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Hnng Kong is proud to be hosting the brightest
secondary school mathematics talents from
over 100 countries and regions at the a7th
International Mathematical Olympiad (IMO) in
July 2016. We hope that IMOment will promote
interest in mathematics among students and the
public in this period leading up to IMO 2018, and
beyond.

Readers are welcome to submit articles on
mathematics and/or Mathematical Olympiad to
IMOment. Submissions should be original. one to
four pages in length in either Chinese or English
(or both). and should be sent by attachment to
an email to info@imohke.org.hk, or be mailed

to Mathematics Education Section, Rm. 403,
Kowloon Government Offices, 405 Nathan Road,
Yau Ma Tei, Kowloon, titled “Submission to
IMOment."
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because negligence may lead to any consequences from imprecise
statements to drastically wrong conclusions. In fact, even setting
mathematics textbooks aside, there are plenty of examples in real
life that show us the importance of the "rules of the game".

Have you watched soccer? Many large soccer tournaments (such
as the World Cup) involve a group stage, where (typically) a group
of four teams play in a single round-robin schedule. The winner of
each match gets 3 points and the loser gets O point. In the case
of a tie, both teams get 1 point. For example, suppose the results
of the six matches in a certain group are as follows:

=X Vellow
#%BX  breen
EEFX  Blue
#xPX  Green
#%FX  Green
EEFX  Blue

Then both Red and Yellow have 6 paints, while Green and Blue
each has 3 points. How should the ranking be decided far teams
with the same number of points? There are two comman practices:

(1) By goal differences

In the above example, Red scored 3 goals and conceded |, so their
goal difference is + 2, which is better than that of Yellow, namely
O (since Yellow scored 2 goals and conceded 2 ). Hence Red
rank Ist and Yellow rank Znd. Similarly, we can find that Blue come
in 3rd, ahead of Green. (Note: If two teams have the same goal
difference. then the team with more goals is favoured. For example,
scoring 3 goals and conceding 1 is better than scoring 2 and
conceding O )

(2) By the results from the matches between the teams in
question

In the above example, Red and Yellow have the same number of
points, but the match between them was won by Yellow, so Yellow
rank Ist and Red rank Znd. By the same token, Green rank 3rd,
ahead of Blue.
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5 — Example 2

0f course, there may still be ties under these two criteria, so

the usual practice is to “first consider goal differences, and then
consider the results from the matches between the teams in
question” or the other way round. Indeed, both practices have
been adopted by major competitions (e.g. the 2014 World Cup
uses the former, while the 2012 UEFA Euro uses the latter). If both
criteria leave ties, there are still other ways to rank the teams
(which we take to be drawing lots).

We can see from Example | that a seemingly unimportant change
(about which of the two criteria to consider first) ends up
producing starkly different results. Admittedly, some may contend
that it does not matter which criterion we consider first as long
as the rules are clearly stated. But are the above rules sufficiently
clear? Let us ook at another scenario, and assume that we first
consider the results from the matches between the teams in
question.

AR Red 0 =& Yellow
EEFX  Blue 1:0 #%FX  breen
AIFX  Red 1:0 XX Blue
=M Vellow 1:0 #%PX  Green
AIFX  Red 0:1 #%FX  Green
=M Vellow 1:0 EZBX  Blue
B SBRNRENT Now, the results of the teams are as follows:
BX1h Team 543 Points AZK Goals scored | <K Goals conceded | 15 5< K2 Goal difference
= X Vellow 9 4 0 +4
#E X Green 3 il 2 -1
E5 X Blue 3 1 2 -1
Z1PX Red 3 1 3 -2
Obviously, Yellow are Ist in the group. The other three teams have
L ERESE B BI=BRD - BEE  the same number of points, and we need to consider the results
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from the matches between them. Yet the three teams achieved
identical results from these matches (as Red beat Blue by |:0, Blue
beat Greenby 1 : O and Green beat Red by 1 : O), so we have
to proceed to goal difference considerations. Since Red have a
goal difference of —2, which is worse than those of the other two
teams (both —1), it follows that Red ranks at the bottom.

How about Green and Blue? Their managers propose squarely
different views:

Green's manager: “Blue and us both scored 1 goal and conceded
2. According to the rules, we should draw lots.”
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Blue's manager: "Now Green and us are contending for the Znd

place. Since we beat Greenby 1 : O we have a superior result
from the match between the two teams, so we should rank Znd and
Green should rank 3rd.”

Who do you think is right? Why are there two different views?
Aren't the rules already very clear?

In the case that we first consider goal differences, we may also run
into similar problems. Take the following situation as an example:

=& VYellow
#£%PX  Green
EEFX  Blue
#%FX  Green
#%PX  Green
EEPX  Blue

O WO RFrON

Readers may wish to compute the points obtained by the teams,

as well as their goal differences, and then try to see if different
conclusions can be obtained from different managers' perspectives
(as in Example 2)! (See the Challenge Corner in this issue for
mare.)

The above examples demonstrate the importance of clear and
unambiguous rules, and how rules often determine the outcomes of
games. Apart from soccer, there are many related examples in real
life, two of which being:

* |n mathematical competitions, how do we handle contestants
with the same total scores? The practice differs from competition
to competition. The International Mathematical Olympiad (IMO)
adopts the “same score, same medal” principle, with the advantage
of not having to differentiate contestants who have the same
score. The disadvantage, however, is the difficulty in managing the
number of medalists, possibly resulting in too many or too few. On
the other hand, the Asian Pacific Mathematics Olympiad (APMO)
imposes a quota for each prize (e.g. every country or region can
have at most one gold awardee), and in the case of equal scores,
the tie is broken using specific rules (e.g. a contestant who solves
a problem completely are generally preferred over a contestant
who gathers partial credits from different problems).
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® |n the prize presentation ceremony of a certain music contest,
the organisers let the studio audience select the “Favourite
Singer” in a "one person, one vote" fashion. The two top choices
are a duo and an individual singer, the former being more popular.
Everybody expected the duo to win, only to discover that the duo
was listed as two separate options on the ballot (i.e. each member
of the duo being one option). As every member of the audience
only had one vote, the votes for the duo were shared between the
two members. Consequently, the other singer won in a somewhat
unexpected way.

Do readers have more examples in mind?

When we learn mathematics, we are trained to pay attention to
|gical details. We sometimes find definitions and theorems in
textbooks to be long and tedious. But only so can we ensure the
rigour of mathematical theory and exorcise the devil in the detail!
This is something from the textbook other than the mathematics

that will be useful in real life. ~

H =B R 2KIR / Background Photo Source: http:/euler.slu.edu/escher/index.php/
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] Fur me, it remains an open question whether [a certain work of
mine] pertains to the realm of mathematics or to that of art.”

—M. L. Escher, The Regular Division of the Plane (195)

What shapes can you use to cover a flat surface - like this
magazine page - without overlap or gaps? To make things simple,

we intend to cover the entire page with the same shape, preferably

with equal sides, without overlap. This special covering process is
called "tessellation”.
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Did | hear anyone say “triangles"? Let's try with equilateral ones

first:
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Bl 7 238 / Source :
http://mathworld.wolfram.com/

images/eps-gif/TriangularGrid_700.gif

Then try stretching these triangles like rubber:

; r k‘_ __.—' % £ i 1 A——
AVAVAVARRVara fl FA
5 X N S A
WY N A ﬂ‘— —
A X | A1 S A
AN A AN A flfl I«*"I
Ao oS NS N Y s
l\'\ AN __.-'}" .-’{\\ i .-""?r|- IT_; __I _—.-l"—f
;ﬂf VARV ERY. VaY. |j,-' wd
7, FA ST |
PN AR AN 3 jf —g LS
/ g LY, L Vi | J" —f--
J‘)‘( Y "h"k __.-"f\.\\ J_." Y & | I o | I .r"l
A A NS LA P T

Good. How about squares?

Rectangles?

[l 28 / Source :
http://euler.slu.edu/escher/upload/

thumb/3/38/Regular-squares.svg/
175px-Regular-squares.svg.png

[B A 5<% / Source
http://euler.slu.edu/escher/upload/

thumb/e/ee/Rectangles-tiling.svg/
204px-Rectangles-tiling.svg.png

Parallelograms?

We could try five-sided polygons, like regular pentagons.

[E A 2R / Source :

http://euler.slu.edu/escher/upload/
thumb/6/65/Tess-parallelograms.svg/
377px-Tess-parallelograms.svg.png

[8 A 2R / Source :
http://euler.slu.edu/escher/upload/
thumb/d/d5/Regular-pentagon-fail2.svg/
144px-Regular-pentagon-fail2.svg.png
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(n — 2)180°

T
Bt - RPERE 2 >2  EE
360° 2n

Oops. We can't insert another reqular pentagon in there. Forcing
the insertion results in an illegal overlap:

[E A 258 / Source :
[B L - &ZYEEIE L / Ibid, modified by author.

Six? This is a reqular hexagonal tiling:

[Bl 5 28 / Source :

http://euler.slu.edu/escher/upload/
thumb/5/50/Regular-hexagons.svg/
175px-Regular-hexagons.svg.png

That looks like a honeycomb. Did you just realize that you could !
B

|
|
subdivide each hexagon into rhombi, and in turn, into equilateral 13

& /258 / Source :

https://upload.wikimedia.org/wikipedia/
en/thumb/2/27/HexDiaRhom.png/
220px-HexDiaRhom.png

triangles? ?

LK

We should have continued with regular seven-, eight-, ... and

n-sided polygons, 7 being a natural number, unless we can show
that equilateral triangles, squares and regular hexagons are the
only regular polygons that can tessellate the plane. How can we

justify that?

Recall that S60° makes a circular revolution around a point. To
have the tiles fit neatly around each point, the interior angles of
the tiles must be a divisor of 360°. The interior angle of a reqular

n-gon is (n — 2)180°

T

Therefore, we need to find # > 2 such that

(n—2)180°

bl

TR -BR n-2BHBA4ER PFAn-2
=124 -MEn=3,436" #LFM R
N Bn=3486MNIEnBETILIER -

¥~ RS ARES LB ¢ LB FAE
FBFUEERASENEE

" [

n—2

. .IE- "FI" *I- =g |' r

=24

n—2

is an integer. Clearly, » — 2 has to be divisible by 4. son — 2
= 1.2 or 4. It follows that » = 3,4 or 6. In conclusion, anly
the reqular #-gons for whichn = 3, 4 or 6 can tessellate the
plane.

We can modify the boundaries of these tiles by throwing in
translation, reflection and rotation to produce different patterns as
follows:

T e

4

IR (4538 ) Tile (description)
¢

CRER A R =8
RSO R AZER - )

(Two slightly different triangular
tiles join to form a rhombus.)
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This looks like a silly exercise, you may think. Yet M.C. Escher,

the artist quoted in the beginning of this essay, shot to fame for
precisely doing this "silly” thing. He collected his new patterns in
his 1908 book The Regular Division of the Plane. We may appreciate
some of these copyrighted drawings at

http://euler.slu.edu/escher/index.php/Regular Division_of the Plane Drawings
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BREIY  SEEEENATHER - &
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However, Escher did not stop at planar tessellations. He rolled on
like a footballl What polygons can you find on a football? Pentagons
and hexagons, right?

Mind you, this isn't the only way to tessellate a sphere - an
alternative is to cut up the spherical surface into equilateral
triangles. Escher is known for having tessellated spherical and
hyperbolic geometries, which have different curvatures from the
plane.

The late John F. Nash, Jr. once said, “You don't have to be a
mathematician to have a feel for numbers." Even though Escher
struggled in school and had almost no mathematical training, his
works survive today to remind us of our inborn mathematical
sense that will prove crucial in the years to come, seeing that
mathematics is used to speed up computations, and that even
problems in humanities-inclined social sciences such as psychology

and economics are solved using mathematics &
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International Mathematical Olympiad 2015 Hong Kong team member

he 2015 International Mathematical Olympiad (IM0) was held in Chiang

Mai, Thailand, returning to Asia after five years. Although quite a
number of African teams that took part in IMO 204 in South Africa could
not make it to IM0 2015, there were also some new teams that joined IM0
2013, presumably due to its relatively convenient location. As a result,
not only did the number of participants not decrease, but it actually
attained a record high.

We embarked at dawn on July 8 and took a 3-hour flight to the Thai
capital Bangkok before a [-hour domestic flight took us to the host city
Chiang Mai. Like in the previous year, we met other countries’ teams at
the airport, as well as our local guide, Ben.

What differed from IMO 204, though, was that at IMO 2015 we were
accommodated in a hotel - Lotus Hotel - rather than university
dormitories. The Lotus Hotel is situated in the busy downtown, immersing
us in an atmosphere of Thai culture.

Then came the two days of contest, which totaled 3 hours. From my IMO
2014 experience | learned how vital it is to solve the first problem of
each day swiftly - otherwise, there wouldn't be enough time to tackle
the other problems! However, the first problem on day | of the contest
turned out to be in geometry, my weakest area. | anxiously attacked that
problem, hoping to get it out of the way as soon as possible. But without
making a dent in the problem after some attempts, | began to panic.

4-16 JULY 2015
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The panic in turn clogged my mind and made it difficult for me to
continue with that problem. So, | switched gears and turned to
problem 2, in search of new inspirations. Indeed | successfully
solved problem 2 and double-checked to make sure my solution
was unmistakable. Having taken a break from problem |, | suddenly
had some new ideas for it. | tried to put the pieces together and
complete the proof, but one piece still seemed to be missing. The
clock ticked on and only half an hour was left. Panic again pervaded
my mind. In the end, | was unable to solve problem | during the
contest, but when discussing with my teammates afterwards, it
occurred to me that the key to the solution is precisely an idea that
| dismissed early in the contest! This story taught me that haste
makes waste. An idea that intuitively appears to be wrong may turn
out to be right. Anything we are uncertain about, we should check
carefully instead of judging prematurely.

This journey to Thailand was special to me, not only because it
was the first time | set foot on Thailand, and tasted Thai culture,
but also because of the exposure to Thai culture, and because of
how precious an opportunity it was to represent Hong Kong at the
IMO. Through the IMO, | got to know participants from different
countries and different backgrounds. Our exchange has been
fruitful and our friendship will be lasting.

The opening and closing ceremanies, the post-exam activities

and the excursions have all been thoughtfully planned by the
organizers. The fact that the Thai Princess served as the guest of
honor at the opening ceremony reflects the importance that the
Thai administration attached ta this event. After the contest, we
were brought to the Elephant Garden. For us living in Hong Kong,
seeing elephants is a rare opportunity. We were totally amazed by
the elephants’ masterful painting and soccer skills. We were also
maoved by the warm hospitality of our local guide Ben. She taught
us a lot of knowledge about Thai culture and enabled us to know the
country much better. Particularly memorable was the special Thai
word "191¢" (meaning rambutan, a kind of fruit) as well as every
happy moment we spent at IM0 2015 in Thailand.




AR E =D LIFE IS WONDERFUL

How nNoT To SoLvE A
MATH OLYMPIAD PROBLEM ? (3)

Disapproved by IMO 2016 HONG kONG.
Reod ot your own risk.

1) See an inegucditj.

7-) ij Comd\n-Schwarl
ing%matitj.

3) Doesnt work.

4) Claim it's from Couchys

confidential manuseript.

5) Drow a Por‘tmit of
("‘“d"j to impress,

6) Submit the Pmaf.

7) The groder questions
e Pv‘oof-.

§) Moke up a story:

9) Not convinced!

10) Get @ 0/ T

(THE END)

1 saw Cauchy
w the elevator
ond he told
wme about his...

Tl me o
better story
next time.

ENENAs AR USE YOUR BRAIN

PrELE i Challenge Corner

BESHEMNNERES REEZE - o R:
For the solutions and list of awardees of the Challenge Corner of the past issues, please see:
http://www.edb.gov.hk/tc/curriculum-development/kla/ma/IMO/IMOment.html

1. O E3KPETNE x BEE -y @535 -~ z @riEAK - Ehx- -y -z &
FFEEY  BEE - P15 EMRES 10 - A8 (v, r.2)=(4.4.2)
M (x,y,2)=(10,0,0) 95 Z2KEL - B (x,v,2)=(3.5,6,0.5)H
(x,v,2)=(4,4,1) BIRZE - BHBAZIME OISRV EBKPET ?

Any soccer formation consists of x defenders, y midfielders and z forwards for some non-

negative integers X, )’ and z, such that the total number of defenders, midfielders and forwards

is 10. For example, (x,v.2)=(4.4.2) and (v, y,z) = (10,0,0) are soccer formations, but

(x,v,2)=(3.5,6,0.5) and (., v,z) = (4.4.1) are not. How many possible soccer formations
are there?

2. BAANE (BEAME) Prdl= - ARG NEARR - SHEE
REEFBNARG®

Refer to Example 3 in the article on The Devil in the Detail in the current issue. Try to obtain different
conclusions about the ranking of the teams through different applications of the rules.

3. EAM—E=RIEN=BE2RZER 480 - IMNEEFKER S5 - SKER

Given that the product of the lengths of the three sides of a triangle is 480 and its circumradius is of
length &, find its area.

4. KEHREMGEEH a b c LMAFIAMIL :

Prove that for any positive real numbers a, b and ¢, we have the following inequality:

/ >
a ), ¢ 3

+ >
b+c¢ c¢+a a+b o)

BB BPEEFEERSHE info@imohkc.org. hk IR ( BFER ) - WM
BIPIIRBE DRSS  BROVEVEERBENR B —FBEROEEE—
NEM - B 208 EHEZEENEEKERBLEm - EEHEREZHE 3 ZEL
1588 - MEQDIPNHAENER - FIFRIFHXHEO#ES - SEERIRT—H
Afh - 2016 FERA T TEBKHBENT TEEEZE RN TINLHARLRTE
¥ - MNBE5ER - QJEEZE info@imohkc.org.hk & -

Hong Kong secondary school student readers are welcome to submit solutions (with proofs) via email to infol@
imohke.org.hk, specifying the student's name in Chinese and in English, the school's name in Chinese and

in English, and the student's class in the email. Each student may send at most one email. Souvenirs will be
awarded to the first 20 students solving the most questions on the condition that each school can have at most
3 awardees. Solutions can be submitted in Chinese or English. Both typed and scanned files are acceptable. The
awardees will be announced in the next issue. The decision of the Organising Committee of the G7th International
Mathematical Olympiad on any matter of this activity is final. Enquiries may be emailed to info@imohke.org.hk.



