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BERN - Al BRREAL -

P > HEREIREE T A FERYERL > i HLUF A
IR o =B Y B ER AR T AT

HEA . AT R2EBBE TR -

B4 | BE | v | B4 | 88 | v | B4 | 88 | v
1 28 | 26 | 11 56 | 71 | 21 | 73 | 70
2 35| 50 | 12 | 56 | 49 | 22 | 74 | 81
3 45 | 62 | 13 | 58 | 78 | 23 | 80 | 75
4 47 | 53 | 14 | 61 | 42 | 24 | 84 | 74
5 49 | 46 | 15 | 6l 74 | 25 | 85 | 72
6 50 | 38 | 16 | 65 | 74 | 26 | 8 | 73
7 51 | 40 | 17 | 67 | 73 | 27 | 87 | 68
8 51 6 | 18 | 68 | 51 28 | 88 | 72
9 52 | 65 | 19 | 68 | 58 | 29 | 93 | 80
10 | 54 | 54 | 20 | 71 67 | 30 | 99 | 85
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B | B2 | V| B | 92 | U | B4 B2 | v
mOR | RNEE | BREE | IR | BN | EE | YR | E |
1 100 75 11 80 72 21 87 44
2 100 80 12 89 78 22 79 70
3 100 88 13 77 70 23 66 32
4 100 62 14 76 74 24 60 28
5 100 80 15 87 54 25 60 76
6 100 72 16 79 65 26 58 65
7 100 77 17 80 70 27 58 82
8 100 56 18 89 28 28 50 70
9 100 68 19 77 76 29 69 43
10 100 70 20 76 65 30 72 91
2 Bt Feth e T EAVHCEEICR N E) -
3044BRE HPUER A= (Y = e k4
I DUA7TRE R AR T AR e
100
. *
80 a -
g 3 * *% ot
% 60 b - RS ¢
i * *
B L - .
§ 40 .
- -
20
0
40 50 60 70 80 90 100
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. BEAR (HEHE)
http://baike.baidu.com/view/172091.htm

2. H SR (B AR B AR i 4R L) B R 4R Y R (R
bt FE1E £ )
http://wenku.baidu.com/view/c6669cd86f1aff00b
ed5Sle7d.html?from=rec&pos=0&weight=6&lastw
eight=2&count=5

3. Eﬁ BoR Z HERGE H (P U EEE R 22 FE2012-
013 R BE R 5197 5 7%)

http:// www.cwgc.edu.hk/
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BONUS QUESTION (EXTRA 4 MARKS)

[}

The figure shows right pyramid VABCDEF. O is the centre

of regular hexagonal base ABCDEF.

Find the volume of the pyramid. (Give your answers correct to

3 significant figures.)

13cm
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NR DTERY T ERIe A — EEEERER R AER] - B
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> NEEEFEAEA DA -

T2 RMTERA A SRS ? EMHES
{EFF TR TEVE A ERVHES - PRI A E R

tef e |
HIE - > BRPTEFELRFTAEHEE AT T ? KA S
—TARVE R |
PEfa AR
G
i H K2
@kt A2
1075 (%)
4D
HU\ERE 80 17 5 80 80 25
HERE 68 10 4 70 650 21
HEEHE 67 12 3 78 398 23
FWEIL 55 8 2 50 104 13
e
PEE—BE 65 12 5 46 350 16
e
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HETE 60 17 91 465 17
HEHE 46 43 400 9
ZANFER 57 45 521 10

NFHEE 30 10
EFEh 34 7

40 610 23
30 650 50

[, BRI NS TR LN B I SN e )

T BHED (RSB RE | R GE
BHMOHER - AE2EERNETIE | 3K

HEhE.. ...
N JehlE BEEEDTAE.. BT | B
BT
HRRER]
(G =20
| B K2 A
B Ak BMEH AR BE P9
RE P95 @&t X BE 7o
A Rooy (%) (=)
) JL)
LN
sy 1 1 3 2 10 2 3.17
gl{‘;n 2 5 6 4 1 5 3.83
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ERTEN A
X1+ Xy + Xy
n

DLABAsAE R R Rl

x

B0+68+67+55+65+60+46+57+30+34 _ o o
10 -

x

FHSTHIEAT
o ARsl BER  KREA BFINE B
BREE PIn UHEH 2R g$ESE AFE

PRt @R (» BEH EeE
(%) T8 )
56.2 10.7 4.3 573 4228 207

2) Rt E PR PR
RHEERREER A > B R EEHE H B E
AVZEE AR - R A0 - BREHE - ZRZ 6
75

AR

Jba—fy+(@—xY+~~+Q¢—xY

O =
n

BUAFSERE R A -

(80 — 56.2)% + (68 — 56.2)2 + -+ + (34 — 56.2)2
10

q
<L—__

= 15.633
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15.633  3.945 1.636  20.608 204.202 11.710

3) EHRARAESE
T AR 8 > W DAIEZ I H S P
{H - FFRDIEAEEE -
b by YN

X —X

Z =
o

DI E B AR E R T R R
80 — 56.2
“= 15633

S TARRE AT

= 1.522

|

BRIW
sy 1.522  1.597 0.428 1.102 -1.679 0.367
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0.755 -0.177
0.691  0.33

-0.077 -0.684
0.563  0.33

0.243 1.597
-0.652 -1.445
0.051 -0.431
-1.676  -0.177
-1.42 -0.938

F— N | RS REEERW ?

-0.183

-0.795

-1.406

0.428

1.039

-0.183

1.65

-1.406

0.428

50

0.616

1.004

-0.354

-0.548

1.635

-0.694

-0.597

-0.839

-1.325

1.113

-0.121

-1.561

-0.357

0.207

-0.112

0.481

0917

1.113

0.026

0.196

-0.658

-0.401

-0.316

-0.999

-0.914

0.196

2.502
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LT | EENNTSE B
BRI\ Ek5E 0.556 2
B Eb 0.358 3
H i e 0.218
BWREILFE -0.790 10
[Pz 0.002
A e 0.734
AR -0.681
HhN e 0.040
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BEFEht 0.060
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BE\EE 0.1736

H1ERE 0.2074 0.5695 0.38845
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BEWEIL

-0.6358 -1.1095 -0.87265 10
thEg
FaE—Fr

0.0744 -0.379 -0.1523 8
thEg
e
B R

0.8396 -0.0545 0.39255 2
thEg
e =8 ().7946 -0.5555 -0.67505 9
cN=Rl 8N ().0482 -0.2165 -0.13235 7
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e 0.1506 1.8075 0.82845 1
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(B T EEEE: - A B DUHBHEL PR EE )
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M1 M2 | M3 M4 | MS M6 | M7 D
drmm 5 BEE
9 9 9.5 9.5 10 10 10 3
8.5 9 9 9 9.5 9.5 9.5 132
8.5 8.5 8.5 9 9.5 9.5 g 5|32
8.5 8.5 9 9 9 9 L ke
9 9 9 9.5 10 10 10 3.4
e
ER
Ml M2 | M3 M4 | MS M6 | M7 D
HHE 5Bk
9 9 9.5 9.5 9.5 10 10 3
8.5 9 9.5 9.5 9.5 9.5 10 3
9 9 9 9 9 9.5 9.5 .43
8.5 9 9 9 9 9.5 10 33
9 9 9 9.5 9.5 9.5 10 3.4
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T JRAAT 7> S AERG| ELIN S
(M3 + M4+ M5)x D | 313 % M x M5 x D x 3 ﬁxDx3
M3 M4 M5
87 86.97443 86.94915
88 87.97125 87.94286
86.4 86.31102 86.22204
89.1 89.1 89.1
96.9 96.81044 96.72089
G 447.4 447.1671 446.9349
HHE ARG fo -ty RIS
(M3 + M4+ M5)xD | ¥« Ma % M5 x D x 3 ﬁxDx.@
M3 M4  MS
85.5 85.5 85.5
88.35 88.35 88.35
89.1 89.1 89.1
89.1 89.1 89.1
95.2 95.16927 95.13818
S 447.25 447.2193 447.1882
gi B HH HH
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BT ARy HHZE 1 B0y SREIA
M1+ M2 + M3 + M4 +
3 (M2 + M3 + M4 +
M5+M6+M7)><D><7 3 M4 x D x3
M5 + M6) xD x =
86.14286 86.4 85.5
87.77143 88.32 86.4
86.4 86.4 86.4
88.39286 88.11 89.1
96.9 96.9 96.9
445.6071 446.13 4443
ARG HiZs 1 sy i g
M1 + M2 + M3 + M4 +
3 (M2 + M3 + M4 +
M5+M6+M7)><D><7 3 M4 x D x3
M5 + M6) x D x =
85.5 85.5 85.5
87.02143 87.42 88.35
90.51429 90.09 89.1
90.51429 90.09 89.1
95.44286 94.86 96.9
448.9929 447.96 448.95
HH HLE, HH
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2 0 33.33 20 +13.33
0 3 21.43 30 -8.57
1 2 30.95 30 +0.95
2 1 40.48 30 +10.48
3 0 50.00 30 +20.00
0 4 28.57 40 1143
1 3 38.10 40 -1.90
2 2 47.62 40 +7.62
3 1 57.14 40 +17.14
0 5 35.71 50 -14.29
1 4 4524 50 -4.76
2 3 54.76 50 +4.76
3 2 64.29 50 +14.29
0 6 42.86 60 -17.14
1 5 52.38 60 -7.62
2 4 61.90 60 +1.90
3 3 71.43 60 +11.43
0 7 50.00 70 -20.00
1 6 59.52 70 -10.48
2 5 69.05 70 -0.95
3 4 78.57 70 +8.57
1 7 66.67 80 -13.33
2 6 76.19 80 381
3 5 85.71 80 +5.71
2 7 83.33 90 -6.67
3 6 92.86 90 +2.86
3 7 100.00 100 0
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gk — - PO aiRETE AN o Bt =
[ F N e e
(%1 2 AT |(RF T3 8 b enb g DB EH | ARES
B B GEA 5 100 | 7 (et | 2 i
g | peagee | a) (BT e 107)] ERA
0 0 0.00 0 0
0 1 8.33 10 -1.67
1 0 12.50 10 +2.50
0 2 16.67 20 -3.33
1 1 20.83 20 +0.83
2 0 25.00 20 +5.00
0 3 25.00 30 -5.00
1 2 29.17 30 -0.83
2 1 33.33 30 +3.33
3 0 37.50 30 +7.50
0 4 33.33 40 -6.67
1 3 37.50 40 -2.50
2 2 41.67 40 +1.67
3 1 45.83 40 +5.83
4 0 50.00 40 +10.00
0 5 41.67 50 -8.33
1 4 45.83 50 -4.17
2 3 50.00 50 0
3 2 54.17 50 +4.17
4 1 58.33 50 +8.33
0 6 50.00 60 -10.00
1 5 54.17 60 -5.83
2 4 58.33 60 -1.67
3 3 62.50 60 +2.50
4 2 66.67 60 +6.67
1 6 62.50 70 -7.50
2 5 66.67 70 -3.33
3 4 70.83 70 +0.83
4 3 75.00 70 +5.00
2 6 75.00 80 -5.00
3 5 79.17 80 -0.83
4 4 83.33 80 +3.33
3 6 87.50 90 -2.50
4 5 91.67 90 +1.67
4 6 100.00 100 0
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ffgkld - AFAAIRETE AN EE =
T e T P
(%7 TG (%3 FALIE)3 5 epn g DB e |3
) p) (B A% 100 | T F DAk | 2 3k
poame | poapw | o) |URA - 1004 Emd
0 0 0 0 0
1 0 10 10 0
0 1 10 10 0
2 0 20 20 0
1 1 20 20 0
0 2 20 20 0
3 0 30 30 0
2 1 30 30 0
1 2 30 30 0
0 3 30 30 0
4 0 40 40 0
3 1 40 40 0
2 2 40 40 0
1 3 40 40 0
0 4 40 40 0
5 0 50 50 0
4 1 50 50 0
3 2 50 50 0
2 3 50 50 0
1 4 50 50 0
0 5 50 50 0
5 1 60 60 0
4 2 60 60 0
3 3 60 60 0
2 4 60 60 0
1 5 60 60 0
5 2 70 70 0
4 3 70 70 0
3 4 70 70 0
2 5 70 70 0
5 3 80 80 0
4 4 80 80 0
3 5 80 80 0
5 4 90 90 0
4 5 90 90 0
5 5 100 100 0
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(e AEE | SRR AKRERET > HE—T
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A H

(R

JINFR

. ROl HEER
(°C) | FuE | FRESK | =308
1 15 62 101 96
2 14 65 99 55
3 12 77 98 80
4 13 74 94 88
5 11 84 92 90
6 9 86 84 99
7 10 83 93 120
8 97 85 104
9 95 86 66
10 6 106 87 75

L ERYSHERCs: - (R ] DUE R A
[&](Scatter Diagram) 73 #f7 5. /a 8155 & 5 AR
% e

ELIEEHUAEE 2

B | st LURRIE R x @li(x—axis) >
DIGERAE Ry v Hili(y—axis) > 4525 HACHEEIR
- NRIRAERRIES > Buges 24 -
Pt LAt & DURCR At > 6 DL Egs
BRE Rlfhh > E—SRALMIE -
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ER—
SRR BRIk B B R
140 - 140
120 120
%‘ﬁm e ﬁmo - cetet?
% 80 AP E 80 Tece
*
& 60 + "ﬁ 60
40 40 4
20 20
0 - 0 , i i
0 5 10 15 20 0 5 10 15 20
§E(°C) FIE(C)
AN TEHUEDE BRI RCREE 3 B E 2 [HHY

ELES:

(hER

RIRRH (5 o AEMEZR— > BM SRR R A
Fumkay i E B ¢ A - KRR ATE
FSROmATS > ARV & B Gy -

TR SR it AL BRI R RS B B B Y R R A A
o IR BES BT B T R B —
{FRESRHRYIE 2

B | BEHIERIREI G E— RSP AV E SR |
XRFEEEE ?
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JINFR

A il

JINFR

A _E YRR A R E AT BN
WA (&5 (variables) BRI AT5R © {EAELL TSR
B = SOGH EERYAUGE T - BiR o fifEE
FEIAFELE > AR FRIFEEAVESR -
HEEE > RORB = SUBHERMEEA KN -

ExE=
SRR R = G B R AU E
140
120
i 100 * . .
A
Jn 80 - . +
=N
Hl 60
a0
20
0 i
0 5 10 15 20
il (C)

s bl | AP - REMEG TSRS
sTEIR - bR 7 ARESD - SRomE YA & &
ARG ] A — (e R ASHY B {E AR R e 2

/NRE 0 UREFERN | B NI e AR
{& % (correlation coefficient) » Ht 0] DL —{f #;
B PR T WA [ 2 8 Ry BRI I -

ARPREA BT EAH R (R BT |
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AN - AFE | MHEA REYET B T A AR A R
Bt | SHROEEY | RGEAEA R R A O B R
n\é‘ﬂiéh:}ﬂ‘ {Xl, Xy o0t xn} {yl» Yoo o yn}
EIFAEREARE r VEFRLTT
;= Z(xi_)_c)(yi_.)_/)

V26 =0 < X, - 7)
X (KRB SIGMA)RRE " &atE ) BRIk
i x Ay Aoy BRI TR ER R % > ]

X;+Xy +o+ X _ YV ty,tety
1 2 no y= 1 2 no,
n n

X =

IME T MHEIREEYAFARAERER | Fesz A T !

B E(Xi—i)(‘h =1
(= S} Asonr

VW\
T T,

AT ﬁ/
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ARl s /MR o BB | RS FaHEh - —
i H'ED%WT JE A BH H A B A 8
HYETE o DURCR B ZAYESY & & Pl WF‘?T
DIFTF B RGHY sER (Exce) s R TR &5
B> A&k,

AR Fhamk

2L (°C) HER
X; Yi

1 15 62

2 14 65

3 12 77

4 13 74

5 11 84

6 9 86

7 10 83

8 7 97

9 8 95

10 6 106

&atE 105.0 829.0
a8 10.50 82.90
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; SRR
6= | ;=) | 6= | 09" | ®-00:-Y)
1 4.5 -20.9 20.25 436.81 -94.05
2 3.5 -17.9 12.25 320.41 -62.65
3 1.5 -5.9 2.25 34.81 -8.85
4 2.5 -8.9 6.25 79.21 2225
5 0.5 1.1 0.25 1.21 0.55
6 -1.5 3.1 2.25 9.61 -4.65
7 -0.5 0.1 0.25 0.01 -0.05
8 3.5 14.1 12.25 198.81 -49.35
9 2.5 12.1 6.25 146.41 -30.25
10 4.5 23.1 20.25 533.61 -103.95
&
g 0.0 0.0 82.5 1760.9 -375.5
{i=h
IME D REERMATRIAEREERALT  FaltEH

> (x5, - )

FHBEREL -

-375.5

N -0 xS 0,77 VB3 xA17609
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JINFR

/M;a T’TEH"EHUH ! ?/%{FﬁTLXH%7FEIfIEﬁ73)£$iZ

FumdE | RER | =308
SRR

—-0.985 0.904 -0.126
FERR{REL

AVEE > AHBE (R EHYEUE AR ETEE ?

HE > HEGERIBESF-12120H - EW
R o R Ao o A A i [ U 1 SR PR 4
MR (B BUE & AT - 1801 - AR > &
MR B R0 - RIS (8 5 B 2 [ HY
A eSS -

e = SR fEAH A 56 2= IEAHRE
-1 ~ 0~ 1

EEH/\W/M,\;?MJJH”#% B HYMHBE R BR 2 3T
» R EHIRERE PEASGER - MHECHE - SRORER =
f)ﬁ E AR ABIR2AT0 - Eﬂﬁ%ﬁlﬂ%lﬂﬁ

%? PERE AR -
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I8 7 SR RN S SRR AR o PR ik
B EHURR A TRARRIR (R T - ERBFIAE
NERYRCR © & SRS FEHIE IRy $E 5 E ©

(e > IREAA PSRRI | (R —RhI2
5 HEBEA M TTE o (8 ETRE E
o FRAMTAE ZAYESH B R IR RO A & — Y
GRIERRTA - FE4ETER b Bk T IS B EAR
MRy TR RERMAEES T EE
& WEANHEESITRE - wiae N ERRR
AR B & - fESETEE L > BT
HJTERE Ry T SRIEARER AT o

B %2 7Y
ZLinvoEsy & B TR

0 5 10 15 20
FIR (°C)
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JINFR

A il

JINFR

A il

HHBGRE ? 26 UER & T AT EBE A
sk 2 ARNEE > PTG RE T m K e By
BEMER T !

N BEEERE | (MBS m R e EEE
PRI 2

EEREET | m (ARESHIFRRslope) » M
c AR E LAY y SliEWEE (y—intercept) | 1% ?

¥ L NMERRESA A | DA S0 R B A
WSS & EHIGIT - m K c BYEUHENAEEETE |

_ Z(xi _)_C)(yi _y)
Z(xi _)_C)Z

WERT m BVEE - MRS ML o
EUE | N REERR-FIEAEEERSR - BTl
BT DR LR E

c=y—mx
=82.90—(—4.55)10.50)
=130.675
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N -

(e

A -

N -

(e

N -

ARG wﬂn(x))i’&*ﬂﬂbﬂﬂ#fﬁ BO)HIRFRL
ALY EAR TR R
y=—4.55x+130.675

FE | AR TEEFERVES TR 0 &
ff‘%?ﬂ“ A DAY SRR 7 R Ei

BRI ATRE R 2°C BF | NEREEZ A 2
/DIRERIIIETE 2

WMTAER x =2 RAEERRVESTE > B
BETEUHIZAIMYER S B2 ()Y |

y=-4.55(2) +130.675
=121.575

(hek | R AR 2°C I - RRGY4EMR 122
PrERERl T LA T !

122 PR Z 0 | B — Pt A B I !

REBERRANE » BRIEZIERIE | 1515, 50T
HE > B MR EE T =5
e, 0g

HERE > J5% |
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B (%8B % vtp vk 45
LR W & R T

Wf”ﬁ%—& ofb o A~

N
{

——\ |

(e

sehh | R TR BAERERRG AR
UmEE 55 B EH)E'7E¢%UILEZHFEE AJE Ry Rl
T BRI B > Je B Al B
SHEENE ?

i gk | SRoR | Bk
| HEBE | o BE©®
1 62 15 7
2 65 14 7
3 77 12 6
4 74 13 6
5 84 11 6
6 86 9 6
7 83 10 6
8 97 5
9 95 5
10 | 106 5
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s il

N -

s il
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(e - E(EFEEA 2 ERE AT | S5
EAnRa 6 B B E AR 4 - HEETRHE
MR REE R DL T !

SRR EE

BRI B B HIAH
B

B GREIS R -1 - BM{UREIYEH &
BNEEAEREVNR G - HEHEERE
ZEIRBRNEHEZE  BERENERMZAIH]
PR ERA (5T IERETE 2

—0.985 —0.948

BRI Y S IR | R
FEAIZE B & [FIIS<2 F W 5 H 258 (independent
variables) 2% » FIIA T H&IEER 7347 (multiple
regression analysis)itAE 5 &R Y FEHIZRin kY

EIEE TR AT, U ?

R AT ) AR EE L BRI R AT
MEERAYTTE - #AIEEER - BAFIERAE AT LAFI A
SRl B B E A TR IR S E & -

TORE > TR ST ) B BRER AT T 4R
ARSI 5 AR ?
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REE | ME—REIRT R HIHY T AR AR T
HAERR B8 > mMALH " EEES
M A Rom R EE R E 28 -

TR LA T T R AR B 8 () L R (5 5
BEI O F )8R R

y=by+bx, +byx, EHy -~ xi Ko 5T HHERE

RBAR ADETs
B BRI hiE i
AL CGLS
A%E | [e8%, | AEK,
g J/ j//’
(532

JINFE

B2 - B SUE AT PAk i 5 A2 iy = (i (A B
by~ by ke by e ? IER AR B E =TT
2l ?
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s il

N -

1EHE | HBEER y =by +byx, +byx, REHEN &
sTEB A H LT =70 — KB 5 2 4

(system of simultaneous linear equations in 3

unknowns) :

[ Y=y b (T b ()
ley = bo(le) +b, (lez)"'bz (lexz)

\ Zny = bo(zxz)"'bl(lexz)"'bz (ij)

A

Awtsr 7 | AL FRE) - FREfR
BRI |

)
829=10b, +105b, + 59,

A

8329=105b, +1183, + 638,

\ 4803 =59, + 638, +353b,

K& B2 & o] LRI A V8 BR VA (method  of
elimination)¥%. - bo ~ by Kz by HIELEIE ?
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T e | B g SR
ﬂ;ﬁ )
Y X X, x12 xz2 XXy | X)) | XY

1 62 15 7 225 49 105 | 930 | 434
2 65 14 7 196 49 98 910 | 455
3 77 12 6 144 36 72 924 | 462
4 74 13 6 169 36 78 962 | 444
5 84 11 6 121 36 66 924 | 504
6 86 9 6 &1 36 54 774 | 516
7 83 10 6 100 36 60 830 | 498
8 97 5 49 25 35 679 | 485
9 95 5 64 25 40 760 | 475
10 106 6 5 36 25 30 636 | 530
&

g 829 105 59 | 1185 | 353 | 638 | 8329 | 4803
#

AR 288 | BR TOHBRESN » AR ET DAK H RS
S
b, =149.06 b =-339 b, =-5.19
s o TR T ) SHE TR
y=14906—3.39x, —5.19x,
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REGEE "B AT o WA T EIIEZ A
{2 DI AR 2

Al MERYEIRE 2°C o & EER
FESS —#f > A%,

IMENE X =2 Je Xy = SACARIA AR -

¥ =149.06 —3.39(2) — 5.19(5)
=116.33
hER - IRz 116 PREluink |

¥ | ERR R EERZE T - T LUEH
"B o AT B R R TR B Y 3

=}

Eo

KIFT | AEEE T AR N
BRAE R G A IRIRORIR SR B0 RR T | AR
— PR B 1 P R 2 TP 25 A S H 2
o |

HE - MBI R B T
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KPERE |

(F% : 2476)
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John E. Freund & Gary A. Simon (1952), Modern

Elementary Statistics, Prentice-Hall, Inc.

=E{E(2010) (HEFEE—HRGETE: TiF i)
AR PR A E]

ERE - BT Q01 (AR EAERAET
THEENER - AER&GR=K  FEHEMHE? ) K
BSUEAIRAHE]

SRPLCIE(2010) (3 /NEFEEEATETORERR) ) FH#EN
RIEEEARAE
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FEHNZARSHHEN: - & ERE I EARAR
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MEAHE=E - ZOBB 2 1 - ZHRIRRR? FAHERR
SN - KBS G T EACHIIE?

BUBE FLMIET - GDP FHE(ELM L - G & e
Gisy o RENE « (02 > BRI GSEGIN - TS LS
PO RS > WATEE AR N SR -

PR B — BB - SOy TRE®R T > HETH
FORKT - BEWETT T - 8BRS 2R B - AH(E
RANERHEESAE - 2R —EEAEORAIZ %05
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4 KB G HEEREAE L2 A RERR LAY -

B BN EREREEENL - & LEE —REH
—H > GHHEEN - BoEtht 7 HARRAYARES ST
EYENEMRAEGEST - ERTHRIGETR S T HE
HEeg R AR E RS T (e S L ER E - 1
fEith FERIEORER S - GDP WYTT Bk & e BHRE /) - i
i AR AR D28 - F ] DAS [T BB AL

R -

EHRAVE » APEEEARNZRELBERTEIR > AP N R
REMETHRNE - @A REFres - EREINIR -

FAHRR > {RAHRE

FFRAENRAT > HegieEmHEEE - BEMITE G
BN - FHBAMERAVELE 2R R T o A2 - A LRFEE - 3
Mg SR R B A RS AR - EERRE R EIT &M
E - sEER - SR - A AR

HIERH e S IR AHBIE A S tHE S - (EAEZ 2 (A
MYYE? 2 g IR WA A S EBSEA BT E - ERAER
X ZPEERRE] - S BEAEE S%HE-RVERE M Y Al
ebEENEE - FEHAAESEAE R - SER Nk (2
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RS E A LAVEEE - BIE X N Y F(EHE &
B AHEE AE—EEEEAE T - Bk - M5
AR SEE F E5E - AT > MM ERL R 2 A R (AT -
Ny > fEESw S A B AT > X E 2B A A EE R
Eo

ARVEE Bk S nT PUERESR B M MRV BE (Re? 1RFEGE - FH_E3
REBATLLT © DL X AR - HIERRAEE — R THY
HER - I Y A RR > BHEAEA RV - —JF T
K AHETR - CREHBEREEHEIZ T -

st [EHR(E T GDP HYB - DAFFIZAGREY & B R 5e
Z o B EH—NEER -5 T EH
B — (B - FERAYE® Excel HE - A
GDP HYHHE R BUE 0.569 - B ERERARRNIE > IEHY
MR R BRI &8RN E R - ENIRERVEEN GDP HySE
B HAHB RB A > 23] 0.522 -

EREENZE EHEHNEEEHHEHBENER
GDP* - jEZNk GDP ZH|IZREMENENIRE  FiilE

T AT AR T T REE SR E IR E S ek T g
F BT T GIP A > 4 — Fenf T GDP 5 AR5
EEEED O EF T hof SRR E T p R Fidga
FEE HNERRET LY DR LT
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T PR TR - i A TR MR R A A S
WIS AT SERVEE R - M5 HE B ER > PR T E
RRHEERRE SR - B E  fAEbeh - H[EE
SR/ T EREENE -

4T BAMETRIEORERARIGRAY T - AR > o
S qfer ] DR BEg e ?

HEHVEREE — Granger Causality Test

HEREEAIR - AEARAVE - P DUE A Hss H R &OK
BA%1SF Clive W. J. Granger $£H#Y Granger Causality Test
KEes o B E R SAE - SRAnVRERE - SEEA EERHY
ot ] AR 25 SR FHREINE R RV ER - B
AR BV — N4F T - Granger AV A » BiEHKE
Hy o

et Y FHER R A A 53 #r(regression) (E /B Y72 2
[5EF 2/ DI & [E R R H 82 7K (significance level)]:
Ye=p+ Zf):l oY +& (1)

e o AR T A RRT TR G RGN S EHOLLR)
R TR o FEATL T LERAE IR IR R
LGP EERF TP A2 f ) -
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PNERAHELL LRV TR IIA X EHRZE - BE Y &
2 F] X B RIE AP 2 LIS N(2) 2 > JRE B2
THEE] - REWES » IOAT X gt T Yo F/
REBER XER ) Y 2 -

Ye=n+ Z?:l o Ye—i + Zf):l BiXe—i + & (2)

FH Y RN E T SIS - A2 F IR ESEEHIL
oA > SR ERENTFEAVEER - IRBAGR - G2 A FEHY
R 2 - BRSNS RS BIGE: - DUORTR
ERVERES - BENE > KM S HEE R EE TS
o R RIS E B E N R —EE AN E - EE
HERINE R8RS R A — S B (PR feedback effect;
Bl AN ST — 1% > 2 ERER) -

SEEM - AEAES - EEENVSOEFA - SRR E
REFM AT LIS [HEBEOEFA L ER GDP Mg TiAYHH
o8 o WM DA AARFEES AR E8GE -
Christopher A. Sims > $£H}HY Vector autoregression (VAR){&#
a] o fF PRt RSB TP IRE AV DU ERTZE © SRR
stgEk B K - B RFREE H T4 » Grange Causality

“r b FTest i T WS X AF (5 AW HHHET R B iR (B,
A FAE) 0 B & BEKX(Null hypothesis) £ X i {3 82 5 $H7]#%
ERER (T ERE) -
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B B E TRy ERE - EEE T RS E ERTERTR
HITHIERY - 28 > WIRAR]_E Regression Hyzh - NAEE
P55 P AR RS [FE N SR R (e ?

5 | FAERR

RG> Pt n] LS [ FARREME A S sle R BIE A
FRRIRBIRAY © T RBE R T — R PR AiTRS
&7 - EABENHEREE - TR ER AR
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FERIATEE S RN GDP B ERZARIE - 4
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g?ﬁ%éﬁ/ﬁ? °

Sy 3 > P AT R R A R R (E R
(ttD)FH) - HIER > WIPBREVFRAE » —EFER
RER EHIRIEN GDP M EACARIG © WA
NLEAREN R &R (e R & HE

R R R AL BN -FI - - E¥e E o R RGHE
SRS H- BERTERFLR-ES e F5- - 25 5Ol
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GBGE RN R AN E B R T - BER o
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MR > ABERRERAN S BB HIEN -

R—: BENEREGDPHE RN AE

GDP # &
-3) y(-2) D 0 w1 p2) ()

Wi -0.071 0.099 0339 0.522 0417 0.272 0.067

EEEA EH—UNEER - RS —FA R
PR — DA - REEAYIEMS Excel % » &R AEER—
FEEF] - 0.522 1B {HEIFEAI S GDP BUR(E N &[F25
HIAHRA 28 - 1218 m] B Leag e BB Y R 2R e 4K
TR + AR (AR R BTN GDP R E
(0417t — (% FE P AT HE (B0 2 #7500 GDP 14 B
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Invited Article: Musical Dice Game

Nelly Mak Noi Lee & Kwok-fai Lam

Have you thought/dreamt of being a
music composer? In fact, you can be
an amateur composer even though
you know nothing about music. This
can be made possible because of a

special relationship between Music

and Statistics, or more precisely,

randomness.

Like the pop music industry today, classical music industry
was very popular in Europe in the 18" century that music
publishing was a thriving trade. Publishers competed with one
another to print the works of the popular composers. Many
publishers looked for novel ways to entice new customers into

their music shops and concert halls.

One such ploy was to publish systems that would allow any
amateurs to compose music without having to know the
techniques or rules of composition. The London music
publisher Welcker, for example, issued “A Tabular System
Whereby the Art of Composing Minuets is Made So Easy that
Any Person, Without the Least Knowledge of Musick, may
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Compose Ten Thousand, All Different, and in the Most
Pleasing and Correct Manner” in 1763. Many of these
schemes involved using dice or other randomizers to select
musical fragments from an array of choices. Composer
Johann Philipp Kirnberger (1721-1783), a former pupil of
Johann Sebastian Bach (1685-1750), suggested the use of
dice for this purpose in his book “The Ever-ready Composer
of Polonaises and Minuets” published in 1757"°.

In fact, chance-determined music was once very popular in
the second half of the 18" Century (1757-1812). An epidemic
of musical dice-rolling games arose in Europe to allow
anyone to write compositions based on the chance operators.
Greatest music composers, like Wolfgang Amadeus Mozart
(1756-1791), Joseph Haydn and many others, had ever
composed musical scores for chance music machine through
musical dice game before. The most well-known chance
music machine would be Mozart’s Musikalisches
Wiirfelspiel'' K. 516f written in 1787, and was first published
in 1792 in Berlin, the year after Mozart’s death.

What is Musical Dice Game?

’ polonaises, minuets in Chinese, J7F#EH » /N5 5E.

“ http://www.kempa.com/2004/04/08/probably-music/

" Musikalisches Wiirfelspiel means Musical dice game.
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Musical dice game is an interesting crossover between Music
and Statistics, or more precisely, randomness. A musical dice
game is a system for using dice to generate a random number
to create musical compositions that composers do not have to
be familiar with the techniques of composition such as the
rules of cadence and harmony. In the majority of the musical
dice games, the goal is to produce a uniform and periodically
running off track. The resulting compositions are therefore
mostly waltzes, polonaises or minuets'> with very schematic
harmonic structure. Several (say 11 for minuet and 6 for
Trio"” as in Mozart’s musical dice game described below)
variations on a theme'* were composed for each bar. A

random number is then generated to determine the variation

" waltzes, polonaises, minuets in Chinese, [E|#£if > JEGEEH - /N

=,

" Trio (music) is the contrasting section (B) of a piece in ternary form
(A-B-A). Minuet and trio is a longer structure of a musical form which is
described by the term, minuet.

"* In music, a theme is the material, usually a recognizable melody.

" In musical notation, a bar or measure is a segment of time defined by a
given number of beats, in Chinese, /|Ngfi.
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of each bar. The random numbers are generated mostly by
rolling a die, a pair of dice, using playing cards or other

suitable instruments.

In the days of Classical period of music (1750-1820), the
musical dice games induced some treatises and criticisms
which were filled with mathematical analyses of music. In
fact, the 18" century’s great public enthusiasm for
mathematics in Europe was the incentive to create such

unusual method of composing operation.
W.A. Mozart’s Musikalisches Wiirfelspiel K. 516f

In 1787, Mozart wrote Musikalisches Wiirfelspiel K. 516f '°,
the most famous chance music machine among all. The idea
of his Musikalisches Wiirfelspiel K. 516f is to cut and paste
pre-composed variations bars of music together to create a
minuet and trio'’, depending upon the results of dice thrown.

For minuet with 16 bars, the composer rolls a pair of six-sided

° The instructions, number of plates and table of music of Mozart’s
Musikalisches Wiirfelspiel K. 516f can be downloaded from (the
copyright is public domain):
http://erato.uvt.nl/files/imglnks/usimg/b/bc/IMSLP20432-PMLP47543-
mozart - dice waltz.pdf or
http://imslp.org/wiki/Musikalisches W%C3%BCrfelspiel, K.516f (Moz
art, Wolfgang Amadeus)

" Trio (music) is the contrasting section (B) of a piece in ternary form
(A-B-A). Minuet and trio is a longer structure of a musical form which is
described by the term, minuet.
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dice repeatedly to select the pre-composed variations of each
of the 16 bars. Then, for trio with 16 bars, the composer rolls
a single die 16 times to select the 16 pre-composed variations
in sequence. Putting the 32 pre-composed variations in
sequence results in a complete composition. There are
altogether 1116 different combinations of minuet bars and
616 different combinations of trio bars. Hence, there are
altogether 1116 x 616 = 1.30 x 1022 possible compositions

in total.

The pre-written variations are randomly distributed as shown

in the table of figures below.

Minuet

1 2 3 4 5 6 7 a8 q i0 |11 |12 |13 | 14 | 15 | 16
2|56 | 22 |141| 41 | 105|122 11 | 30 (70 |121 )| 26 ( 5 | 112 | 45 (100 14
3|32 | 6 (128| 63 |146| 46 | 134 | Bl (117 | 35 | 126 36 |174 | 18 (1lG| 83
4 |69 (95 |158| 15 |153| 55 (110 24 | b6 (139 | 15 |132 | /3 | 38 |45 719
5|40 17 |113| B5 |16l | 2 (158 (100 )| 50 (176 | 7 | 34 | 67 |160| 32 | 170
b |148 | 74 (163 | 45 | BD | 97 | 36 |107 | 25 (143 | p4 (125 | 76 |136( 1 | 93
7 )104 157 | 27 | 167|154 | 6B | 11B| 91 | 138 | 71 (150 | 28 | 101 (1e2| 23 | 151
B |152| 60 |171| 53 | 99 |155| 21 (127 | 16 (155 | 57 |1/5| 45 |16E| B9 | 172
9 |115| 84 |114| 50 |140| 86 (169 | 99 | 120 | 8B | 48 | 166 | 51 |115| 72 |11l
10| 98 (142 | 42 (156 | 75 |129| 62 (125 | 65 | /7 | 19 | B2 (137 | 38 | 149 &8
11| 3 | 87 |165| 61 |135| 47 (147 | 33 |102 | 4 | 31 | 164 (144 | 39 |173| 78
12| 54 (150 10 (103 | 28 | 57 |106| 5> | 35 | 20 (108 ) 92 | 12 (124 44 | 131
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Trio

17 |18 |19 | 20 |21 |22 |23 24 |25 (26|27 | 28|29 |30 31| 32
172 |6 (3925|814 )|89|15/36)| 35 |46|79|30(85|19)|66
236 (82|42 (74147 26|71 76|20 64| B4| 8 [35|47|B8
3|35 (3931|6545 |15|80| 3 |34)093 |48 |69 (58 |20)2)
440 |75 |16 (68|29 |55| 2 |61 )|22 |67 |49 |77|57 (87|33 10
5|85 |3 (28 (33|37 |17)44 |70 |65 |85)32|96|12(23|50)3
6|18 (45|62 (38| 4 |27|52 |94 |11 |52 )24 |86 |31 (60 |78)31

The bar numbers are indicated on the first row as the bold
digits'® in the number plates. And, the numbers on the left-

hand column mean the outcome of the dice rolled.

In the trio section, the probability of each unique composition

16
is (%) = 3.54 x 10713, Obviously, the probability of a

unique composition in the minuet section is even lower, but
with unequal probabilities. It is almost impossible to make the
same musical scores through this dice game, but they may be
similar. However, it is interesting to note that Musikalisches
Wiirfelspiel K. 516f is not included in the Mozart’s
“catalogue of all my works”. Nelly, as a piano learner,
postulates that Mozart did not treat this work as his creation,

nor as a piece of musical work.

* In W.A. Mozart’s manuscript, the bold digits on first row originally are
the Latin alphabets.
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The Influence of Musical Dice Games Nowadays

Ll

Musical dice games were still hit in the first half of the 19"
Century mainly for publishing music. The epidemic of
musical dice games in Europe faded out gradually. Only in
the second half of the 20™ Century was this composition
system be reminisced or revived remembered due to the
widespread use of mechanical music machines' such as
modern pianola®. In other words, Musical dice games have
an inspiration on the development of electronic music
machines and  entertainment.  Electronic  keyboard
electronically produces sounds from the processes of pressing
mechanical keys. However, the most important prerequisites
for an electronic player’s function are the ability to read
musical notations®', and adequate control of the musical
instruments. Imagine that when you play the digital keyboard,
you can press the button on self-playing musical instruments

without

" Mechanical music machines in Chinese, bk 2248,

* Modern pianola or autopiano comes with an electronic device that can
record and playback MIDI files on floppy disks and/or CD-ROMs, and a
MIDI interface that enables computers to drive the piano directly for
more advanced operations, in Chinese, H &fjZ:.

*' Musical notation is the system that represents aurally perceived music,

through the use of written symbols.
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the performer to create music.

A Pianola and its electronic device

The ideas and concepts of chance-controlled musical
operation are being adopted to the development of the newly
emerging  electronic  computing technology  which

automatically generated music pieces.

In summary, musical dice games inspire the idea of random
combinatorial techniques used in computer-generated
composition. Nowadays, machines use computer algorithms
to create improvisation’® based on pre-composed musical
materials. As a result, some statisticians use statistical
approaches and models to capture the musical data for

analysis.

* Improvisation in Chinese, H[I8H.
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Last but not least, we were so fascinated when walking along
the journey through history to explore the marriage of Music
and Statistics when writing up this article, as there is so much

to learn.

Further Readings

Go to the following websites, you can compose as Mozart.

Mozart’s Musikalisches Wiirfelspiel. John Chuang. SunSITE
Austria, University of Vienna, 1995.

http://sunsite.univie.ac.at/Mozart/dice/

You may compose a minuet and trio with the style of Mozart
in this website. At the same time, you can select instruments

before playing the MIDI player and get your scores.

Musikalisches Wiirfelspiel. Amaranth Publishing, 2003.
http://www.amaranthpublishing.com/MozartDiceGame.htm

You may download a ZIP file for extracting a free Window
program. Then, you can use it to create zillions of minuets or

trios with the Mozart’s style.

Become Mozart and enjoy!
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Invited Article: Dependence in the “Tail”

Ambrose LO
Department of Statistics and Actuarial Science

The University of Hong Kong

What is This Article About?

In this article, we study the concept of tail dependence and
illustrate how it distinguishes itself from ordinary dependence
by virtue of two instructive examples. To aid our study of tail
dependence, a technical notion termed the coefficient of upper
tail dependence will be introduced. Throughout this article,
intuitions rather than theoretical derivations and practical

computations will be emphasized.

1 Introduction

If one is asked to use a statistic to summarize the degree of
dependence between two random variables, say X and Y,
Pearson's correlation coefficient will spring to mind almost
immediately. It is the most commonly used dependence
measure that tells the strength as well as direction of a linear

relationship between X and Y. It is defined as
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) Cov(X,Y) _ E[XY] - E[X]E[Y]
JVar()Var(Y) J(E[X?] - E[X]?)(E[Y?] — E[Y]?)

It is well known that p is valued between -1 and 1. Roughly
speaking, the higher the value of p, the more likely that X and
Y move in the same direction. Note that in the definition of p,
only the product moment E[XY] depends on the dependence
structure of the random vector (X,Y); all other quantities are
fixed given the marginal distributions of X and Y. The
investigation of the correlation between X and Y hence boils
down to studying E[XY]. This point of view will be of

paramount importance in the sequel.

Pearson's correlation coefficient measures the dependence of X
and Y over their entire support. It is uncertain, however,
whether it is also a good reflection of tail dependence, which is
the degree of dependence between X and Y given that they are

at their extreme values. Specifically, we let

X' = X|(X > some "large" value), Y’
= Y|Y (> some "large" value), (D

, Cov(X',YH
and p’ =
JVar(X")Var(Y")

Our question is: can a large (resp. small) p co-exist with a
small (resp. large) p’? Such a question arouses considerable
attention in the aftermath of the financial tsunami in 2008,
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which drove many practitioners to attach greater importance to
tail risk management, because it is the possibility that risks are
simultaneously exceptionally large that jeopardizes the
survival of a financial institution. It was observed that losses in
investment plans, while correlated to some extent in normal
market conditions (with p being small in magnitude), became
extremely positively correlated when the market crashed,
during which the losses attained extraordinarily large values

and moved in line with one another (with p’ being very close to

).

To pursue an answer, let us examine the following daily-life

examples:

Example 1. Since the implementation of the Early Admissions
Scheme (EAS) in 2002, a number of high-school students with
exceptional results in the HKCEE were admitted to university
without sitting the HKALE. It is a peculiarity that many of
these EAS students performed disappointingly poorly in their
undergraduate years. This raised strong doubts as to whether
admitting students solely on the basis of their HKCEE scores
was an effective policy. To look more deeply into the matter, a
bivariate normal distribution is used to model students'
HKCEE scores (X) and their first-year GPA (Y) with the

following parameters:

Ux = 24,1y = 2.5,0% = 4,0¢ = 0.25,p = 0.40.
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100 sample “students" are generated® and the correlation
coefficient between their HKCEE scores and first-year GPA is

measured. The full data can be found in Appendix 1.

The sample correlation based on all 100 pairs is 0.4135, which
seems to indicate that the HKCEE scores and first-year GPA
are quite positively correlated. However, if the sample
correlation is calculated based on the 10 pairs with the highest
HKCEE scores, the measure not only reduces significantly in
magnitude, but also changes in sign to -0.1186. How to

reconcile the contradiction, if any, here?

Example 2. The following data that span 30 years are
available for AYA Insurance Corp. They show the annual
amounts of claims filed in two lines of business of the

corporation.

Line ACY) | 110 | 59 46 | 320 | 38 5 322 | 120 | 176 | 35

LineB (Y) | 95 104 | 191 | 172 | 122 18 183 | 267 | 76 98

Line A(X) | 51 300 | 108 | 234 | 362 | 334 | 282 | 348 | 174 | 37

LineB(Y) | 170 | 271 | 302 | 66 | 252 | 56 54 133 68 | 215

* This can be achieved, for example, by the method of conditional

sampling.
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Line A (X) | 133 | 130 | 477 17 116 | 501 | 591 | 600 | 705 | 804

LineB(Y) | 26 64 104 | 272 | 141 | 340 | 365 | 399 | 420 | 510

In general, the losses in Lines A and B are positively correlated
with a sample correlation coefficient of 0.6038. It is noticeable
that the five largest losses (in bold) involve not only large
magnitudes but also the same directional movements of X and
Y. With X and Y moving in the same direction, the sample
correlation coefficient of X and Y when restricted to these 5

biggest losses is alarmingly 0.9646.

These two examples highlight the substantive fact that strong
dependence in general does not imply strong tail dependence,
vice versa. In the next section, we will discuss issues related to
the quantification of tail dependence and a notion known as the
coefficient of upper tail dependence to more effectively
investigate tail dependence. In particular, we will formalize the

idea of “large" values in (1).
2 Tail Dependence

If we are interested in the general relationship between two
quantities, e.g. the HKCEE score and first-year GPA for
students as a whole, Pearson's correlation coefficient serves its
purpose well. For more specialized purposes, such as
investigating dependence in the upper tail, as in Examples 1

and 2, we may examine its conditional counterpart p’. As
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mentioned before, if only the dependence structure of (X,Y) is
of interest, it is sufficient to investigate the conditional product

moment
E[X'Y'] = E[XY]|X,Y > some "large" values].

In general, even when this conditional product moment can be
computed explicitly, it is unclear as to how the “large" values
should be selected. As a first step of our remedy, we will
relate product moments to tail probabilities, which are the
probabilities that a random variable is greater than some fixed
large numbers. This approach is justified by Lemma 1 in
Appendix 2, which shows the intimate relation between
(conditional) product moments and tail probabilities. Although
the lemma may look formidable, its key message is: The
greater is the tail probability, so is the (conditional)
product moment, hence the (conditional) correlation

coefficient.

With tail probabilities being our current concern, we introduce
a very useful tool known as the coefficient of upper tail

dependence Ay, defined mathematically as

Ay = lim P(X > Fe' @)Y > Fr (@)

In this article, we shall not touch upon the computational
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aspect® of Ay. Roughly speaking, A, is the conditional
probability that X takes a very large value given that Y is
already unusually large. Here Fy! and F, ! are the inverse
distribution functions of X and Y respectively. If a is very
close to 1, then Fyl(a) will return a very large value on X's
scale, i.e. X has a very high probability to be smaller than such
a value (see Figure 1 for an illustration of the inverse
distribution functions in Example 1 above). The use of
seemingly complicated inverse distribution functions thus
allows us to compare large values appropriately on the scales
of Xand Y. If Ay > 0, then in accordance with Lemma 1 (b),
(X,Y) will possess a higher conditional product moment than
the case of Ay = 0, thereby exhibiting stronger upper tail

dependence.

Fx(z) Fy(v)
]

0o e 0 5 (o)t
Figure 1: Illustration of the meanings of Fyx'(a) and

Fy ' (a) for a large value of a.

24 This involves the concept of copulas.
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We now relate the notion of coefficient of upper tail

dependence to the two examples in the previous section.

Example 1(Weak Tail Dependence). Although the
correlation coefficient between X and Y is 0.40, a fairly high
positive value, it turns out that for a bivariate normal random
vector, the coefficient of upper tail dependence is 0 (see
Dhaene et al., 2005)*. By Lemma 1 (b), this implies a
relatively small conditional product moment, and by extension,
weaker tail dependence. In other words, while the HKCEE
score and first-year GPA of a randomly picked university
student is fairly positive, this may not be the case for those
academic achievers, contrary to conventional wisdom. If a
university, in view of the positive correlation between HKCEE
scores and first-year GPA, admits students solely on the basis
of the former, such a policy may actually be counter-

productive.

Example 2 (Strong Tail Dependence). In the second example,
the losses in the two lines of business are positively correlated
in their normal ranges of values, and become even almost
perfectly correlated when they attain extreme values. An
explanation for this phenomenon is that normally, the losses
are linked through a nexus of complex socioeconomic factors.

In catastrophic times, some underlying systemic risks in the

® Unless p = 1.
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economy become so prevalent that the losses depend on the
same sources of randomness when the markets are collapsing.
In this case, we may write X = Fy1(U) and Y = F,1(U) for
some uniform(0,1) random variable U to indicate that the
randomness of X and Y can be captured by a single source.
This means that when the value of Y is extremely large, X will
follow suit automatically. As a result, the coefficient of upper

tail dependence is 1.
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3  Concluding Remarks

In this article, we introduce the concept of tail dependence and
contrast it with ordinary dependence by means of two
examples, in which the magnitudes of p and p’ differ
substantially. It is shown that strong dependence in an overall
sense, as measured by a large correlation coefficient, does not
imply the same dependence relationship in the tail. To examine
tail dependence more easily, we also discuss the coefficient of
upper tail dependence as a useful tool. Our key message is: the
measurement of different types of dependence relations
requires different sets of tools. In the domain of tail risk
management, the coefficient of upper tail dependence is a
particularly useful reflection of the strength of dependence in
the upper tail and a quantity that should be examined carefully

by risk managers who are especially concerned about tail risks.
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Appendix 1: Data Used in Example 1

X |Y X |Y X |Y X |Y X |Y
186 | 1.7 221119 23.0] 2.1 241122 253119
196 | 1.8 222123 231123 242123 253126
19.6 | 2.7 223 17 231126 243120 259 |32
19.7 | 1.6 223129 231123 2431 3.1 26.0 | 3.3
199119 224111 233 21 244125 26.1 | 3.0
20.3 1 2.0 224124 234123 246126 26.3 | 2.3
203 |28 226 |33 234118 246129 26.3 | 2.6
21.1 | 2.0 22,6 | 2.8 234120 2471 3.0 26.3 | 2.2
21221 226 | 1.7 23421 2471 24 26.4 |32
21.3 | 2.5 226 |26 23.6 | 1.7 247 2.7 26422
214|118 22,7127 236123 2481 3.0 26.4 | 3.1
21.6 | 2.7 227116 23.7] 3.1 249129 26.5 | 3.4
21.7 120 22818 238 | 2.7 249123 26.5 | 2.1
21.8 | 2.2 22,8124 238126 249122 26.6 | 2.2
218 |21 22,8123 239125 25.01 26 26.6 | 3.5
219 |15 22.91 3.0 23.9 ] 3.1 25.1 | 24 270129
219 |26 229122 239125 252126 274126
220123 23.01 2.0 24.0| 1.7 252118 276 | 3.0
220128 23.01 26 241123 252135 300 |26
22027 23.0| 3.0 241123 252118 30029
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Appendix 2: Relationship between Product
Moments and Tail Probabilities

Lemma 1. Let X and Y be two positive random variables and p,

g be two fixed positive constants. Then
(a) E[XY] = fooo fOOOP(X > x,Y > y)dxdy;

(b) E[XY|X > p,Y > q] can be expressed as

pJ, PX>pY>y)dy
PX>p,Y >q)
qumP(X>x,Y>q) dx

P(X>pY >q)
fqoo fpoo P(X >x,Y >y)dxdy
PX>pY>q) ’

pq +
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