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Hung Kong is proud to be hosting the brightest
secondary school mathematics talents from
over 100 countries at the o7th International
Mathematical Olympiad (IMO) in July 2016. We
hope that IMOment will promote interest in
mathematics among students and the public in
this period leading up to IMO 2016, and beyond.

Readers are welcome to submit articles on
mathematics and/or mathematical Olympiad to
IMOment. Submissions should be original, one to
four pages in length in either Chinese or English
(or both). and should be sent by attachment to
an email to info@imohkc.org.hk, or be mailed

to Rm . 403, 4/F, Kowloon Government Offices,
4005 Nathan Road, Kowloon, titled "Submission to
IMOment."
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write this article with three goals in mind: (1) to report on IMO
2014; (2) ta give some idea how we can further train our team
members; and (3) finally and hopefully pravide us some help of how

to organize MO 2016.

Itinerary

The aath International Mathematical Olympiad was held in Cape
Town, South Africa, from 3 July to 13 July, 2014. It took us 13 hours
flying from Hong Kong to Johannesburg, waiting for a couple of
hours, then another 2 hours' flight to Cape Town. Surely when
compared with Argentina and Colombia, it was a much easier trip.
Because we have to host IMO 2016, this year several observers
(with leaders or deputy leaders) came with us. We have gathered
a |ot of information in this trip, which will help us tremendously in
our preparation. This IM0 was held when World Cup matches were
going on, and we are lucky that we still managed to watch several
games, and at better times (6 pm or 10 pm). We missed only the
final game, Germany vs Argentina, when we were exactly in our
return flight, and | managed to get the result only when we got off
the plane.

Weather in South Africa was nice. It was winter, and usually 20°C
during the day time and about 10°C during the night. If it was
raining, then it got a bit cooler. We first stayed in a hotel, right
below a mountain, | believe it belongs to the Table Mountain range.
And the view, if | may say, is simply majestic. The city structure
looks nice, and it simply looks like a decent English town. The hotel
is pretty normal and we stayed there for b days, and we then
moved to the University of Cape Town (UCT) and stayed with the
students. Our students arrived Cape Town three days after us, and
they were stationed in dormitories of the University all the time.
Though accommodation and food were not as good as in the hotel,
| believe | can bear it. Only thing is, every entrance of a dormitory
in the University is equipped with heavy iron gate and is watched
by a security quard, and that | found it a bit scary. This reminds me
of the security issue in South Africa. Of course it is a country with
high unemployment rate (2a%), high Gini coefficient (0.63), and
there are the race problem and other things.
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ays to select the B problems from a shortlist
d the wordings and wrote the English

s. [hen they discussed marking
Selection Committee and

g schemes. The students

nd contestants together

Leaders spent

unicate during the

.2 hours contests on the
ders had the time to do
the two contests, leaders
(n the other hand, students
were free, s to see further things. | knew
my students got the es to see the Cape of Good Hope, and
took a cable car to the top of the Table Mountain. Because |, as a
leader, had to participate in the coordination process, had to miss
both events. Coordination is a process in which leader and deputy
leader, plus two coordinators of the host country, come together
to decide how many points are to be awarded to a particular
problem submission of a student. Given that we had nice and
detailed marking schemes, and the coordinators are generally very
experienced, we encountered little trouble in deciding points. We
then had a final day excursion and the Closing Ceremony, on the
same day. The next day we were then heading home.

Problem Selection

By the end of March 2014, the host country (South Africa) received
141 problem proposals from 43 countries. | don't know when the
problem selection group did start working, but surely, it took them
more than | month to select 30 shortlist problems. Furthermaore
they modified them, supplied alternative solutions and comments,
and prepared a booklet for Jury members to consider. Incidentally
the problem group was cemposed.of B international members,

and | was told, they managed to do something before they formally
met in South Africa, and also after they left. The selected problems
are of course of high quality. However | cannot say | am totally
happy with the selection. Indeed | think the problems selected were
rather skewed, tére were Balgebra problems, 3 combinatorics
problems, 7geometry problems and 8 number theory problems.
Some algebra problems and number theory problems in fact

have quite a bit of combinatorics flavor. Moreover, several hard
combinatorics problems were simply too hard. The Jury worried
very much if one of them was selected, no one would be able to
solve it.

ith leaders and contestants
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Probhlem 1. Le << «v+ be an miinite sequence of positive mtegers, Prove that there
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0 that ZPAB = ZBCA
y. such that P is the
CN intersect on the

3ank of Cape Town issues coins of denomination %
lifferent deno s) with total value at

Problems of IMO 2014

When the Jury members met, it was suggested that first we
selected Z out of 4 easy problems, with one problem from each of
the topics algebra, combinatorics, geometry and number theory.
Again 4 medium problems from the four topics were selected.
When the two easy problems were chosen, the two medium
problems from the other two categories were automatically
selected. Then the hard problems (problem 3 and B) were chosen
arbitrarily. The suggestion was adapted. Finally two easy problems
of algebra and geometry were selected, and so were two medium
problems of combinatorics and number theory. However | am not
sure if the easy algebra problem is really an algebra problem, of
course it involves some algebraic manipulations, but | think the
result very much depends on the discrete structure of integers. It
is neither an inequality problem nor a functional equation problem
anyway. The medium combinatorics problem concerns “holes”
within a distribution of rooks in a checkerboard. The number theory
problem again is not really number theory, there is no need of
congruence or other number theory things, it basically involves
merging or grouping of coins of different values, so is more like

a combinatorics problem. Finally a hard geometry problem and a
hard combinatorics problem were selected. It is quite certain in
these days two geometry problems are to be selected. Those are
the problems contestants cannot easily quote high power theorems
or use more specialized techniques. However due to the preference
of leaders, in general there are no 3D geometry problems. And in
this contest, three problems are really of combinatorial flavor. So |
think the new method of choosing problems is no guarantee of the
good distribution of problems. @
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(a-b) >0
e which yields
a’+b? > 2ab

MUIRHEAD A&«
MUIRHEAD'S INEQUALITY °
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255
L

|n school we have learned to solve inequalities. Given the
inequality

we can find that this inequality holds if and only if x > -1.

But in mathematics competitions, we are often asked to prove that
an inequality holds for all values of the variables in certain ranges.
For example, prave that far all real numbers a, b and ¢, we have

a’+b?>+c® >ab+bc+ca

There are many different ways to prove this. Perhaps the simplest
way is to use the fact that the square of any real number is
nonnegative. So we have

Similarly, we know

c’+a® > 2ca

/

F

Adding these three inequalities and dividing by two, we get the
desired inequality!

Interestingly, for the case that a, b and ¢, are positive, this
inequality also has a geometric proof. Without loss of generality, let

us assume @ > b > ¢ . Note that @ + b + €7 is the sum of the
areas of three squares with side lengths a, b and ¢ respectively,
while ab+ bc + ca s the sum of the areas of three rectangles
with dimensions @ X b, b X cand ¢ X a respectively. Now,
look at the figure!

Ifa, bandcarein
some other order.,
We can use a similar

method to prove the
inequality.

RE - BEEF—ESEEHEN « AREIAA
FANTE - EHEHBBEHER Robert
Franklin Muirhead ( 1860-1941) 218 AY
Muirhead £& =% -

Now we will introduce a powerful tool for proving
the above inequality, and many others.

|t is named Muirhead's inequality

after Scottish mathematician Robert Franklin Muirhead (1860-1941).

ISSUE2 ©

BE(FH Muirhead A& - It EBETE To understand Muirhead's inequality, we first have to define the iﬁu}.l
"B{E., EEH - IRMEERERNE concept of majorization. Given two monotonic decreasing L
25 (al,az,...,an) ] (bl,bz,...,bn) ( Blm 2 Sequences (al,az,...,an) and (bl,bz,...,bn) of real numbers
a>8,>.28 & b>b>.>b ) mEUT (ie.a,>a,>..>a and b >h>...> b ) we say that
BA1& . B@ER (al’az,___’an) k- (bl’bz""’bn) (al,az,...,an)majurizas (bl,bz,---,bn) if the following relations
Bk . TER (al,az,___’an) > (bl’bz’""bn)f hold, and denoted by (ai,az,...,an) > (bl,bz,...,bn): t’
a, > b1
al+a22bl+b2 N
ata,t..+a_ >b+b+..+b -
ata,+.+a, =b+b+..+b ,

B2l 4,3, 1)>0332 B/4=23
~ 4+ 3SR R R PR e

For example, (4, 3, 1) > (3, 3, 2) because 4 > 3, 4+3 >3+3 and
443+7 = 343+2.

Muirhead AE I - WX
(a,8,,.8,) > (B,b,,...h,) - FBEHKFAAT

BE XXX, o BT S - x Y ZENETE

BAARTER X" ZREOHIBAR - 1
4,3, N)>@3,3,2%m6 -4 3,1>@3, 3, 2%
REAEES x y 25

Muirhead's inequality states that if
(al,az,...,an) > (bl,b ,,,,,bn>,then for all positive real

2

numbers X, X,,.., X, the symmetric sum of the products of xiai %

is larger than or equal to the symmetric sum of the products of Xibj
. What does this mean? Take as an example. As (4, 3, 1) > (3, 3, 2).
according to Murihead's inequality, we can claim that for any positive
real numbers x, y and z,
XYz + X2y + YT+ v+ Y+ 2y > XY+ 3+ A 4 R 4 Py 4+ YK
Likewise, as (2, 0, 0) > (1, 1, 0), the inequality

a’+b? +¢?> ab+bc+cais just simple case of Muirhead's
inequality!

B B& 2,00 >=01,10) -
a’+b>+c?>ab+bc+caiEE AL ol LIazEN
FH Muirhead 5530 # 5w L 2K |

Muirhead's inequality also states that the equality of the inequality
holds when all the variables are equal. S0 a® + b? +¢® =
ab+bc+caifa = b = c. [an you see how this equality condition
can also be derived from the two proofs we gave earlier (completing
the square and the geometric proof)?

Muirhead RZERTREE - AEXDEHRR
VU DNEEG RS2 EEEAE

% .- FilEBEEa=b=c- a’+b*+c?’=
ab+bc+caZ Bl - BEOEE L EEKLTA
MmEZERR ( BIEC A R4 5k ) BHE
1825 5% B ST AR AR IE 2

One advantage of Muirhead's inequality over completing the square and
geometric methods is that Muirhead's inequality can be more readily
applied to proving more complicated inequalities. It is the second
trump card of the Hong Kong team, after coordinate geometry, which
was discussed in the last issue. In most cases, massive expansion is
needed to write the inequality in a form to which Muirhead's inequality
can be applied. and it needs persistence and willpower. In the
Challenge Corner of this issue, you will also get a taste of Muirhead's

inequality! @y

MREEEEAC T AR (T30 - Muirhead A&
NW—EEZZEREZHRERHEMRNAE
I - B E—HR A AR E T B - B
BHE _REH - EAEDER S - EEH
Muirhead AZT - IFEBF R - #1TA
AREERNES KRENRRSIF - £
HHkEE M - R AEKE —EEM Muirhead
ASEH QO

R Tk e S e
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and talents in a competitive
activity."

AN IMO
MEDALLIST

AEIUSE study of the IMO history confirms and reiterates the
success of numerous academicians who were en route from IMO
to celebrity, many of whom have won top honours in the field of
mathematics, the Fields Medal, the Nevanlinna Prize and the Wolf
Prize, for instance. Among them, the case of Terence Tao, one
of the world's leading mathematicians, is of peculiar interest. He
is a strong supporter of the IMO, and has recently been appointed
Patron of the IMO Foundation. Tao first competed in the MO in
(986 and was the youngest ever gold medallist, at the age of 12
in 1988. Tao has a strong affiliation with Hong Kong. His parents
are immigrants from Hong Kong to Australia and his mother was
formerly a mathematics teacher in Hong Kong.

Tao has won numerous honours and awards. He received the Salem
Prize in 2000, the Bocher Memorial Prize in 2002, and the Clay
Research Award in 2003, for his contributions in analysis including
work on the Kakeya conjecture and wave maps. In 20085, he received
the American Mathematical Society's Levi L. Conant Prize with Allen
Knutson, and in 2008 he was awarded the SASTRA Ramanujan Prize.

In August 2006, at the 2ath International Congress of Mathematicians
in Madrid, he became one of the youngest persons ever to be awarded
a Fields Medal. In 2010, he received the King Faisal International
Prize jointly with Enrico Bombieri. Alsoin 2010, he was awarded the
Nemmers Prize in Mathematics and the Polya Prize. In 2012 he and
Jean Bourgain received the Crafoord Prize in Mathematics from the
Royal Swedish Academy of Sciences. Recently, he was awarded the
Breakthrough Prize in Mathematics in 2013.

Professor Terence Tao said, "l have very fond memories of taking
part in IMO. Like any other school sporting event, there is a level
of excitement in participating with peers with similar interests and
talents in a competitive activity. The opportunity to travel nationally
and internationally is an experience | strongly recommend for all
high-school students. Taking part in IMO can be a life-changing
event for young, gifted mathematicians. | therefore wholeheartedly
support the IMO foundation.” &

EF?@E IMO 15 - T2 IMO B/ #31k

3 ( http://www.imo-official.org/organizers.aspx ) -
RAEEZE . DUTIHAFRRRIAEIMOMNER:
Details of past IMOs can be found on the IM0's official website

(http://www.imo-official.org/organizers.aspx).

For ease of reference, recent and prospective IMOs are listed as follows:
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he Fields Medal is often seen as the greatest ‘honour a
mathematician can receive. Every four years at the International
Congress of Mathematicians, up to four Fields medals are
awarded to young mathematicians of at mast 40 years old.

Eﬁbﬂﬂﬁlﬁ PRAR — (ULFE T SE 7R - ZEEN A 55
— e ﬁﬁﬁkﬂ@ﬁ%%ﬁl

% .

The Salem Prizes are awarded annually to a young mathematician
who has done outstanding work in the field of interest of Raphagl
Salem, namely, in Fourier Analysis.

Y2 ANNEX

LIST OF AWARD-WINNING
IMO MEDALLISTS

lmoﬁﬂ?w F A9

2EZ (F17)

Contestants (Year)

JEM 2422 The Fields Medal
Margulis, Grigorij (1978)

IMO %48 (F17

IMO Medal (Year)

#Rh& Silver (1962)

Drinfeld, Vladimir (1990)

E & Gold (1969)

Yoccoz, Jean Christophe (1994)

#RhZ Silver (1973) ~
£h Gold (1974)

Borcherds, Richard Ewen (1998)

#R K2 Silver (1977) ~
£h Gold (1978)

Gowers, William Timothy (1998)

Eh# Gold (1981)

Lafforgue, Laurent (2002)

§RAZ Silver (1984 + 1985)

Perelman, Grigori (2006)

=h Gold (1982)

Tao, Terence (2006)

$i k& Bronze (1986) -
$Rh2 Silver (1987) -
£h Gold (1988)

Lindenstrauss, Elon (2010)

$i k& Bronze (1988)

Ng6 Bao Chau (2010)

£h4 Gold (1988 + 1989)

Smirnoy, Stanislav (2010)

Eh4 Gold (1986 + 1987)

Mirzakhani, Maryam (2014)

Avila, Artur (2014)

(
£h4 Gold (1994 + 1995)
=% Gold (1995)

FE#)IP5E The Salem Prize
Dahlerg, Bjorn E. (1978)

2B 1B%E No award (1967)

Aleksandrov, Alexei B. (1982)

iRR& Silver (1970 + 1971)

Yoccoz, Jean Christophe (1988)

#R A% Silver (1973)
E % Gold (1974)

Konyagin, Sergei (1990)

E % Gold (1972 + 1973)

Nazarov, Fedor (1999)

&% Gold (1984)

Tao, Terence (2000)

k& Bronze (1986) -
$Rh& Silver (1987) -
£H Gold (1988)

Smirnoy, Stanislav (2001)

=h Gold (1986 + 1987)

Lindenstrauss, Elon (2003)

#i 5 Bronze (1988)

Soundararajan, Kannan (2003)

#R A& Silver (1991)

Green, Ben Joseph (2005)

ERA Silver (1994 + 1995)

Avila de Melo, Artur (2006)

&% Gold (1995)

SEE (M) IMO #2f8 (F£17)
Contestants (Year) IMO Medal (Year)

ZEM#EE The Nevanlinna Prize

£ Gold (1979)
$RhZ Silver (1977)

Razborov, Aleksandr (1990)

Shor, Peter (1998)

SR REIE#E Wolf Prizes for Mathematics

Lovasz, Laszlo (1999) #Rh& Silver (1963) -
£h Gold (1964 + 1965 + 1966)

#RA& Silver (1962)

Margulis, Grigori (2005)

SHE®EE The Godel Prize

Babai, Laszlo (1993) #Rh& Silver (1966 + 1967) -

£ & Gold (1968)

k% Silver (1976)
£ Gold (1977)

#RA& Silver (1977)

#Rh& Silver (1963) -
£ Gold (1964 + 1965 + 1966)

&% Gold (1979)

Hastad, Johan (1994)

Shor, Peter (1999)
Lovasz, Laszlo (2001)

Razborov, Aleksandr (2007)

REMMBE THE BN 2RV B A P e ik
W%ﬁﬁ%ﬂm)\i H 1982 F4n - SR FEBPRE
BRARG LB —AM+ R NSRS

The Nevanlinna Prize honours great achievements in matHEmateal
aspects of computer science. |t was first awarded in 1387, stSEqUEREN
once every four years at the International Congress of MathEmatigigns:
|t is awarded to a single recipient of age at most 40.

ABREBRE 1978 £t - BF MM U
7 1999 FR IS RME A - &Eﬁ?&%ﬁf%%—ﬁ%ﬁ
ARBBFRWERBE -

Wolf Prizes in Mathematics have been awarded annually since T3i@Ha
two mathematicians. LUntil the creation of the Abel Prize in 1993%tHE
Wolf Prize was generally seen as the mathematical analogue to the Nabgk
Prize.

SREEEELEWH-SHEEmRr0EIE - B 1993
FEF Eﬁx,\u”ﬁ@;ﬁé SHMBTHEIFLES W
NHTEE -

The Giidel Prize is awarded for outstanding papers in theoretical

computer science, named after Kurt Giidel. |t has been awarded annually
since 1333, @

ISSUE2 10
ANNEX: LIST OF AWARD-WINNING IMD MEDALLISTS



A 5B =40 LIFE IS WONDERFUL

How To SoLvE A
MATH OLYMPIAD PROBLEM ? (2)

ﬁmu&h‘l to you I’"j IMO 20l6 HONG kONG

1) See o number theo
) prob&m, nd

2 ExPlow. gmoll cases.

3) Use Feymats little
Theorem.

4) Try mod p.

5) Use Fermats little
Theorem,

6) Use Chinese remainder |3 udsgerk

Theorem.

) Use Fermats ittle
Theorem.

8) Use infinite descent.

9) Succeed !

10) Get & 1/ +

(THE END)

EnBHHLAD USE YOUR BRAIN

#k&x =10 Challenge Corner

E—HAEREMNERS RGREZE  o&:
For the solutions and list of awardees of the Challenge Corner of the Ist issue, please see:
http://www.edb.gov.hk/tc/curriculum-development/kla/ma/IMO/IMOment.html

1. BHENEZHRITE S n BEER - BEEnBRER - HEL2 108 - K
BEHZ10 % - /mféfﬁ/;; 10 % AEEHEH=Z 10 8 - (e - &
% WIZHEHZRRE  RFANPRI10E REEEEBEZFRERT
NER - BERALLZHZZZVRER?

Helsa and Kiki open n bags of candies. Each bag has n candies. Helsa takes |0 candies, then Kiki
takes |0 candies. then Helsa takes |0 candies, then Kiki takes 10 candies. and so on. Finally, when
it is Kiki's turn to take candies, there are fewer than 10 candies left, so Kiki just takes all the
candies left. In total, how many more candies does Helsa take than Kiki?

2. CF n BARR 1THERE - MERS n - nt1 > n+2 N=AELHE
BRI - K n UMIETIAEE ( &FERERT ) -

For a positive integer n greater than |, the area of a triangle with side lengths n, n+ and n+2 is
an integer. Find, with proof, two possible values of n.

3. LR AL Mathbook - 8RR FHEA —REAERE R F—RE
EHE R - BEAPNEAERERHEE - BAZPRERFPHNEAER
B F &R - AlNE - IRMBREPNEAERE R AR - e
WEEB A EAEE - K&  AERFPNHEE AR -

[n the social networking website Mathbook, each user has a profile picture and a cover picture.
Some users have identical profile pictures, but not all users have identical profile pictures.
Interestingly, any two users who don't have identical profile pictures have identical cover
pictures. Prove that all users have identical cover pictures.

4 8x yz wHEBH - KFEUMASZH - (71 dABEHPAE
B Muirhead RERMNXERTAETIE )

It x, y, z and w are positive real numbers, prove the following inequality. (Hint: Try the method
introduced in the article on Muirhead's inequality in this issue!)

(x+ y+z+w)4z 64(x4+y4+z4+w“)

BUNEBPEBAEEESHE inffo@imohkc.org.hk IR ( BIIERRAR ) - WK
EH AR h I TR g’fxqﬂéiif‘%m}ig%ﬂ%& B—RB4E RO 8% —
HEH - 5 208 SH &K %Eﬂﬁﬂgﬁﬂﬁﬁm% =m ' EElEERESH 3 B8
15”" FEO PP NHAENRER - {IFZRBEXEEO#ES - BRERR T —H

Nt - 2016 E%EJFJC@Bﬁ%ﬁ%@%lﬂ%%%%%%%’izﬁééﬂﬁﬁféﬁfﬁ&%ﬁ
# - A5ER - IEHZE info@imohkc.org.hk & -

Hong Kong secondary school student readers are welcome to submit solutions (with proofs) via email to infol@
imohke.org.hk, specifying the student's name in Chinese and in English, the school's name in Chinese and

in English, and the student's class in the email. Each student may send at most one email. Souvenirs will be
awarded to the first 20 students solving the most questions on the condition that each school can have at most
3 awardees. Solutions can be submitted in Chinese or English. Both typed and scanned files are acceptable. The
awardees will be announced in the next issue. The decision of the Organising Committee of the 57th International
Mathematical Olympiad on any matter of this activity is final. Enquiries may be emailed to infoimohke.org.hk.



