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Foreword

Welcome to the 28th issue of the School Mathematics
Newsletter (SMN).

The School Mathematics Newsletter (SMN) is designed for
mathematics teachers and serves as a vital communication
channel regarding mathematics education in Hong Kong. This
issue features a diverse range of articles contributed by
academics, curriculum officers, and teachers, covering various
topics. These include effective strategies for teaching and
learning mathematical modelling, insightful perspectives on the
beauty of mathematics, advancements in computational
mathematics education, explorations of geometry and the history
of mathematics, and engaging activities related to STEAM

education.

In today's educational landscape, mathematics teachers face the
significant challenge of addressing the varying abilities,
motivations, and aspirations of their students. To navigate this
complexity, it is essential for mathematics educators to equip
themselves with the necessary mathematical skills and teaching

strategies tailored to different learning environments. We hope

School Mathematics Newsletter - Issue No. 28



4

that all readers will find the content of this issue both informative

and inspiring.

The Editorial Board of SMN would like to extend its heartfelt
gratitude to all contributors and to our colleagues in the
Mathematics Education Section, whose dedicated efforts have

made the publication of SMN Issue 28 possible.

SMN provides an open forum for mathematics teachers and
professionals to share their insights into mathematics learning
and teaching. We welcome contributions as articles that explore
all facets of mathematics education. However, please note that
the views expressed in the articles do not necessarily reflect
those of the Education Bureau. For all correspondence, please

contact:

The Editor, School Mathematics Newsletter,
Mathematics Education Section

Curriculum Support Division

Room 403, Kowloon Government Offices
405 Nathan Road

Yau Ma Tei, Kowloon

email: math@edb.gov.hk
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A Scenic Excursion in Geometric Wonderland —
On Ratio of Area

CHOI Wai-fung, Brian
A Mathematics Enthusiast

SIU Man-keung
University of Hong Kong

"[M]athematicians like to pretend that they can't even add,
but most of them can when they have to."”
Michael Spivak, Calculus, 1967, p. 157.

Preamble

A teacher usually encourages students to attempt finding
different solutions to a single problem to better understand the
problem. The following is an instance of this, when one of the
authors gave his class a geometric problem on an equilateral
triangle lying within a larger equilateral triangle. Methods using
different mathematical tools can be applied. Starting with this
single problem, both authors worked together to study further
more related problems and came up with two well-known
theorems in geometry. This is a record of their scenic excursion

in the Geometric Wonderland.

School Mathematics Newsletter - Issue No. 28



22

Another good habit is to attempt investigating a general, or
sometimes a special, situation of the original problem. A method
may be extended to solve a more general situation and even lead
to unexpected results. What follows is an instance of this, when
the other author tried to look at the original problem in the
general situation. As a bonus, a famous theorem discovered by
the Italian mathematician Giovanni Ceva (1647-1734) in 1678
spins off as a special case. A natural follow-up is a similar proof
of its dual result, another famous theorem announced by the
ancient Greek mathematician Menelaus of Alexandria (c. 70-
140 C.E.) in the first century C.E..

There is yet one more lesson to learn, that tedious computation
may pay off in the end. It is true that mathematicians tend to
strive for elegance and simplicity, but sometimes one should not
shy away from seemingly laborious working. When the other
author encountered the general problem, a straight-forward way
is to go ahead with a similar calculation, which promises to be
more complicated and tedious. Yet, as a retired teacher, he has
all the time to waste! (Moreover, as a low-tech chap he does not
have sufficient skill with a symbolic computation software to aid
him but to resort to good old pen-and-paper.) It paid off
handsomely in the end! What makes it more interesting is that

the author, who gave the original problem to his class, was also
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inspired by the seemingly tedious algebraic manipulation.
Eventually, Menelaus' Theorem, a dual result of Ceva's
Theorem, was also obtained as a special case in a likewise
manner. The proofs of both theorems are further polished so that
the computation is presented succinctly, that is streamlined after
we better understand the working through the initial seemingly

tedious manipulation, thus completing a fascinating picture.

I. The Original In—class Example

Everything starts with the preparation for a Form 2 lesson more
than a decade ago. There was an interesting question about the

application of ratio in geometry found in a textbook.

Question 1

D, E and F are points on BC, CA and 4B respectively of an
equilateral A ABC such that BD:DC=CE:EA=AF:FB
=1:2. Construct AD, BE and CF, which intersect at the points
P, O and R. If the area of A ABC is 1, find the area of APOR .

(See Figure 1.)
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O 2

Figure 1
Solution

The problem—solving strategy is to apply repeatedly the
following principle: "The area ratio of 2 triangles with the same
height is equal to the base ratio." Complemented by the idea of
rotational symmetry and a nice construction of an auxiliary
straight line, the algebraic calculation is elementary while the
geometric aspect is intriguing. Throughout this account, we
denote the area of a triangle, say A ABC as [A ABC], etc. Note
that numbers involved in the ratio a line segment is divided are
put in brackets in figures to emphasise that these numbers

indicate the ratio rather than the actual lengths.
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Let [AAFP]=x, [BOPF]=y and [APOR]=z.

(See Figure 2.) A

@ (2

Figure 2

Since AABC is equilateral, by rotational symmetry we have
[ABDQ]=[ACER]=[AAFP]=x and
[CROD|=[APRE]=[BQPF]=y.

Since AABD and AACD share the same height, we conclude

that

[AABD] B

1
[AACD] CD 2’
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so that ﬂ:l ,
x+2y+z 2

or z=3x after simplification.
Construct CQ. (See Figure 3.)

Since  ABDQ and ACDQ share the same height, we

conclude that

[ABDQ] BD _
[ACDO] CD

1
2 3

so that [ACDQ]=2x,and [ACRQ]=y-2x.

A

Figure 3
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Since ACEQ and AAEQ share the same height, we conclude

that

[ACEQ] _CE _1

[AAEQ] AE 2~

sothat FZ2I+x_1 -
y+3x 2

or y=>5x after simplification.
But 1=[AABC]=3x+3y+z,

hence 3x+3(5x)+3x=1,

or x=—.

1
Hence, [APQR]|=z=3x= Ik

I1. Extension of the In-class Example

The previous question of "given the side ratio, find the area
ratio" inspires a somewhat "converse" version of the problem.
Given the ratio of the areas of the inner and outer triangles, find

the side ratio.
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Question 2

D, E and F are points on BC, C4 and 4B respectively of an
equilateral A ABC such that BD:DC=CE:EA=AF:FB

=1:k. Construct AD, BE and CF, which intersect at the points
P, O and R. If the area of A ABC is twice the area of APOR ,

find the value of k. (See Figure 4.)

Figure 4

Solution
Given that [AABC]=2[APQR], we have
3x+3y+z=2z,

so z=3x+3y.(See Figure 5.)
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M (k)
Figure 5

Since AABD and AACD share the same height, we conclude
that

2x+y _[A4ABD] BD _
x+2y+@Bx+3y) [A4ACD] CD

1
i
sothat 2kx+ky=4x+5y,

or 5-k)y=2k-4)x......... (D).
Note that x, y>0.Also k#5, otherwise x=0.
The same argument shows that & #2 .

Construct CQ. (See Figure 6.)
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@ (k)
Figure 6

Since  ABDQ and ACDQ share the same height, we

conclude that

[ABDQ] BD

[ACDO] CD k'

so that [ACDQ]=kx ,and [ACRQ]=y—kx.

Since ACEQ and AAEQ share the same height, we conclude
(y—kx)+x [ACEQ] CE _

that = l’
v+(Bx+3y) [AAEQ] AE k

sothat ky+(k—k*)x=3x+4y,

or (k=4)y =0k —k+3)x.....(2) .
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Dividing (2) by (1), we obtain

k-4 kK —k+3
5-k  2k—4

so that (k—4)2k—-4)=(5—-k)(k* -k +3).
After simplifying, we finally obtain
(k+1)(k* =5k +1)=0.

Hence, k> —5k+1=0 or k=-1, which is to be rejected.

5+421

2

Thus, k=

It is noteworthy that the two values of k are reciprocal to each
other. They refer to the two situations exhibiting reflectional

symmetry as shown in Figure 7.
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/ \
A\ JA\

=

a
v

2

=

2

Figure 7

1.

.. . . 1
The crux lies in the equality of the two ratios 1:k = Z:

I1I1. General Treatment of Equilateral Triangles

It is natural to consider removing the limitations imposed on
Question 1 and Question 2, namely (i) requiring A4BC to be
equilateral, (ii) requiring the sides to be divided in the same ratio.
Before delving into the most general setting, let us warm up by
proving a preliminary result for an equilateral triangle, with its

sides divided in the same ratio. From now on, denote
[AABC]=A.
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Lemma

Let BD:DC=CE:EA=1:k , [AABQ]=u
and [AQCE]=t.Then

2

o A
C(+k)(A+k+kY)

(See Figure 8.)

M (k)
Figure 8

[AOBD] =

33

X
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Proof

x+u _[A4BD]_1 , therefore kx+ku=hkx+t+kt,

kx+t+kt [AACD] k

or ku=(I+kx...(3).

xthet+t [ABCE] :l,therefore k(x+kx)+kt =u+kt,
u+kt [ABAE] k

or u=k(l1+k)x.....(4).

By eliminating u, we obtain

By (4) and (5), we have

A=(x+kx)+(t+kt)+u
=(1+k)x+(1+k)kx+k(1+k)x
:(1+k)(1+k+k2)x

Hence, x= A S (6).

(A+k)(A+k+k7)

34
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Theorem
Let AF:FB=BD:DC=CE:EA=1:k . AD and BE intersect
at O; BE and CF intersect at R; CF and AD intersect at P.

(1-47)A
Then [APQR]=-——— . (See Figure 9.)
l+k+k

Proof
Construct BP, CQ and AR. Denote the areas of triangles as

shown in the figure.

By the Lemma, we have A=(1+k)(1+k+k")x.

But A=z+3(1+k)x+3(t—x)
=z+3k(1+k)x , by substituting in # as shown in (5).
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By equating A we have
(A+k)A+k+k>)x=z+3k(1+k)x.

Hence, z=(1+k)1-2k+k)x=(1+k)(1-k)’x

A

=(+k)1-k) .(1+k)(1+k+k2) by the Lemma
_ (1-k)’A
_—(1+k+k2) ...... (7).

(F-1)a  k-na

Also, t—-x=(k’-1)x=

Remark (1)

In particular, when k=2 (trisection points),

AP: PQ:0D =[ABAP]:[ABPO]:[ABOD]

=(1+k)x:(t—x):x

21

AA A
77

=3:3:1.

(1+k)(1+k+k2) A+ k+kE

36
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Thus, in this special case, we have AP = PQ.

Remark (2)

z=0 ifand only if k=1, thatis AD, BE and CF are medians.
This is a rather round-about way to establish the fact that the

three medians of a triangle are concurrent!

IV. General Treatment of Arbitrary Triangles

Now we will carry out the same computation to an arbitrary
triangle with general k1, k2 and k3. Denote the ratios and the areas

of triangles as shown in the figure. (See Figure 10.)

A

Figure 10
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One method we will frequently adopt is to permute the

subscripts cyclically, 1 >2—>3—>1.
Note that y, =kx,, y,=kx,, y, =kx;.
Let u=x;+y,+w,, t=w +x,.

(For the notations u and ¢, see Figure 8 in Section III.)

x+u _[A4ABD] 1
kx +t+kt [AACD] k~
sothat kx +ku=kx +t+kt,

or ku=(+k)t....(8).

u+kt  [ABAE] k,

x +kx +t [ABCE] 1

9

sothat k,(1+k)x +kt=u+kyt,

or u=k,(1+k)x....(9).

1+ k)t
Divide (8) by (9), we obtain & = ———/2)_
k(14 k,)x,
e, (1+ K
that is, = fika L4 k) 1 (10)
(A+k,)
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We have A=(1+k)x +(1+k,))t+u

kik, (1+ k)

=(1+k)x +(1+k,)- 14k

X, +k,(1+k)x, by (9)and(10)
=(1+k)A+k, +kk,)x, .

By cyclically permuting the subscripts 1—2—>3—1, we also

obtain
A=(1+k)(1+k, +kk,)x,
=(1+k, ) (1+ ks + k,ky ) x,
=(1+k)(1+ Kk + ks, ) x,
) A A
that is, x, = , X, = ,
A+k)A+k, +k k) A+k)A+ ks +k)ky)

A
x =
(k) +k + k)

Since the area of the "corner triangle" depends only on the two
sides forming that triangle, thatis, x, dependsonly on % and

k, , etc., these results are as expected.
Note that by (9), x, +y,+w, =u=k,(1+k)x, .
Cyclically permuting the subscripts again, we have

X+ +w=k(+k)x,,
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X, +y,+w, =k (1+k)x;.
Hence

z=A—[(x, +y, + W) +(x, + ¥, +w,)+(x; + y; +wy)]

=A—[k,(1+k)x, +k,(1+k)x, +k(1+k)x;] .

By (11), we have

B ky(1+k)A . ky(1+ ky)A N k,(1+ky)A
A+k)A+k, +kky) A+k)A+k+kk) (A+k)(A+k+kk)

Zo1- ke &k L,k (12).
A l+k, +kk, 1+k;+kk, 1+k +kk

To simplify (12), we calculate

(A+k, +k k) A+ ky + Kk )+ &, + kyk) and

k(I +ky + ke )+ b+ kk) + k(W+ky +kk)(L+k +kk) +
k(14 ky + k k) )1+ &, + k)

First, we compute k,(1+k, +k,k,)(1+k, +k;k,), then cyclically

permute subscripts 1—->2—>3—>1 to obtain the other two

similar terms. Adding up all the three terms, we obtain
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(k, +k, +k)(1+ 2k e,k ) + (2 + ko) (R, + ke, + Kk, )+
(kky + k) ey + ks, ) + 6k ks
On the other hand, (1+k, +kk,)(1+k, +k,k)(1+k + kL))
=14k +ky + ky )1+ 2k, k) + (2 + ko) (Kb, + ok + ok, )+
(k 2k, + b,k + k2, )+ Akkks + (K ko, )

z 1 -2k k,k, + (kk,k, )2
Hence —=
A (+k +kk)A+k +k k) (1+k + kk)

— (1 B k1k2k3 )2
(A +k, + ko) YA+ ky + ko)A + &, + k)

Remark (3)

Note that when ki1, k> and k3 are replaced by their respective
reciprocals with k> and 43 interchanged, z remains invariant. This
is a feature we already pointed out at the end of Section II, which
is apparent from a geometric consideration through a mirror

reflection.
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Remark (4)

If k=k,=k,=k,then

z (1-k) A=)+ k+k)
A (+k+k)A+k+k)(A+k+k%) (I+k+k*)
(1-k)* . .
=—————, which is the same as what we got before as (7) in
(+k+k7)

Section III. Likewise, we have

AP :PQ:0D =[ABAP]:[ABPQ]:[ABOD] =(1+k)x:(t—x):x
as in Section III. When & = 2, this implies
AP:PQ:0D=3:3:1

so that, like the special case of an equilateral triangle (see
Remark (1) in Section I1I), P, O and R are the mid—points of A0,

BR and CP respectively.

The following table shows different values of £ and the

proportion of z over A.
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k z
A
1 0
1
2 —=0.142857...
7
3 4 0.307692...
13
3
4 —==0.428571...
7
5 E=0.516129...
31
1 5++21
For —=— , k= =4.791287... or its reciprocal
A 2 2
5-+21
k= 5 =0.208712..., as calculated in Section II.
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Remark (5)

As a corollary, z=0 if and only if kk,k; =1, that is,

CD X AE X BF =1. This is the criterion for concurrence of AD,
DB EC FA

BE and CF in Ceva's Theorem. (See Figure 11.)

Figure 11

Ceva's Theorem

D, E and F are points on BC, CA and 4B respectively of a given

AABC . Then AD, BE and CF are concurrent if and only if
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Knowing that P, Q and R are the mid-points of AQ, BR and CP
respectively in the case where k = 2, as shown in Remark (4), we

can give a visual proof shown in Figure 12.

The polygon AXRCZQBYPA with XRZ /| AD, YPX // BE and
ZQY // CF has the same area as that of AABC and is composed
of seven copies of APQOR . However, one “blemish” of this
seemingly elegant visual proof is that once we know P, Q and R

are the mid—points of 40, BR and CP respectively, there is a
1 . .
shorter proof that 227 by some easy means without going

through the former calculation, which is admittedly rather
laborious. Yet, so far, we can only see that P, O and R are the
mid—points of AQ, BR and CP respectively through that former
calculation. Strictly speaking, this visual explanation offers
some hint but is not yet a complete proof in that we cannot see
that P, Q and R are the mid—points of AQ, BR and CP
respectively from the picture at one glance other than by a

calculation!
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Figure 12
V. Alternative Proof of Ratio of Areas by Vector Approach

Apart from purely geometric proof, here we present an

alternative method to work out the formulas in (11) and thence

A
the formula in (13) by vectors. Note that [AABD]= " and

1

[AOBD] = x,.Our goal is to find the ratio DQ : QA . (See Figure
13.)

(1) p (k)
Figure 13
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Let BD=p, BA=q and DQ:0A=1:1.
By section formula, we have

— ABD+BA Ap+q
BO = oA p+q,and
A+1 A+1

35 kBC+BA_k(+k)p+q
k,+1 k,+1 '

Since B, Q and E are collinear, we have

A 1
A+l _ A+1

k,(1+k) 1
k, +1 k, +1

sothat A=k,(1+k)=k, +kk,.

Hence,

5 =[agpp)=lAABD) A 2
! 1+4  (A+k)(A+A) (A+k)(A+k,+kk,)’

By cyclically permuting the subscripts 1 ->2—->3—>1, we

obtain the formulas for x, and x; . Subsequently, we can

obtain the formula of i as (13) in Section IV.
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VI. Yet Another Proof by Menelaus' Theorem

The division of A4ABC by line segments 4D, BE and CF
resembles the setting of a famous theorem, which is dual to
Ceva's Theorem. It was a theorem first announced by the ancient

Greek mathematician Menelaus of Alexandria.

Menelaus' Theorem

D, E and F are points on BC, CA and 4B respectively of a given
AABC . Then D, E and F are collinear if and only if

BD CE _AF _

X X =
DC EA FB
where a sign convention on directed line segments is taken into

account.

Note that if DEF is a transversal line that crosses the three sides
of a triangle, one of the three points has to lie on a side produced.
We shall now make use of Menelaus' Theorem to prove the
result in Section IV again. Regard BQE as a transversal line of
AADC . (See Figure 14.)
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(1) b

(k)

Figure 14

As B, Q and E are collinear, we have by Menelaus' Theorem

4Q DB CE _,

OD BC  EA

(neglecting the sign convention for directed line segment),

that is, Qx ! ><l
OD 1+k k,

2

SO £=k2(1+k1).
oD

AD QD+ AQ
="

Therefore, 1+ A0 _ 1+k,(1+k).
oD

OD A y 1
AD 1+k 1+k,(1+k)

Hence, x, =[ABDQ]=[AABD]x

49
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A
C(+k)(A+k, +k k)’

which is the first formula of (11) in Section I'V. The rest follows

as in Section IV.

VII. A Similar Proof of Menelaus' Theorem Using Ratio of

Area

We will apply the same computations of areas of triangles in
Section IV to obtain a proof of Menelaus' Theorem. To begin
with, we prove several preliminary results before getting to the
case we are interested in, namely, when one of the points, say D,
lies on BC produced. Indeed, the setting is similar to that as in
Section IV, but we will obtain the ratio of area of ADEF to that
of A4BC.

Lemma

In AABC , D lies on BC and F lies on AB such that
BD:DC=1:k, and AF:FB=1:k, . Let [ABDF]=x , then

X L (See Figure 15.)

A (+k)(1+k)
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Figure 15

Proof

Construct CF and let [ACDF]=y and [AAFC]=v.

y [ACDF] CD

2= =——=k,S0 y=kx.
x [ABDF] BD

v [AFC] AF

x+y [ABFC] BF

SO v =

1
k3 3
(+k)x _ (1+k)(1+k)x

A=x+y+v=~1+k)x+
y (1+Fk) A A

— k3

hence *-_ % |
A (+k)1+k)

51
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After considering one "corner triangle", we can apply the same
principle to the case of three internal points of division D, E and
F.Let CE:EA=1:k,.Refer to the areas of triangles as shown in

Figure 16.

B0 D )

Figure 16

By cyclically permuting the subscripts1 -2 —3 — 1, we have

X ks X _ ki X k,

A (+k)(+k) A (+k)1+k) A (+k)1+k)

Thus, we can compute the ratio of area of ADEF to that of
AABC , namely,

z=A—(x+x,+x,)

|: k3 kl kZ :|
=A- + + A
A+k)A+k) (A+k)A+k) (A+k)(1+k)

| ™

{ ky k k, }
or =1- + + .
A (A+k)A+k) (A+k)A+ky) (+k)(1+k;)
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Note that
A+k)I+k)A+ky) =1+ (k, + k, + k) + (k &k, + k ks + ko k) + (kK k)

and
key(1+ k) + ki (1+ k) + k,(1+ k) = (k + k, + k) + (k k, + k ke, + ko k)

Hence Z = Irkik, (14).
A (+k)(A+k)(1+k,)
Remark (6)

Note that z remains invariant under the replacement of
k.,k, and k, by their respective reciprocals with k, and £,

interchanged. This is apparent from a geometric consideration.

(See Figure 16 and Figure 17.)

Figure 17
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The same argument goes through when D is on BC produced. It

turns out the modification is on a sign of %, (sign convention
of the directed line segment). Here we have &, <1. (See Figure

18.)

Figure 18

Figure 19
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Let AC and DF intersect at G.

Let [ABDF]=x, [ACDF]=y and [AAFC]=v.

x [ABDF] BD 1

—_= :—:—,SO y:klx'

y [ACDF] CD k,

v _[MFC]_AF _1 (o (-k)x
x—y [ABFC] BF k, k,

55
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(1-k)x _ (A=k)(A+ky)x .

A=x—-y+v=>1-k)x+
y+v=(-k) A A

— k3

Hence - % |
A (1-k)(1+k,)

By considering three "corner" triangles, we have the following

areas shown in Figure 19 and Figure 20.

Cyclically permuting the subscripts 1—52—3—1, and
considering the change in sign in the denominators from 43 to 41,

and from ki to k2, we have

kA
Xl :—3
(1_k1)(1+k3)
kA
X2 :—9
(l_kl)(1+k2)
k,A

X, =———

(+k)(1+k)
Refer to Figure 18, Figure 19, Figure 20 and Figure 21, we have
A=x,+(x, -[AGCD]) + z—(x, -[AGCD]) =z + (x, — x, + X;) ,

z=A—-(x—x,+x;)

A kA kA kA
T A=k k) (-k)(1+ky)  (+k)(1+E) |

z

[ k, k, k, }
or =1- — =+ .
A (—k)(1+k) (—k)(A+k)  (+k)(1+k,)
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Note that
A=k)A+k)A+ k) =1+ (=k, + k, + k) + (=k ke, + k,ky — k k) — k&,
and

k(14 k) =k (14 k) + k(1= k) = (= + K, + k) + (=k ke, + kokey — k) -

Hence, = 1-kkok,

S - S (15)
A (—k)(1+k)(1+k,)

Compare (15) with (14) to see the modification on the sign of

k.

Note that z=0 1if and only if kk,k, =1. In this case, D, E and

F are collinear. Thus, we obtain a criterion in Menelaus'

Theorem.

Remark (7)

When k =k, =k, =k and D, E and F are internal points on the

three sides, we have

[ADEF] _1+k> 1-k+k’
[AABC] (1+k)  (1+k)

by putting k =k, =k, =k

in (14).
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[APOR] _ (1-k)’
[AABC] 1+k+k’

Compare with by putting k, =k, =k, =k

in (13) in Section IV, which takes a similar form.

[ADEF]

, we have k*—4k+1=0, so
[A4BC]

In particular, if

k=2++/3.

N | —

It is surprising that the dual version of Menelaus' Theorem was
discovered more than 1500 years afterwards in the form of
Ceva's Theorem, while the statement of the result should be
comprehensible to an ancient Greek mathematician. One
explanation is perhaps that Menelaus discovered his theorem in
the context of spherical geometry in connection with the study
of geodesic in astronomy. In this context, collinearity of three
points is the focus rather than the concurrence of three lines. In
advanced mathematics, these two theorems can be formulated as
dual results neatly in projective geometry, where points and lines
play equal roles. Thus, it seems natural that we can apply a
similar method to prove Menelaus' Theorem in Section VII as

we prove Ceva's Theorem in Section IV.
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Epilogue

This excursion began with a problem in class, then went on with
an extension, then to some generalization, which happily led us
to stumble upon two famous classical results, Ceva's Theorem
and Menelaus' Theorem. Readers may find an article
published in a recent issue of the local mathematical periodical
EduMath interesting: C. K. Leung [ + #], = & A4 4 vt
el %, EduMath [#% %7 ], 47 (2024). In that article, the
author explains how he was triggered by a theorem in a Japanese
supplementary mathematical text to further investigation, also
coming up with Ceva's Theorem and Menelaus' Theorem. He
gives a lot of examples to illustrate the usefulness of these two
theorems. Our emphasis in this excursion is somewhat in another
direction, namely, not so much on how to apply those theorems
but to remind ourselves what we can, as teachers of
mathematics, look at a single problem from different viewpoints,
thereby inviting students to explore together with us along the
way. For instance, one can go on to investigate the case of a
square instead of an equilateral triangle, or even an arbitrary

quadrilateral, etc.

Yuri Ivanovich Manin (1937-2023), an eminent Russian

mathematician of recent times, once said in an address at the 7th

School Mathematics Newsletter - Issue No. 28



60

International Congress of Mathematical Education in 1992,
"Axioms, definitions and theorems are spots in a mathscape,
local attractions and crossroads. Proofs are the roads themselves,
the paths and highways. Every itinerary has its own sightseeing
qualities, which may be more important than the fact that it leads
from A to B. We are lucky if our route leads us through a fertile

land, and if we can lure other travellers to follow us.'

Authors' Contact:
Choi Wai-fung, Brian

e-mail: wfchoi9981@gmail.com

YouTube Channel: Mathusiasm

https://www.youtube.com/(@mathusiasm

Siu Man-keung

e-mail: mathsiu@hku.hk
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a’ + b? = ¢?

Bl 1 &< 232

Ho e B 424208 H 5 o fo b AulEE &R
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http://big5.locpg.gov.cn/zggq/2014-01/04/c_125956418.htm
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https://baike.baidu.hk/item/%E4%B8%AD%ES%9C%8B%ES5%8F
%A4%E4%BB%A3%E6%95%B8%ES5%AD%B8/4124209
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https://www.newton.com.tw/wiki/%E4%B8%AD%E5%9C%8B%
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http://www2.mcsh.kh.edu.tw/teaches/math/%E4%B8%AD%E5%9C
%8B%E6%95%B8%ES%AD%B8%EF%B9%9DChinese%20Mathe
matics%EF%B9%9E.htm
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