A2 2R

2019.07.04 & 2019.07.09



=8

=



What Is
a Concept?

Dean R. Spitzer

What precisely is a conceps? Thers seems to be
gereral agreement among psychologists and educa-
tors that concept formation is the basis by which
man orders his experience; that it represents some
sort of cognitive grouping; and that it is an
extremely important element of human learning.
After these initial agreements, however, there I
little continued support in the literature for a
common definition of “concept.”

One fundamental problem in formulating a
suitable psychological definition of “'concept™ is
that the term has entered the realm of general
language and is commonly used with a wery
indefinite and flexible meaning. "Concept” has
come to refer, in common usage, to any idea,
process or thing which cannot be defined readily in
another way, An instructor says: "Today we will
talk about the concept of aerodynamics.” A
mother says: “You don™t have a concept of
neatness,” Examples of different common usages
of the term “concept” abeund. Common use is
often tantamount to abuse. A similar state of
affairg exist: among members of the scientific
community and has caused considerable ambiguity
and other problems of communication.

This article explores some of the key notions
of the construct “concept” from the psychological
and educational literature in order to demonstrats
the need for standardization of definition and a
more unified front in future investigations invalv-
ing this important slement in the study of cogni-
tion, This is not a mere problem of semantics or
terminclogy but it represents a basic disagreement
on a fundamental problem in the study of human
intellectual development. The necessity of at least
considering divergent views of the term “concept™
is particularly pressing today, due e current
interest in the product and process of concept
formation by all those concerned with learning.
Articles in this magazine in recent years have
demonstrated this point.

Websters New Colfegrate Dictiemary does
little te help us toward clarification of the prob-
lem, The first definicion given is: “Something

Dean R. Spltzer is Assistant Professor, Department of
Educational Communications, State University of Mew
York at Albany,
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conceived in the mind, a thought or notion®; the
second definition is: "An abstract idea generalized
from particular instances.” Neither of these defini-
tions doas much to present a clear idea of what a
cancept is. This dictionary selection does indicale a
starting peint for the investigation, however, and
this point is the notion of "generalization.” Cer-
tainly thare have been many psychological
definitions of “concept” which have centered on
"generalization,” and there is some consensus that
some degree of generalization is invoived in con-
cept formation. One of the most frequenty
expressed values of concepts is that they allow the
individual to form general notions of his world, on
the basis of specific experiences with it, This
nation of “abstraction of common properties”
from experience is a commonly held product of
concept formation but it is of little assistance in
formulating a definition. It oftens appears that the
nature of the construct is being confused with one
of its impartant benefits, Few would contradict
the fact that concepts allow us to generalize, but
generalization from particulars is hardly the whole
STy,

The most fundamental disagreement amaong
theorists concerns the complexity of the construct.
On one extreme, there are those who beligve that
concepts are spontanecus capabilities which the
infant can almest immediately masier, on the basis
of his earliest perceptions (Lewis, 1963; Montes-
sorl, 1972; Ricclutl, 1965). On the other extreme,
there are others who feel strongly that concepts
represent @ high level mental process, and results
from considerable prerequisite experience and
maturity of thought (Gagne, 1965; Tennyson and
Merrill, 1971; Vygotsky, 1962). Within the bounds
of this fundamental disagreement, a vehement
conflict exists between the "pre-language” and the
“post-language” pogitions, concerning whethar or
not language facility is a prerequisite for concept
formation. This controversy appears 1o be the most
clearly defined area of disagreement,

The predanguage position is supported pri-
marily by experts in early childhood development
and child psychologists, who view concepts as
being the result of simple learning. Advocates of
this position see concept formation as funda-
mentally 2 “process of recognition,’” based on
responses to certain perceptual characteristics. It is
the perceprual basis of this view of the construct
that allows the very young child to deal effectively
with it. Many advocates of this position see
perceptual recognition as being a spontaneous
developmental ability, which appears naturally
with appropriate experience. Researchers who have
defined the construct in this way include Kicciuti
(1965), who studied children from 12 10 24
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E (Experience)
L (Language)
P (Picture)

S (Symbol)
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HOW CHILDREN
LEARN
MATHEMATIGS

A Guide for Parents and Teachers

I NTO™ 'AY
INCIFLES OF MATHEMATICS
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Understanding
in Mathematics

Anna Sierpinska

Sierpinska, A. (1994).
Understanding in mathematics.
London: The Falmer Press.
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The most widely accepted ideas
in mathematics education is that
students should understand
mathematics

Hiebert and Carpenter, 1992
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Dissecting a Circle

(Azad, 2013; 2015)




Unroll the Rings

Area =
¥ base x height

(Azad, 2013: 2015)




Dissect into

-
spread out

‘*
13 parts

https://www.geogebra.org/m/r5VBs842
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https://www.geogebra.org/m/r5VBs842
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t&=(a)(8a)/2 = 4a?




4a + 4b



§=(a)(4a + 4b)/2 = 2a(a + b)

= M\‘




B = B 1 (meaning-making)
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2 5 X0 58 (procedual knowledge)
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Find the square root of 25.

A. 4
V25 = B. 5
C. 6
D. 7
o S 22

S5 B4 WH5EEHFL100%



What number has a square root of approximately 13.42 ?
Explain how you know.

LA Es EEHFTL 17%

Brahier, D.J. (2001). Assessment in middle and high school mathematics: A
teacher s guide. New York: Eye on Education.
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5| 225
~ 5| 45 225 = 5x5 x3 x3
Sl 9 = 157
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METHOD 3 1
& 8L O 35-3 =32
32-5 =27
27-7 =20
20-9 =11

11-11 =0
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METHOD 3 1
& 35 3k 35-3 =32
WWILEE 32-5 =27
,L_,-“_‘EBB. —
= 2(—1 =20
R I$ 20—-9 =11

11-11 =0



1+345+..+(2n-1)=n"
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METHOD 5

Square roots by subtraction

Frazer Jarvis

When 1 was at school, my mathematics teacher showed me the follow-
ing very strange method to work out square roots, using only subtraction,
which is apparently an old Japanese method. 'l start by writing down the
algorithm in a fairly formal way, which may, for example, make it easier to
implement on a computer.

Although this method converges much more slowly than Newton’s method
for finding square roots, for example, this method also has its advantages.
Perhaps the main advantage from the computational point of view is that,
when finding square roots of integers, no infinite decimals are involved at any
step, which can cause loss of precision due to rounding errors.

Algorithm to compute the square root of an integer n

Initial step

Let @ = 5n (this multiplication by 5 is the only time when an operation other

than addition and subtraction is involved!), and put b= 5.

Repeated steps

(R1) If a = b, replace a with a — b, and add 10 to b.

(R2) If a < b, add two zeroes to the end of a, and add a zero to b just before
the final digit (which will always be 57).

Conclusion

Then the digits of b approach more and more closely the digits of the square
root of n.

& RE ( FraRAR )

Jarvis, P. (1994). Square roots by
subtraction.
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STEP 2 (a.b)

RULEA a=Db |
(a—Db ,b+10)
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RULE A (20,5)
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(20-5 ,5+10)
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RULE A (20,5)

(15 ,15)

(0 ,25)
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RULE A (45 .5)

(0, 35)
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RULE B (5.15)

l

(500 , 105)



RULE B (20,145)

l

(2000 , 1405)
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K 36 807548

(180,5)

(100, 45)

(175, 15)
(160, 25)

(135, 35)



K 36 807548

(180, 5) (100, 45)
(175, 15) (55, 59)
(160, 25) (0, 65)

(135, 35)
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(100, 45)
(55, 55)
(0, 65)

(0, 605)

(0, 6005)
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(15,5) (655, 135)

(10, 15) (520, 145)

(1000, 105) (375, 159)

(895, 115) (220, 165)

(780,125) (955,175)
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(15,5)
(10, 15)
(1000, 105)
(895, 115)

(780, 125)

(655, 135)
(520, 145)
(375, 155)
(220, 165)

(55,175)

(5500, 1705)
(3795, 1715)
(2080, 1725)
(355, 1735)

(35500, 17305)



K 3 HF TR

(15,5) (655, 135) (5500, 1705) (18195, 17315)

(10, 15) (520, 145)  (3795,1715) (880, 17325)
(1000, 105)  (375,155) (2080, 1725) (88000, 173205)
(895 115)  (220,165)  (355,1735) ...

(780, 125) (55,175) (35500, 17305)



METHOD 5 ERE ( FHHRAR )

BWICER
& H& &
IR IE

(="



Other
METHODS




[ E A BRAEY § RS Y L A }

Goos, Tillman, & Vale, 2007, p.259.
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Statistics

Michael R. Hulsizer
and Linda M. Woolf
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Ojose, 2015, p.50
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Yol MATH EMATI cs - W Brahier, D.J. (2016). Teaching secondary and middle school
, ; W mathematics (5th ed.). New York & London: Routledge.
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In a mathematics class, Anne Kelley is helping her students estimate the value of the square root
of a number and compare the estimate with an answer on the calculator.

Ms. Kelley: Can anyone give me an estimate of 4527
Luke: It's about 7.5,
Ms. Kelley: Explain your thinking on that, Luke.

Luke: Well, I know that /49 is 7 and that 64 is 8. So, | knew it had to be between those,
since 52 is between 49 and 64.

Elise: That's true, but 52 is a lot closer to 49 than it is to 64, so | would guess it would be more
like 7.2 or 7.3.

Ms. Kelley: Does anyone else have any thoughts on this one?

Terry: Well, look at it this way . .. the average of 49 and 64 is 56.5. So, we can figure that
Va36.5 is halfway between 7and 8 ... um ... 7.5, right?

Brahier, 2016, p.169.



Ms. Kelley: How can we check to see how close 7.5 is to the answer!

Luke: Find 7.5° and see if it's 56.5.

Ms. Kelley: Good. Why don't you go ahead and find 7.5 on your calculators.
(The class keys 7.5 into their calculators and squares the number. )

Joshua: No, 7.5% is equal to 56.25, not 56.5.

Terry: Close enough, wouldn't yvou say, Ms. Kelley?

Ms. Kelley: 1 don’t know. Why don’t you go ahead and take V52,

(The class finds the square root with their calculators.)

Elise: 1 knew it! It's only 7.21-something. It's like 1 said; it's closer to 7 than to 8.
Ms. Kelley: Do we know “exactly” what it's equal to?

Luke: Yea, it's exactly 7.211102551. That's what my calculator shows anyway.
Terry: S0 does mine. But [ still think it's close enough if we call it 7.21.

Lakisha: Does it go any further than 7.2111025517 I'm just wondering because we've seen other
times where the calculator cuts a number off because it doesn’t have enough space . . . like that
one time we tried to change a fraction to a repeating decimal that had, like, 12 decimal places
before it started to repeat.

(The students in the class start to loock confused and wonder if Lakisha is on to something.
They look up at Ms. Kelley and wait for her response.)
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The addition/subtraction tells us which way to face,
and the positive/negative tells us if our steps will be

€ N =27~y Py forward or backward (regardless of the way we're
] é& = B@ TE% Jio\  facing).

8 + 6 8 - 6
@ @ @
RS

8 - (-6) 8 + (-6)

R A R4
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("8) + ("6)

(8) — (7 6)

5 8=

8.+.6
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8 - (-6)

R A

The addition/subtraction tells us which way to face,
and the positive/negative tells us if our steps will be
forward or backward (regardless of the way we're
facing).

ﬁ . (*8) — ("6)
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This model was introduced to us by Don Steward.
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BAfEENHET (-8) — (-3)

And this represents ~ 8

subtract ~ 3
Leaving us with — 5 .

So 8—( 3)=




B EENHE (*5) — (- 2)

but so does thls. . .

Now we can take ~ 2 from 5 and we will be left with:

So5—(72)="7



B0 ESHES (-4) - (-7)
e®
e®

represents — 4

but so does this

Now we can take ~ 7 from ~ 4 and we will be left with:

So 4—("7)=3
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6.1 The Underlying ldea
What is a vector?

If your answer is along the lines “something with magnitude and direction” then you have something to
unlearn. Maybe you heard this definition in a class that | taught. If so, | lied; sorry about that. At the very least
| didn't tell the whole truth. Does an automobile have magnitude and direction? Does that make it a vector?
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Directed Line Segments

Directed line segments, or arrows, are of fundamental importance in Euclid-
can geomctry. Logically, an arrow is an ordered pair of points, (4, B). A is
called the tail of the arrow and B the head. It is customary to represent such
an arrow typographically as 4B, and pictorially as a line segment from A to
B with an arrow head at B. (To avoid crowding, the arrow head may be
moved towards the center of the segment). Assigning a length to an arrow or
multiplying it by a real number (holding the tail fixed) are precisely defined
operations in E,.

Two arrows are said to be equivalent if one can be brought into coinci-
dence with the other by a parallel translation.” In Fig. 1.1, AB and CD are
equivalent, but neither AB and EF nor AB and GH are.

The set of all arrows equivalent to a given arrow is called the (geometric)
vector of that arrow and is usually denoted by a symbol such as v. A vector
is an example of an eguivalence class and, by convention, a vector is repre-
sented by any one of its arrows.

Equivalence classes are more familiar (and more useful) than you may
realize. Suppose that we wish to carry out, on a computer, exact arithmetic

S

Figure 1.1,
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6.2 Axioms

The precise definition of a vector space is given by listing a set of axioms. For this purpose, I'll denote vectors by
arrows over a letter, and I'll denote scalars by Greek letters. These scalars will, for our purpose, be either real or
complex numbers — it makes no difference which for now.*

1 There is a function, addition of vectors, denoted +, so that ©j + ©2 is another vector.

2 There is a function, multiplication by scalars, denoted by juxtaposition, so that at is a vector.

3 (1) +15) + Uq =17 + (th + 1y) (the associative law).

4 There is a zero vector, so that for each 7, 7+ 0 = 7.

5 There is an additive inverse for each vector, so that for each ¥, there is another vector #' so that 7+ 7" = (.
6 The commutative law of addition holds: v} + v = 15 + /).

7 (a+ )W =av+ g7

8 (b7 = al 7).

0 ot + th) = atf] + aib.

10 1v = v,
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