants prefer to live in
single rooms, but we can only put them in double rooms because
we don't have enough rooms. However, have you ever thought that
we may still not be able to satisfy everyone even when we have
infinite resources?

Suppose we are to assign hotel rooms to three guests, A, B and C.
We have infinitely many rooms and each room can accommodate
any number of people. The guests’ preferences are as follows:

A B C

RE=E IRBEFEEARE IRCHEEARE IRAFEEAE

Most preferred Double with B Double with C Double with A
IRCEEAE IRAFEAR IR BFEAE
Double with C Oouble with A Double with B
FE A E Single EEB AE Single 8 A= Single

RAEE IRB-CHE=AE |IRC-AF=A% |IRA -BE=AE

- Least preferred Triple with B, C Triple with C, A Triple with A, B Table |

Mol &R —BLHE - EFRAEEEwE - 8
PR BRENENK ? B - RMPABE=A
MER—FE - AREUEMZ I = ARRE
LB &Y - QD%E%E/\%BE%AE—RQD@WE?
S ABEEMPIZIR MR - AR (RAIEE ) A
BMEBRER - MBUEESERA - 1ErH
A-BEEAE C EE/\}EH—; - BE8BkREC
WEM[B  mMCUZLEEXB-BEB  CEE
AR AREAREK CZEBBREANEE - m
AtTBHEESC-BEC ATEAE B

BAREK  ASBREBWER - MBHEER
ERA

2 - HMEZR A YRR - 823728
—EEEFAEERE - AREENRER
TRIR L AR MBR TE=AE L BEERAE
2 ARRGE OIS (B, C A) - Hf TA, X
Ho—EAL - @& - B CWREFI D AR
% (C, A B)# (A B C) -

Can we find an arrangement such that all three guests are
satisfied, in the sense that they will have no incentive to move?
Clearly we shouldn't put all of them in the same room, since
anything else would be better for everyone. What if we put them all
in single rooms? This will not settle them, because, for example, A
will want to move into B's room and B will be glad to accept A. But
it A and B are in a double room while C is in a single room, then B
will want to move into C's room and C will be glad to accept B. But
it B and C are in a double room while A is in a single room, then C
will want to move into A's room and A will be glad to accept C. But
it Cand A are in a double room while B is in a single room, then A
will have an incentive to move into B's room and B will be glad to
accept Al

Thus. we have visited all possible arrangements and found that
none of them can make all guests satisfied. Observe the “cyclic”
structure contained in the guests’ preferences: excluding the
terrible option of a triple room, A's roommate preference can
be written as (B, C. A), where “A" means staying alone. Likewise,
B's and C's roommate preferences are (C, A, B) and (A, B, C)
respectively.
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In fact, such a cyclic feature is the key to another impossibility
example. It is tempting to think that as long as a choice is made
democratically, most people are satisfied in the sense that no
mare than half of the voters would want to replace the winner with
another choice. But is this really the case?

Suppose the IM0 Jury has to select one of three problems, A, B and
C. to put in the contest paper. Members of the jury can be classified
three groups, X, Y and Z, with sizes and preferences as follows:

#8All Group X Y z
A\ Size 25% 35% 40%
Bx = &/ Most preferred A B C
B C A
== B =¥ Least preferred C A B Tahle ?

MEEEEzEEE ? MR ASE  BIYAHMZ
H(75%) 28U CRtE - NRBEE  AIZ
A XA (65% ) 2B ARRKE - IR CE
= RIXAMYH (60%) SEUBHRAE -
FR - EmlEEE 28 BT ERFEMEAL
me - BUS—E8EENNTE !

BRELEE—FEELAE Y HKERR S R
EIEECHREFNB - C#R - IRE - BN CLHU
SNUIETEIR - BBEZDFENMEER CZRN&
EIE - wEBER T - RMOUER CEE—ER

ENREXNAEEBAZSEL - RMONTERT
WERABRPEEER - £EFE M —EFER
xR - BRAZEEN—ESR -

»—HHE  BZEREGEHRFREEELRR
RELMER RO FZ2—  MRERDH @
EIR - BRERERIEMRERE - Lia
F—FBnn B_EZn-179- .. EE-RI1
7 - IEFEERMAR 2 BUNER - Bo&ESH
ZEEEmX °

Which problem should be chosen? If A is chosen, groups Y and Z
(75%) will prefer to replace it with C. If B is chosen, groups Z and X
(65%) will prefer to replace it with A. If C is chosen, groups X and Y
(60%) will prefer to replace it with B. So, no matter which problem
is chosen, there will always be more than half of the jury being
unhappy and preferring another problem!

But suppose after some vigorous debate, group Y has been
convinced to swap the order of B and C in their preference. Now,
for every single alternative other than C, there is always at |east
half of the jury who prefers C to that alternative. In this case, we
can declare [ as the winner of the election - this criterion for
determining the winner is called the Condorcet method. As we have
seen with the original scenario in Table 2, one drawback of the
Condorcet method is that a winner does not necessarily exist.

On the other hand, there are plenty of systems that guarantee
we can always find a winner. One common example is the Borda
count: If there are » choices in an election, let each vater list his
preference, and give 7 points to his first choice, » — 1 points to
his second choice, ..., 1 point to his last choice. Add up the points
that each choice receives from all the voters. The choice that
receives the most points is the winner.

w— . - =

SRR O NEFBEEE—ERR (R_FH
mExe C) - BiE—{E5F : R " REEHE
K’RE, - UMESR ERBAHEREZNEHE -

VBERRERBERNELRYT - EREJRE
BAME ? AlER_P - X AR BECHRET
= (B,A QMmIE(ABC AL (EMEETIU
feee ) £EBRN N BEEE  MXAZTRRER
mRIECEEEE !

ERAZEZE  IAEERBHRENER (R

THEEIEM . ) - RE - AZEEANREEZLER
R - PEEEEE—E "%E ) WREFE -
MEREEERE  XARHRKBHRE - I
FERI—LEREHIRE ? ZXEEFEN - &t
ZEBM Gibbard-Satterthwaite € - E=3&
BUAB O RERERlT - SUEFERETIRERAITIES
AOJBERYERATT , -

oE  RMEFBE - #RLEE—REBERF
"EL (e LR ) REHE - B
MERBRMEEEN RS IREIEFELEE - —(E
SEHEOBEEELEBETE "E N - &
% - Maskin 1 Dasgupta BT - L2 EEA
REFEZERR "k WHIE | RE I EAM
HEEERREESSERE "=, 0 BAZ
EFNMREFIEP—REE—RBEEANES TEZE

"L

FERNZ £ZEEIEELERRVBERE -
ZEER "2 B MEREAZEEARE
EERRE  OKEZZ "EI NI HE  AD
EMREZEEM 18 H0EBEE - AMEERR
HIE ERR DM - w2 2MARE R E L& T
EEHENRY - BEZFR - BRBREMAREHN
SEHIER T EEMER - MHENRZT - B
HE-SRENIE 'Y

B — ]

There is no doubt that the Borda count always generates a winner
(in Table 2 the winner is C), but it also has a drawback: it is subject
to strategic voting, which means voters may have an incentive

to vote dishonestly, so the results may not reflect voters' true
preferences. How could this happen? For example, in the original
Table 2. group X may want to pretend that their preference is (B, A,
C) instead of (A, B. C). because. as the reader can check, B would
then become the winner, and group X would find this outcome more
desirable than C winning!

Meanwhile, the Condorcet method is not subject to strategic voting
(see Challenge Corner). So, the Condorcet method and the Borda

count each have their advantages and disadvantages. Is there a \'*i’.‘,;.,
“perfect” voting system for single-winner elections that always y
produces a winner, is not subject to strategic voting, and satisfies .{L«/:N

some other basic requirements? The answer is no, and this is the il
famous Bibbard-Satterthwaite thearem. It is often said that politics #

is the art of the possible, but it can perhaps be said that designing
voting rules belongs to the art of the impossible.
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Yet, all is not lost. While no voting system can be generally
“perfect” (i.e. satisfy the above-mentioned conditions), a system
may be “perfect” if we restrict voters' preferences to certain
types. In recent years, Maskin and Dasgupta proved that the
Condorcet method and the Borda count are in fact the systems
that are “perfect” the most often: if any other voting system

is "perfect” for a certain set of preferences, then either the
Condorcet method or the Borda count is “perfect” for a strictly
larger set of preferences.

Fven more astonishingly, the Condorcet methad is "perfect” when it 9

can generate a winner, and the Borda count is "perfect” precisely
when the Condorcet method fails to generate a winner! Actually, s
Condorcet and Borda were French academics in the 18th century B
who were rivals not only in voting rule proposals but also on a full :}
range of intellectual and practical subjects. If they know that their 4
voting methods turn out to be complementary after all these years, !
perhaps they can finally smile at each other and shake hands in
heaven. &

¢
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How NoT To SoLveE A
MATH OLYMPIAD PRoBLEM ? (4)

Disapproved by TMO 2016 HONG KONGr.
Reod ot your own risk.

-1-) See a combinatorics
Proble.m.

2) Try mothemottical
induction.

3) Doesn't work.

4) Write down the cases
for small n.

5) Claim thot the Procfs
Qve Obvious ...

6) Ov trivia\.

7) Claim thot the
remaining coses ave
av\uloaous.

8) Get a 0/ F

(THE END)

n People Joi
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n=
G
n:
n:

-Fle-
PRee

v =1 : Vacuous
=2 : Obvious
n=3: Clear
nzk : Simple
wv=5: Noive

v =23 Trivial
vz 24 Trivial
n =265 : Trivial
n:=26" Triv-‘allj
triviol

(ases where

ny 30 ore

Mdojous.

. For all n, the
onswer is 1.

& EN A% USE YOUR BRAIN

PrEgE 1 Challenge Corner

EtHEHENRSE NEREE  Od&R:
For the solutions and list of awardees of the Challenge Corner of the 7th issue, please see:
http://www.edb.gov.hk/tc/curriculum-development/kla/ma/IMO/IMOment.html

1. & ABCD %&@i—a—ﬁ/ BARFATIMNER - 8 E® BDRIFR  F
7% AC RIRE - KRR | & L RARER EF TR —3 - RI=AJF ALB
A CLD MEEZH - %E@@%% ABCD RUEIRRRI— -

Let ABCD be a convex quadrilateral that is not a parallelogram. Let £ be the midpaint of BD
and £ be the midpoint of AC. Prove that for any point Z on the line segment £, the sum of the
areas of triangles ALB and CLD is half the area of the quadrilateral ABCD.

2. Kig WREREHa b c d  UFNEINOIHK 12 ZbR -

Prove that for any integers a. b. c and d, the following expression is divisible by 12:
(a=Db)a=c)a—d)b—c)b—d)(c—d)

3. BERE 1000 BELE - ANmIEDEIZE 1 £ 1000 - BRE4ER
EEEMEEME ZEEE—F ]I%%mﬁﬂ%&ﬂ—,ﬁzo ZELENRE
SEAMSEHS - AIZABEE REEEEER— ° B A OJBEm
B EZEKR? (OJ2EARH (#IXE IMO) —sz )

There are 1000 students in a school and they are numbered 1 to 1000. Each student must
choose to study one of French or German, with the additional restriction that any group of 20
students whose numbers form an arithmetic sequence cannot all choose the same language. Is it
possible to satisfy the requirement? (You may refer to the article Probability and the IMO in this
issue.)

. 2REH (Aos E’Jﬁﬁﬂ —X - WATHRER - YRERZKW

%é ZEENERE %%Eﬁﬁf‘%iﬁﬁﬁﬁ\%lﬁﬁ% SRES
GE—EEEP 8 %Tﬁﬁ&ﬁﬁﬁﬂ%flé Q  HEBFEERIL P
EQZE RIPRARR - KiE  IRFMBERBERENERZES R
= RARE— %i%%%fiﬁﬂﬂxuﬂz;}ﬁmﬁﬁm&

Refer to the article The Art of the Impossible in this issue. Assume there is an odd number of
voters. The Condorcet method for single-winner elections is defined as follows: Each voter votes
by reporting a ranking of all the choices. If there exists a choice P such that for any other choice
(1, more than half of the voters rank P higher than [, then P is the winner. Prove that if a winner
exists in the case of all voters vating honestly, then no single voter will have a unilateral incentive
to vote dishonestly.

&XEL% B NEBEEERSFHE info@imohkc.org.hk 122 ( BIEREHH ) -
WHEHE h | IR L h e ST & QTXEPE’EY%%&EMIIEZ& B—R/E84E£R0
%t ”$i|§ B 203 ZHEZHEANEESERLEM  EEHERRSEZE 3
HEIBFER EETLXEPYTEEKTE’* FIZRIBHXHEOES - #IEAHEA
2016¢7ﬂl6E| BREERR 2016 £ 8 By ~th - 2016 F£E 1+ /EFEFEE
EML R EERZTESHNEETHERLATE - NB5E - oJEHE info@

imohkc.org.hk &5 -

Hong Kong secondary and primary school student readers are welcome to submit solutions (with proofs) via
email to info@imohke.org.hk, specifying the student's name in Chinese and in English. the school's name in Chinese
and in English, and the student's class in the email. Each student may send at most one email. Souvenirs will be
awarded to the first 20 students solving the most questions on the condition that each school can have at most

3 awardees. Solutions can be submitted in Chinese or English. Both typed and scanned files are acceptable.
Submission deadline is |6 July 2016, and the awardees will be announced in August. The decision of the Organising
Committee of the 57th International Mathematical Olympiad on any matter of this activity is final. Enquiries may be
emailed to info@imohke.org.hk.



