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WaE{Edn: A Happy Lady Tasting Tea?

Professor Stephen M.S. LEE
Department of Statistics & Actuarial Science

The University of Hong Kong

A tasty cup of tea is made up of three important
ingredients — water, sugar and a tea-bag. The order in which
these three ingredients are put together depends very much on

the drinker’s personal taste.

Sitting alone in a dressing room is a lady, who is being
served tea by three servants named W, S and T. W is in charge
of water, S takes care of sugar, and T, of course, tea-bags. One
at a time the lady asks the three servants to enter her room and
put inside her cup the ingredients. To make the cup of tea, the
lady has six different ways to order the entries of her three
servants, as listed below:

(1)W-S-T, (2) W-T-S,  (3) S-W-T,

(4) S-T-W, (5) T-W-S,  (6) T-S-W.

There is no single option among these six orders which
will always be taken by the lady. In fact, she will select an
order at random, in a manner according to her present mood.

Long-term observation of this lady’s past tea-drinking
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behaviour has revealed the following facts:

e If she has a happy mood, she will select an order
according to the following probability distribution,

Order W-S-T | W-T-S | S-W-T | S-T-W | T-W-S | T-S-W
Probability 1 1 1 1 1 1
12 4 15 10 3 6

e If she has an unhappy mood, she will select an order
according to the following instead,

Order W-S-T | W-T-S | S-W-T | S-T-W | T-W-S | T-S-W
Probability 1 1 1 1 7 1
24 8 15 5 30 3

Due to her extreme ego, the lady, sitting behind her
closed door, never communicates with anybody except her
three servants.

The lady has a secret admirer, named Stephen, who
wants very much to know whether his goddess is in a happy
mood today. Not being able to approach the lady directly,
Stephen can only tell a plausible answer indirectly by observing
the way she orders her cup of tea today. For the latter
information, Stephen may turn to the three servants...

Generally speaking, the first servant ordered by the lady

only sees an empty cup before he puts in the first ingredient;
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the servant who puts in the second ingredient can see the first
ingredient already inside the cup; the servant who puts in the
last ingredient can see inside the cup only a mixture of the

first two ingredients without knowing what has gone in first.

The three servants never communicate with each other,
so they only know what they see by themselves. For example,
if the actual order chosen by the lady is W-S-T, then W only
knows that water is the first ingredient to go into the cup and
nothing more, S knows the complete order as he sees only
water inside the cup before he adds sugar to it, and T knows
only that water has already been added when he puts in the
tea-bag but does not know if sugar has been added yet, since

sugar dissolved in water is not visible to him.

Greedy by nature, the three servants are only willing to
tell Stephen what they see for a price, which is fixed at $1,000
each. Of course, Stephen will get to know the complete order
of the three ingredients if he pays all three servants for their

information, which will cost him $3,000. A tricky question is:

Can Stephen ask fewer people (so as to save some money)
for what they see yet without losing any useful information
which could have been obtained from a complete knowledge
of the true order of ingredients?

If so, who should he ask?
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To answer the above question, we need first to
understand what we mean by “useful” information. Suppose
Stephen decides to ask only T but not the other two servants
for information, and T replies that he only sees water inside
the cup, possibly with sugar dissolved in it, when he puts in
the tea-bag. It implies that the true order must be one of the
following three possibilities: W-S-T, S-W-T or W-T-S. This is

all we can tell from T’s answer.

But, could we gain better knowledge about the lady’s
mood if we had known more details? This question can be
answered by checking the “conditional” probability of each of
the three possible orders “given” that we know the true order
must be one of them. We tabulate such conditional
probabilities below, which follow by a simple application of

Bayes’ theorem.

e If the lady is happy,

Order W-S-T W-T-S S-W-T

Conditional | 4, 5 V4 S s 1

probability | 1/ 41 41 24 %2+%+%5:8 Yot Vot Y 6
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e If she is unhappy,

Order W-S-T W-T-S S-W-T

Conditional | 14, 5 oo 15| s 2

probability | 10 4 4w Mo 28| 1+ Yk s 28] Myk K+ Y5 T

Now we see that if the true order is indeed W-S-T, which
is more likely to be taken by a happy lady (with chance 5/24)
than an unhappy one (with chance 5/28), we are then more
inclined to judge that the lady is happy. However, if the true
order is S-W-T, the situation will become just the opposite
and we will judge that the lady is more probably unhappy.
This example shows that given T’s reply, Stephen could have
sharpened his knowledge further about the lady’s mood if he
had access to more details, such as whether the order is indeed
W-S-T or S-W-T. Thus, knowing only T’s answer may cause

Stephen a loss of some essential information.

As for the servant S, we may argue in a similar way to
see that his answer too does not tell everything that the true
order of the three ingredients could have told about the lady’s

mood.

Let us turn finally to W. Suppose now Stephen asks only
W for information but not the other two. There are only four
possible responses from W:

1. “The cup is empty before I pour water into it.”
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2. “I see only a tea-bag inside the cup before I pour water
into it.”

3. “I see only sugar inside the cup before I pour water into
it.”

4. “I see a tea-bag with sugar inside the cup before I pour

water into it.”

Responses 2 or 3 imply immediately that the true order is
T-W-S or S-W-T, respectively, so there is nothing more
Stephen would like to look for from the servants. In the case
of response 1, Stephen knows now that the true order must be
either W-T-S or W-S-T. Given this reply from W, calculations
similar to the above lead us to the following conditional

probabilities:

o If the lady is happy,

Order W-S-T W-T-S
Conditional Y, 1 Yoo 3
probability W+l 4 Yo+l 4

e If she is unhappy,

Order W-S-T W-T-S
Conditional Y, 1 %o 3
probability Vo+Y% 4 Y+l 4

Interestingly, no matter how the lady feels, the odds that

she will pick W-S-T instead of W-T-S remain 1:3. This means
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that knowing further which of these two orders is the correct
one does not gain for Stephen any extra useful information to
help him refine his judgment concerning the lady’s mood. We
may repeat the same analysis for the case of response 4,
which implies the true order to be either S-T-W or T-S-W.
Again we find that whether happy or unhappy, the lady will
pick S-T-W instead of T-S-W with the odds 3:5, so that further
distinction between S-T-W and T-S-W adds nothing to
Stephen’s information about the lady’s mood. We thus
conclude that W’s response has already contained all the
relevant information that Stephen can hope for from a
complete knowledge of the order of the three ingredients.
Nothing more needs be asked further from the other two

servants.

In this way we have solved Stephen’s problem. To save
the most money, he should pay only W for his information

and nothing more.

The above story touches upon a very important statistical
concept, first developed by Sir R. A. Fisher, known as the
“principle of sufficiency”. Stephen’s problem can indeed be
worded in the form of a classical problem in statistical

inference theory:

98



How can we find a “sufficient statistic”” to summarize
our observations without losing any essential
information relevant to our inference problem?

In the context of our story, the inference problem is
Stephen’s fundamental problem: “is the lady happy or not?”
He attempts to answer this by taking observation of the order
of the three ingredients that are used to make the lady’s cup of
tea. Since the complete observation comes at a cost, naturally
Stephen would like to seek a more economical summary, that
is a sufficient statistic, of this complete observation so that he
can pay less yet gain exactly the same information about the
lady’s mood. The responses from the three servants provide
three alternative statistics that Stephen may consider adopting.
It turns out that only one servant, W, can provide him with a
sufficient statistic. Some ingenious methods have been found
to help people seek out the best sufficient statistics for general
inference problems. Coming back to our story, a simple
method to deduce the best sufficient statistic requires us only
to consider the ratio of probabilities for each order between

the two moods of the lady, that is

Order | W-S-T | W-T-S | S-W-T | S-T-W | T-W-S | T-S-W

Ratio &Zz ﬁ 5 &21 ﬁ_l 2210
JA pA Ms s 2 Vo T

NS

N | —
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We see from the above table that W-S-T and W-T-S share
the same ratio (=2), so they convey exactly the same
information about the lady’s mood. The same holds for the
two orders S-T-W and T-S-W, which also share the same ratio
(=1/2). Thus, in practice, Stephen only needs to distinguish
between four subgroups of the six orders:

1) {W-S-T, W-T-S}, 2) {T-W-S},
3) {S-W-T}, 4) {S-T-W, T-S-W}.

Each subgroup conveys a distinct type of information
concerning the lady’s mood. Now, it is clear that the above
four subgroups correspond exactly to the four possible
responses of W. This helps us identify W as the most “useful”
informant. This method can be generalized to any statistical
inference problem, but the details should be left to a formal

statistics class...
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