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7t 88 {F oo Mysteries in Ecology

An Astonishing Truth or just a Game of Numbers?

School Name: Shau Kei Wan Government Secondary School
Student Name: Wu Tsun Wai, Chan Chui Shan, Yu Sin Ting
Level: Secondary 5
Supervising Teacher: Wong Pui Shan

Introduction

For a set of numerical data, an outlier refers to the number that is
markedly smaller or larger than other values. By following the
footprints of two ecologists, Kathy and Ernest, we are going to
learn more about

the  causes  of

outlier and its

identifications, as

well as the

mathematical ways

to solve them. Let’s

begin our journey!



The story begins...

The Problem

Kathy and Ernest were two passionate amateur ecologists
working in a research station in the northern part of Greenland.
She had been studying the predator-prey relationships of arctic
wolf and northern lemmings in Greenland before she found
difficulty analysing the data collected.

Kathy: Mmm.... Why is that so strange? | have gathered
some data focusing on the fluctuation of the
population of arctic wolf and northern lemmings here,
but there seemstobea ...... slight problem......

Comparison of Prey and
Predators’ Populations

Population Density —»

Time ——

Source: San Diego State University



Changes in the Population of Arctic Wolf and
Northern Lemmings in Greenland between

7
£ 1950 and 2000
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Source: Government of Greenland, Ministry of Fisheries, Division on Wildlife
Management
*We adopted the above data to estimate the number of arctic wolf and

northern lemmings.

Ernest: In a predator-prey relationship, the usual populations
of the prey and predators fluctuate with an apparent
time lag. In our study, the wolf and the lemmings are
the predator and prey respectively. Nevertheless, the
trend of their populations does not proceed as we have

expected.

Kathy:  The sections representing the change in the population
of these two types of animals in the year of 1975 and

3




from 1990 to 2000 just do not make sense. | cannot
figure out what the data means.

Ernest:  Shall we call for my friend, Herman for help? His
aptitude to statistics will surely give us a boost in our
progress.

Feeling desperate for help, they turned to Herman for advice.

Kathy: Here is a line graph (P.2) showing the populations of

the two species.

Herman: Let me see...... Well, such a graph cannot tell anything
but I am sure that your data is not without outliers.

Ernest:  Sorry? What are outliers?

Herman: Outlier refers to things or phenomena that lie outside
normal experience. In statistics, it is one that appears
to deviate markedly from the majority of the samples

or data obtained.

Ernest: Oh, | see.



Fundamental Analysis

Kathy:

Ernest:

Herman:

Kathy:

My data shows some unusual changes which | have
named those as Region A and Region B.

How can we make use of the concepts of outliers?

Well, first and foremost, | want to have a look of the
population of arctic wolf collected in the year of 1980.

Alright. Here it is.



Site | Site | Site | Site | Site | Site | Site | Site | Site | Site
1 2 3 4 5 6 7 8 9 10
4 5 3 4 13 8 3 1 2 43

Site | Site | Site | Site | Site | Site | Site | Site | Site | Site
11 12 13 14 15 16 17 18 19 20
1 4 6 5 4 46 3 37 4 5

*Fabricated materials

People at that time used to estimate the population at
different sites. The area of each site is about 100 km?.
By calculating the population density (population / km?),
we can find out the approximate number of organisms in
one place, i.e. the formula is as follows,

Population density x Area = Estimated population

= Total Area of Greenland = 2166086 km?

= Area of Ice-free waters = 410449 km?

= Excluding the ice-free waters in Greenland, its area is
about 1755637 km?




“Spot the Qutliers!!” - Learning the Basics

Herman: By simple calculations, we can obtain the following

information:

Mean Min Q1 Median Q3 Max S.D.

10.05 1 3 4 6.5 46 13.73126
You may see that there are three numerical values that
are far beyond the interquartile range, which is a range
laying between Q1 and Q3. Despite an apparent
observation, we still have dozens of methods to prove
outliers.

Kathy:  Honestly speaking, Ernest and | neither are interested
in statistics nor have the skills to operate complex
calculations. Could you suggest a decent method for
us to identify outliers with ease?

Herman: By all means! We may adopt a suitable outlier checker.

The initial step is to find out Q1, Q3, interquartile
range (IQR). The first two have been calculated while
the IQR is 6.5-3=3.5. Next, we set a fence. It consists
of an upper fence and a lower fence. Together, they

7




construct an outlier checker. Data not lying between
the fences are considered outliers. One definition of
outlier is to multiply the IQR by 1.5, and 3.5x1.5=5.25.
After that, we can find out the lower fence and the
upper fence.

Ernest: 3-5.25 < 0 and 6.5 + 5.25=11.75. As the data must be
positive, the lower fence and the upper one are 0 and
11.75 respectively, right?

Herman: You got it. Outliers are any values that are 12 or above.

Kathy:  Based on the results, we can now eliminate the outliers
obtained at site 5, 10, 16 and 18.

Ernest: And a new set of information is obtained.

Site 1 | Site 2 | Site 3 | Site 4 | Rite 5 | Site 6 | Site 7 | Site 8 | Site 9 | \Site

4 5 3 4 8 3 1 2
43
Site Site Site Site Site Site Site Site Site Site
11 12 13 14 15 17 19 20

Mean Min Q1 Median Q3 Max S.D.

3.875 0 3 4 5 8 1.727534




Kathy: Let’s compare the data before and after outlier

exclusion.
Estimated population before the amendment =

(10.05/100) x 1755637 ~ 176000
Estimated population after the amendment =
(3.375/100) x 1755637 ~ 59300

Wow! That’s a big difference!

Herman: Yes, without identifying the outliers, the box plot
expressing the data will be:

Distribution of Data at Different Sites

0 10 20 30 40 50
Population of Arctic Wolf

But with an outline checker we can identify the outliers and plot
a decent graph.



Distribution of Data at Different Sites

0 2 4 6 8 10
Population of Arctic Wolf

Nevertheless, as we have excluded the outliers from
our analysis, we must state that in the report. In
addition, you should show them in the box plot like

this:

Ernest: Hey! | have just remade our line graph with the new
set of data. This time, the trend looks smooth enough.

10



Number of organisms

Changes in the Population of Arctic Wolf
and Northern Lemmings in Greenland
between 1950 and 2000

(x103)
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A Suitable Method

Kathy:

Herman:

Kathy:

Herman:

Kathy:

Thanks Herman! 1 really appreciate your effort.
However, | really want to know why the outliers in the
above case can be addressed simply through exclusion.

That’s easy enough. Don’t you notice the problem of
the original data?

Well, the data is not really even, with several extreme
cases.

You got the point. There must be something wrong
with the sampling method that people at that time used.
Wolves are not fussy eaters. Some research sites might
have been chosen with a sheepherding ground which
attracts a lot of wolves! (laugh). But anyway, as the
number of wolves should be nearly the same in
Greenland where everywhere has a similar habitat, |
just eliminate the outliers. | think in statistics, you
really need to take every case into separate
consideration and use the appropriate statistics-
analysing tactics.

How can we eradicate this discrepancy then?

12



Herman: | am not a professional in ecology. But it is important

Kathy:

that people pick random sites for investigations and do
increase the size of investigation to minimize
sampling errors.

| see what you mean. Anyway, now | know that the
first function of outliers is to remove inaccuracies in
statistics.

13



Observe. Think. Analyse. Conclude.

Kathy:

Ernest:

The first part of the problem is solved. Now it is time
we dealt with the second one. The population of
lemmings has never proliferated since its decrease in
number during the early 90s. What is even stranger is
the population of arctic wolves. There is a plunge
which suggesting that the ecosystem in Greenland may
have experienced some degree of disruption.

I have just analysed relevant data using the outlier checker
method. Let me show you my work,

14



Fluctuation of population of northern lemmings from 1850 to 2000

Site | Site | Site | Site | Site | Site | Site | Site | Site | Site
1 2 3 4 5 6 7 8 9 10

1985) 6 10 13 12 6 9 10 | 13 12 6

19901 6 2 3 3 1 1 1 4 2 1

1995} 5 2 0 2 0 1 1 1 0 0

20001 7 3 0 2 0 1 0 2 0 0

Site | Site | Site | Site | Site | Site | Site | Site | Site | Site
11 12 13 14 15 16 17 18 19 20

1985 1| 11 12 10 | 13 12 12

19901 3 2

1995] 2 0

N (|00 | O
R~ N o
= = w | o

20001 2 0

Likewise, | obtained a set of information.

Mean | Min | Q1 | Median | Q3 | Max S.D.
1985 9.7 4 |75 10 12 13 | 2.758623
1990 | 2.75 1 1 2 3.25] 8 |1.840516
1995 | 1.25 0 0 1 125 7 1757128
2000 | 15 0 1 2 7 ]2.061553

| managed to locate the outliers (as highlighted above)

and | think | could calculate the approximate

population of lemmings in Greenland, using the above

data. Nevertheless, | found that even if I exclude the
15




Herman:

Kathy:

Ernest:

Herman:

outliers when plotting the graph, the population of
northern lemmings does not show any token of a
rebound. Can you give an account for this, Herman?

| am afraid that your worries are becoming a fact. To
analyse the situation, you first need to think wisely.
Kathy has made a remarkable observation, saying that
both populations drop. As the two populations are
correlated under a predator-prey relationship,
something happened on the natural habitat. 1 do not
think the result is due to human or experimental errors.

Perhaps it is due to human activities caused by the
development of those places. Pollution and
exploitation of the nature may have resulted in this.
Otherwise, it may be a spread of disease that has
fuelled this.

| still have one more question. There are some sites
with a constant population. Why is that?

That is another use of outliers. The outliers in this case
unveil that there are some regions unaffected by the
drop. In these cases, outliers may carry significances
and should not to be ignored. You ought to do some
follow-ups with that.

16



Kathy:  Ah! Therefore a good data analysis must be a balanced
consideration of the data collected and the real
situation. We should keep sober when doing analyses
and combine the reality with a suitable analysing
method.

A Little Reflection:

Science and mathematics are closely related. Statistics is a big
area that both subjects will come across. In this project, we
combine elements of both sides into one written report, with a
view to stretching our thoughts. This is a topic that we
hammered out after a long time of discussion. We hope our
effort can inspire everyone and let them know how extensively
statistics can be applied in our life. Thank you.

17
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1. #EEER
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153”5 |:|='|:|Z “Detective + Banker”

School Name: Good Hope School
Student Name: Sharon Pun, Vivian Lee, Pamela Wong
Level: Secondary 4
Supervising Teacher: Mr Kenneth Tang

Abstract

The story begins with Jimmy, a banker responsible for middle-
class clients, being scolded by his boss for not meeting the
expected monthly sales volume for the financial products of the
bank. Having failed to deal with his existing clients, he
considered recruiting new ones. When reviewing the financial
information of some potential clients, Jimmy unexpectedly
discovered some strange cases which triggered his further
investigation.

Why was there a deposit of a tremendous amount of money in
an account suddenly? What caused transactions of considerable
sums of money into an account regularly?

Let’s begin this mysterious journey with Jimmy!
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%f@/ﬁé@%

26" \S’e/erméer, 2013

Dear ﬁimy,

Dll sy and ey louds... 965 boon a mad dy! 9 was calted 1 the fss
office in the morning. He warned me that 9 was not rmcﬁinﬂ the expeofe&/ sules
volume for the bank’s financial /J;ﬂoo/ucfy for months (. again!). The man was
really serious this time, constantly warning me that 9'd be FIRED if my sales
volume stays low,

Al 9've got in my life is this job as a hanker in the King's Bank; all 9 know is
how to fpromote investment ﬁ[//my to the clients of ”\S’uﬁeré Aecount”, 9've heen
doing this for 7 years now, so how could 9 live if 9 lost my joh? 9 just couldn’t

imagine how to live a life of disaster in unemﬁ@ymenf/
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9 realized how severe the case was, so 9 pm‘ extra eﬁ[om‘ into /aoéiry fmﬂ
/Jofenﬁﬂ/ clients, so that L‘ﬁey would Mﬁﬂl"&m/ﬂ to the Superé Account, the first
essential stepy to increasing my sales volume. 9 have a few in mind, but it's

reﬂ@ late now, so 9 look info them one @ one tomorrow.

Good niﬂﬁl‘,

7immy
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27/ ' \S’epfeméen 2013

Dear Viary,

9 confinued J'earcﬁiry hard for /mfenﬁa/ clients in the normal accounts
dedicated to me. 7‘6@ are mn&/om@ taken fmm all clients ﬁoﬂ//iry normal
accounts in the rejian 0][ my bank, 9 looked info sheets and sheets 0][ statistics

J‘ﬁowiry the f/mﬁry asset levels of those clients dedicated fo me.
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Client

A
B

Mr Alex Tam
D
E

Mrs Vian Fung
G

— —

Mr Chan Yin Wah

oz Z

The floating assets of clients (HKS$ )

12000
5000
25944242
10000
8000
82000000
6004
4543
3145
45894
40000152
45924
45968
9894
32420
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The floating assets for different clients (HKS )
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b
Client

Then 9 found somefﬁinﬂ gyewafcﬁinﬂ, There are three clients with

parﬁcu/ar@ ﬁ@ﬁ f/oaﬁnﬂ asset levels, Tﬁby must be the ones 9 should look for!

Good n@ﬁf anyway,

Jimmy
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28" Sepfeméen 2013

Dear ﬁiﬂ@,

9t was mperé to have a meeting with Keith in Fantasy Bar just now. We
haven't seen each other for years; ﬂcfua@, since when we hoth jm&/rmfe&/ from
schooll He's now a stafistical officer worﬁi@ for the - government ~ 5o talented is
he!

We chatted abhout what we've been p/oiry /ﬂfe@ and 9 told him about my
&ﬁycoueiy a few ﬂ/ﬂyy ag0 (without going into details of the ﬁermnﬂ/ information
of the clients, of course). He J'Wﬂeyfe/ the three ﬁﬁyﬁnc@ ﬁiﬂﬁ asset levels miﬂﬁf
be outliers, from a statistics perspective. 9 learnt from him three statistical ways
to show outliers, Lef me check to see whether L‘ﬁey are ﬂcz‘uﬂ@ outliers, 9 can
then understand more about the data before any further action!

Flnyw&g, 9 am I"Eﬂ@ exﬁﬂuxfe/ ﬂﬁ‘er a hectic woréinﬂ /ay,’ ﬁerﬁa/u' 9N do all
this tomorrow,

Goo;ﬁ@ﬁf,

Jimmy
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291'% Sepfeméer, 2013

Dear Diary,

9'd describe fa/ay as a suceess in foroving the existence of outliers in my set of data,
9 tried out one of the methods " Meanz 3 Standard Deviation” fw/ﬂy,

7o éggin with, 9 first needed to understand the meaning of Standard Deviation
(S0):

In statistics and probability theory, standard deviation (represented by the

symbol sigma, ¢) shows how much variation or dispersion exists for the data
from the average (mean), or expected value. A low standard deviation indicates
that the data tend to be very close to the mean; high standard deviation indicates

that the data points are spread out over a large range of values.

The formula for standard deviation:

In this formula, x is the value of the mean, N is the sample size, and x; represents

each data value from i=1 to i=N. The > symbol indicates the operation of sum
(X1 - 1)+ (X - 1) + (s - 1) + (Xa - 1) + (Xs - ).+ (- 1),
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9 took my data, exceﬁz‘ the three distinct data, as the whole /Joﬁu/afion and
caleulnted the mean as well as the standard deviation. A range was caleulnted

based on the formuln " Mean + 3Standard Deviation” Any data that is out of

this range is then ;ﬂejﬂm[eﬁ/ as an outlier,

Floating assets of different clients (HK$)

Client Floating Assets (HK$)

A 12000

B 5000

D 10000

E 8000

G 6004

H 4543

I 3145

J 45894

L 45924

M 45968

N 9894

0 32420
Mean 19066
SD 17114.1
Mean+3SD 70408.3
Mean -3SD -32276.3
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Therefore the rej'u/finﬂ range was between §-32276.3 and §70408.3, while the
three xmpecfea/ outliers were $25944242, $82000000 and $40000(52
respectively, and the three lied far beyond the range. Therefore, it seemed that
the three were indeed outliers!

Keith mentioned that the above method was most useful when the data followed
a normal distribution but 9 was not certain that my data followed a normal
distribution. Zs a result, 9 tried another method: "median+ 3 Median Absolute
Deviation (MAD)" to verify the ahove result Simi/ar@, 9 first necded to

understand what is meant @ MAD:
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Median absolute deviation is a robust measure of the variability of

a univariate sample of quantitative data.

For a univariate data set Xy, Xo, ..., X5, the MAD is defined as

the median of the absolute deviations from the data’'s median:

MAD = median|x, - median|

that is, starting with the deviations of every datum from the median of
all data, median absolute deviation is the median of the absolute values
of the deviations. For example, consider the data (1, 1, 2, 2, 4, 6, 9). It
has a median value of 2. The absolute deviations from 2 are (1, 1, 0, 0,
2, 4, 7) respectively which in turn have a median value of 1.So the

median absolute deviation for this data is 1.

Using similar fecﬁnicluey as in the first method, 9 caleulnted the range for

“median+ 3 MAD" as follows
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Client | Floating assets (HK$ ) | Difference from median
A 12000 2053
B 5000 4947
D 10000 53
E 8000 1947
G 6004 3943
H 4543 5404
I 3145 6802
J 45894 35947
L 45924 35977
M 45968 36021
N 9894 53
O 32420 22473

*Median of Floating Assets = 9947

Median of Floating Assets 9947
MAD 5175.5
Median + 3SMAD 25473.5
Median - 3MAD -5489.5
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Again, the three m;/aecfeﬁ/ outhers fall out of the range of $-5489.5 to
$25473.5, s0 fﬁey must :ﬂea@ he outliers!

%‘inﬂ these two methods on@ tells us that these three are outliers, However, 9

want to know “how 0M@iﬂj are the outliers?"

Y late now so 91 fiy the last method fomorrow!

Love,

7immy
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30" September, 2013

Dear ﬁimy,

9 tried using the last method 5'@jeyfe¢/ @ Keith to uem’@ the outliers foo/ay, 9
dvided the data into y/ Wﬂ;ﬂﬁ/ex, then i/enfiﬁe&/ the maximum and minimum
dnta values, and made a 50;( ﬁﬂ?f. This method c/m'xifiex the outliers info two
cateqories @ setting two reference foints: the upper fence and far upper fence.
The upper fence is a value eqm/ to the sum of the upper Warﬁfe and
1.5 (upper qumﬂfi/e ~ lower 7mrﬁ/e], whereas the far upper fence is a value

eclua/ to the sum of the upfer quﬂrﬁfe and 3(. upper clumfi/e ~ lower 7umﬁ/e ).
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140000
|
120000
100000
M First Quartile
7y
¥ . .
%:;80000 —— A Minimum
g
9 Second Quartile
(4]
&
B 60000 B Maximum
=
— Far Upper Fence
40000
Third Quartile
— Upper Fence
20000 - PP
0 )
Client
Floating assets of clients (HKS)

With reference to the jl"ﬂ/]ﬁ, the three distinet values all exceeded the far upper
fence, 9t means that they are all far outliers, i.e. extreme outliers,
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So it is pretty certain that the three distinct asset levels are all, pofenﬁﬂ/ clients of
the Superé Aecount. 9 will investigate their cases in greater detail and
aﬁprmcﬁ them imﬁ’vi/m@,

Love,

7immy
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@efaé@ﬂ

2th October, 2003

Dear @imy,

7’0&/@ 9 was :ﬂeuiewinj Mr., ?l/e)( Tam, a J’unior clerk’s, ﬁmnciﬂ/
informaﬁon,. However, when 9 was J'z‘w@i@ his money assets, 9 ][oum/ that
there was a J‘il’ig/ﬂ ;/epoyif 0/[ f2§900000 made to his account on 26
Sepfeméer, 2013 and hefore that his }%ﬂﬁ@ asset level was much
lower. 9 started to wonder what must have ﬁﬂppene/ to him :ﬂecem‘@,

9 called Mr. Tam to invite him to come to the bank to discuss his financial
p/ﬂm'. In our conversation, comﬁ[ez‘e@ fo my J‘Mif'ﬂi"ﬂ'ﬂ, he said he had no idea

about the $25900000 at alll
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How could that be possible? 9 quickly checked the bank records, made some
phone calls and found out at last. .

9% was actually a silly mistake whereby another customer had mistakenly typed
the lust dlgit of their account number wrongly, such that a great sum of money

was ﬂcci/enfa@ ﬁ[e/;o.vife/ into the hank account of M. Tam,

9immy
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9th October, 2013

Dear Diary,

9t was a joa/ sunny /ay and my mind was filled with sunshine as well. 9
investigated another outlier that 9 found in my set of data. 9 phoned Mrs
Fung, o midilo-aged laly who hal an ot of $ 82000000 depositea o her
bhank_ account a few months a4o. After the forevious case, 9 was more than
careful when talking to her. 9t turned out that she had won the lottery in
Canada months ago!

How /uc@ she was. .. 9 wish 9 were her ... then 9 wouldn't be sitting here
worrying ahout my career. But at least s, Fung apﬁreciﬂfe&/ my effort and

ﬁymeﬂ/ to visit me. 9 ﬁope that she can ﬁe/ﬂ imfarove my perﬁwmance ﬁ'jmﬂey a
bit. ..

Wish me luck,!

7immy
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10th October, 2013

Dear ﬁimy,

Today was finally time to verify and investigate the last outlier. 9 started the
dly full o hope. However, 9 endc it in despair andl annoyance

When 9 dialed the phone number of Mr. Chan, the one who had an outlying
floating asset level, 9 had mixed feelings about the possible outcome. 9 took
while until Mr. Chan answered the phone. 9t was such an ugly voice with
puds tone, and e hung up efore 9 had even finished my speech! This man
was completely ruining my dny!

9 then calmed myself down and convinced myself that he was just too busy and
in a had mood vight at that time. Affer a fow hours, 9 plucked up the courage
to call him again. And quess what? 9t ended with the same result, may be even
worse!

7immy
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12th October, 2003

Dear 771’&1@,

9 AM NOT GOING TO ENTERTAIN THIS MR CHAN
ANYMORE', 9 swore,

But when my hoss came info my mind, 9 thought it might he a good idea to do
some more frreparation before 9 called him again. 9 looked in detail at his

account and discovered wild fluctaations of his f/aafiry assefs over time,

Floating assets (HKDS)

1000000 Chan Yin-wah suspicious case in 2013

800000

600000 — —

400000 —
Floating assets (HKDS)

200000

Amount of money deposit
(HKDS)

0__ T T T T T T 1
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9 looked s'fmnﬂe, ., Well he n@ﬁf he mnniry a husiness and have an
irmﬂu/ﬂr cash flow, or may be money /aum/em’@, But the fpoint is, 9 am

confused about what 9 should do next,

7immy
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17th October, 2003

Dear ﬁimy,

9've heen fﬁro»igﬁ a éy J'frwfe fo;/ay, V:ina@ 9 decided to share my
thoughts with my boss and seek his opinion about the best way to deal with
Mr. Chan's case, To my J'M;ﬂpm}'e, my hoss asked me not to fo/ﬁ;w~ up this case
myself, but to send him all the relevant information about Mr. Chan. s
such, 9 was too busy to think of the consequences of losing a potential client.
Sweet dreams,

7;’mmy
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Newember

5”/Noveméer, 2013

Dear Dairy,

To&/ay was the best /ay of 203 @ far! The case of Mr. Chan turned out to
be a J'mpiciom' money%mm/eriry case! He was taken to court and pmﬂf of the
evidence used in the court had been ﬁ:ﬂepmﬂef/ @ me ﬁfayy before. 9 am ﬂ/ﬂi/
that my havd work /mif/ off after all and ﬁe/peﬁ/ towards maintaining a
harmonious sociefy.

Botter still, M, Fung was convinced @ my financial p/ﬂn and invested a
considerable amount of money in some financial ﬁro/ucfy, There would be no
/moé/em in meeting my exﬁecz‘e&/ sales volume for months, Because of this, my

é(w pl"ﬂij'ﬂi/ me .S'EUEI’WI/ times!
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9 ﬁo/Je to make joo/ use o][ my skills and experience to continue to confribute to
the company and. sociely in the future!
Cheers,

9;‘mmy
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“All the News
That's Fit to Print”

Late Edition
Today: mostly cloudy, a passing afternoon

shower, cooler, high 16°C. Tonight: cloudy, low

13°C. Tomorrow: mostly cloudy, a couple of

24-year-old man jailed for 10 years for
laundering HK$100 million in Hong Kong

Case discovered by a banker when studying customers’ information

showers, high 19°C. Weather map, Page D8

by Wong Yee-wah Joyce and Chan Hing-lam Roger

Convicted money launderer Chan Yin-wah,
24, has been sentenced to 10 years
imprisonment for persistent laundering in
recent months.

Magistrate Tang Lok-in said Chan’s crime
was serious as he laundered for a Triad
society for 4 months, which would have an
unbearable impact on society. She
mentioned that she could not remember a
case where the laundering activity had
lasted for so long.

According to evidence provided by the
Hong Kong Police Force, Chan helped an
unnamed drug lord to launder $100 million
in total within a 6-month period.

After Chan successfully finished each task,
he received $10000, suspected to be the
main motive for his criminal activity.

Jimmy Leung Chun-yuen, one of the key
witnesses of the case, discovered the
whole incident. He works as a banker in
King’s Bank and accidentally discovered
sudden changes in Chan'’s floating assets.
He reported the case to his senior, who
later sent the case to the police for further
investigation.

Leung is being tipped to receive a Good
Citizen Award in January 2014.



References:

1. Money Laundering
“Money laundering” covers all kinds of methods used to change
the identity of illegally obtained money (i.e. crime proceeds) so
that it appears to have originated from a legitimate source.
http://Awww.nd.gov.hk/pdf/moneylaundering/AML _eng_part3.pdf

2. Determining suspicious transactions
To understand the financial background of clients. To confirm the
source of assets deposited to clients’ bank accounts etc.
http://www.sfc.hk/web/doc/TC/intermediaries/supervision/preve
ntion/Module5.pdf
PowerPoint presentation conducted by the Narcotics Divisions,

Security Bureau, and Security and Futures Commission
http://mwww.nd.gov.hk/pdf/moneylaundering/AML_eng_part3.pdf

3. Standard Deviation
http://en.wikipedia.org/wiki/Standard deviation

http://www.mathmotivation.com/symbolic/standard-

deviation.html

4. Median Absolute Deviation
http://en.wikipedia.org/wiki/Median absolute deviation
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201002 25 7R 2 4 9
201002 26 7R 2 4 9
20100301 an 3 4 9
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- BanEt BarEt Thgkgat KRSt
201003 02 7R 2 3 8
201003 03 7S 1 3 7
201003 04 7S 1 3 7
2010 03 05 R 1 3 6
201003 08 F- 1 4 7
201003 09 F- 2 4 8
201003 10 R 2 3 8
201003 11 7R 2 3 7
201003 12 7R 2 3 7
201003 15 an 2 3 7
201003 16 7S 1 3 6
201003 17 F- 2 4 7
201003 18 R 2 4 7
201003 19 7 2 4 7
201003 22 7N 1 3 7
201003 23 7R 1 2 6 18
201003 24 7S 0 2 5 18
201003 25 7S 0 2 5 18
201003 26 an 1 3 6 19
201003 29 F- 2 3 6 20
201003 30 F- 3 4 7 21
201003 31 R 3 3 7 20
201004 01 F- 4 4 8 20
2010 04 07 It 4 5 9 21
2010 04 08 an 4 6 9 22
201004 09 an 4 7 9 22
201004 12 7S 4 7 9 21
201004 13 R 3 7 9 21
201004 14 R 2 6 9 21
201004 15 R 1 5 8 20
201004 16 R 0 4 8 19
201004 19 7S 0 4 7 18
201004 20 Ft 1 4 8 19
201004 21 7S 1 3 8 18
2010 04 22 an 2 3 9 19
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(ARBAS s 5 N >
Barat Baat THERSEET BarEt
201004 23 7S 2 2 9 19
2010 04 26 an 3 3 10 20
201004 29 i 2 4 9 19
201004 30 an 3 5 9 19
201005 03 R 2 5 9 19
201005 04 i 2 4 8 19
2010 05 05 7 1 4 7 19
2010 05 06 7 1 3 6 19
201005 07 an 1 4 6 19
201005 10 an 2 4 7 19
201005 11 R 2 4 7 19
201005 12 an 3 4 8 20
201005 13 R 3 4 8 19
201005 14 R 2 3 8 19
201005 17 R 1 3 8 19
201005 18 Ft 2 4 8 20
201005 19 Ft 2 5 9 21
201005 20 7R 2 5 8 20
201005 24 an 3 5 9 20
201005 25 R 3 4 8 20
201005 26 Ft 3 5 9 21
201005 27 Ft- 3 5 9 22
201005 28 7N 3 5 9 21
201005 31 Tt 3 6 9 22
2010 06 01 7R 3 6 9 21
2010 06 02 7 2 5 9 21
2010 06 03 7S 1 4 9 21
2010 06 04 Ft 2 5 10 22
2010 06 07 Ft 2 5 10 23
2010 06 08 Ft- 3 6 10 24
2010 06 09 an 4 6 11 25
201006 10 Ft 5 6 11 25
201006 11 7S 4 6 11 24
201006 14 7 3 5 11 23
2010 06 15 an 3 6 12 24
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(ARBA S s 5 N >
Barat Baat THERSEET BarEt
201006 17 7S 2 6 11 23
201006 18 an 2 7 11 23
201006 21 Ft 3 7 12 23
2010 06 22 R 3 6 11 22
201006 23 an 3 6 12 23
201006 24 R 3 5 11 23
2010 06 25 F- 3 5 11 24
201006 28 7 2 5 11 24
2010 06 29 7S 2 5 10 24
201006 30 Ft 2 5 11 25
201007 02 7S 2 5 11 24
2010 07 05 an 2 5 12 25
2010 07 06 F- 3 5 12 25
201007 07 R 3 5 11 25
201007 08 R 2 4 10 24
201007 09 Ft 3 5 10 25
201007 12 7 2 4 9 24
201007 13 7 1 4 9 24
201007 14 7S 1 4 9 23
201007 15 R 1 3 8 23
201007 16 R 0 3 8 23
201007 19 F- 1 3 8 24
201007 20 F- 2 3 8 25
201007 21 Ft 3 4 9 25
201007 22 Tt 4 5 9 25
201007 23 7 4 4 9 25
201007 26 7S 3 4 8 24
201007 27 R 2 4 8 24
201007 28 an 2 5 9 25
201007 29 R 1 5 8 25
201007 30 Ft 2 6 9 25
2010 08 02 Ft 3 6 9 25
201008 03 7S 3 5 8 25
201008 04 7S 2 4 8 24
2010 08 05 7 2 3 8 24
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(=4EDIRS - s N s
arEt BanEt THEk&Et H st
2010 08 06 Tt 2 4 8 24
2010 08 09 Ft 2 5 9 24
201008 10 7R 2 5 9 24
201008 11 7 2 4 9 23
201008 12 an 3 5 10 24
201008 13 7N 2 4 10 24
201008 16 F- 2 4 10 25
201008 17 Tt 3 5 10 25
201008 18 7R 3 5 9 24
201008 19 7S 2 5 8 23
201008 20 an 3 5 9 23
201008 23 7N 2 4 9 22
201008 24 iz 1 4 9 22
201008 25 I 2 5 9 23
201008 26 7N 2 4 9 22
2010 08 27 Tt 2 5 9 23
201008 30 7R 2 4 8 22
201008 31 7S 2 3 8 21
201009 01 an 2 4 9 22
201009 02 7 2 4 9 21
201009 03 van 2 4 9 22
201009 06 F- 3 5 9 22
201009 07 7N 3 5 9 22
201009 08 7R 2 4 9 22
201009 09 7R 2 4 8 21
201009 10 7S 1 3 8 21
201009 13 an 1 4 8 21
201009 14 7 1 4 7 20
201009 15 7 1 3 7 20
201009 16 7N 1 3 7 20
201009 17 F- 2 3 7 20
201009 20 It 2 3 8 21
201009 21 7R 2 3 8 21
201009 22 7S 2 3 7 21
201009 24 Tt 3 4 8 22
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HHETBRHE FATHRE - RE% I ARTHERH

.
BHTHR T ey 0 (T Y ST
201009 27 Eﬁi 2 4 7 22
201009 28 Eﬁi 1 3 7 21
201009 29 ﬂ“ 2 4 8 21
201009 30 SaR 3 5 8 21
20101004 SAR 3 6 9 21
20101005 ﬂ‘ 4 6 9 22
2010 10 06 Eﬁi 4 5 8 22
20101007 Eﬁ{ 3 5 8 22
20101008 FF 3 6 9 22
20101011 ﬂ“ 3 6 10 23
20101012 Eﬁi 2 6 10 22
20101013 7‘[‘ 3 7 10 22
201010 14 ﬂ 4 7 11 23
20101015 ﬂ‘ 4 7 12 24
20101018 Eﬁi 3 6 12 24
20101019 9:[* 4 6 12 24
20101020 FF 4 7 12 24
20101021 Eﬁi 3 7 12 24
20101022 Eﬁi 2 6 12 24
201010 25 SAR 3 6 12 24
201010 26 Bk 2 6 12 24
201010 27 Eﬁi 1 5 12 23
20101028 Eﬁi 1 4 11 22
201010 29 Eﬁ% 1 3 10 22
20101101 FF 1 4 10 23
20101102 ﬂ“ 2 4 10 23
20101103 ﬂ“ 3 4 11 24
20101104 ﬂ‘ 4 5 12 25
20101105 Bk 4 5 11 24
20101108 ﬂ‘ 4 5 11 25
20101109 Bk 3 5 11 24
20101110 Eﬁi 2 5 10 24
20101111 ﬂ‘ 2 6 10 25
20101112 Eﬁi 2 6 9 24
20101115 Eﬁi 1 5 9 24
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(AEBIRTS = s N x
BarEt Baat THEk&Et H st
201011 16 7R 1 4 8 23
20101117 7S 1 3 7 22
20101118 an 1 3 8 23
20101119 R 1 3 8 23
201011 22 Ft- 2 3 8 24
201011 23 R 2 3 8 24
201011 24 7N 2 3 8 23
201011 25 7R 1 2 8 23
201011 26 7S 1 2 8 23
201011 29 an 1 3 8 24
20101130 7S 1 3 7 23
20101201 F- 2 4 7 23
2010 12 02 7N 2 3 6 23
20101203 7N 2 3 6 23
201012 06 R 1 2 5 22
201012 07 Ft 2 3 6 23
20101208 7S 1 3 6 23
20101209 7S 1 3 5 22
20101210 an 2 4 6 22
201012 13 R 2 3 6 21
20101214 R 1 3 6 20
201012 15 R 1 2 6 20
20101216 R 1 2 5 20
20101217 Van 1 3 6 20
201012 20 7S 1 3 5 19
201012 21 an 2 3 6 20
201012 22 7S 2 3 6 19
201012 23 R 2 3 6 18
20101224 R 1 2 6 17
20101228 F- 2 3 6 18
201012 29 F- 2 4 7 18
201012 30 Tt 3 5 7 18
20101231 7S 3 5 7 18
20110103 an 4 5 8 19
20110104 an 4 6 9 19
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(AEBIRTS s 5 N >
BarEt BarEt THERSEET H &t
201101 05 Tt 4 6 9 20
20110106 7S 3 6 9 20
20110107 7S 3 6 9 20
20110110 R 2 6 8 20
20110111 Ft- 2 6 9 20
20110112 F- 2 6 10 20
20110113 7N 2 5 10 19
20110114 7R 2 5 10 18
20110117 7S 2 4 9 18
20110118 7S 1 3 9 17
20110119 an 1 3 9 18
201101 20 R 1 3 9 18
20110121 7 1 3 9 17
20110124 7N 1 3 9 17
201101 25 R 1 2 8 17
201101 26 Ft 1 2 8 18
201101 27 7S 1 2 7 18
201101 28 7S 1 2 7 17
20110131 an 2 3 7 18
20110201 F- 3 4 7 18
201102 02 F- 3 4 7 19
2011 02 07 R 3 4 7 19
2011 02 08 7N 3 4 7 19
201102 09 7S 2 4 7 19
201102 10 7S 1 4 6 18
20110211 2 1 4 6 19
201102 14 an 2 5 7 19
201102 15 R 2 5 7 19
201102 16 F- 3 5 8 20
201102 17 F- 4 5 9 21
20110218 F- 4 5 9 21
201102 21 7R 3 5 9 21
201102 22 7S 3 5 9 21
201102 23 7S 2 5 9 20
201102 24 7S 1 5 9 20
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(=4EDIRS - s N s
arEt BanEt THEk&Et H st
201102 25 Tt 1 5 9 21
201102 28 Ft 2 5 10 22
20110301 Tt 3 6 11 23
201103 02 7 3 5 10 22
201103 03 an 4 5 10 23
201103 04 7N 3 4 9 22
2011 03 07 F- 3 5 10 23
201103 08 Ft 3 6 11 24
201103 09 7R 3 6 11 24
201103 10 7S 2 6 11 23
201103 11 R 2 5 10 22
201103 14 F- 2 5 10 22
201103 15 iz 1 4 10 22
201103 16 7N 1 4 9 21
201103 17 F- 2 4 9 21
201103 18 7R 2 4 8 20
201103 21 Tt 2 4 9 21
201103 22 Tt 3 4 10 22
201103 23 an 4 5 11 23
201103 24 7 3 5 11 22
201103 25 an 4 6 11 22
201103 28 7N 3 5 10 22
201103 29 F- 3 6 10 23
201103 30 Tt 3 7 11 24
201103 31 7R 3 6 10 24
20110401 an 3 7 11 24
201104 04 an 4 7 11 25
2011 04 06 It 4 7 11 26
201104 07 7 3 6 11 26
201104 08 F- 4 7 12 27
201104 11 7N 3 6 12 26
201104 12 7R 2 6 11 26
201104 13 Tt 2 6 12 27
201104 14 Tt 3 6 13 27
201104 15 7S 2 6 12 26
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5

201104 18 B 2 1 >
201104 19 B 2 4 1 >
20110420 7+ 2 4 1 o
20110421 7+
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(AEBA S = 5 M >
BarEt Bt JhBR&RET DRt

201104 26 Ft
201104 27 7
201104 28 7S
201104 29 i
20110503 R 1
20110504 R 0
2011 05 05 7t 1
2011 05 06 Ft 2
20110509 Ft 3
20110511 7R 3 4
201105 12 7S 3 3
201105 13 an 3 4
201105 16 R 2 4
201105 17 R 1 4
20110518 F- 2 5
20110519 Tt 3 6
201105 20 7S 2 5
201105 23 e 2 4
201105 24 Ft 3 4
201105 25 an 3 5 9
201105 26 an 3 6 9
201105 27 an 4 6 10
201105 30 F- 5 7 11
20110531 F- 5 8 12
201106 01 7 4 7 12
2011 06 02 7 3 6 12
201106 03 7S 2 6 11
201106 07 an 2 7 11
2011 06 08 R 1 6 10
2011 06 09 R 1 5 10
201106 10 R 1 4 10
201106 13 Ff- 2 4 10
201106 14 Ft 2 4 11
201106 15 7S 2 3 11
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(bR s > N >
Baat st JRERSGT KRS
201106 16 7S 2 3 10
201106 17 7S 2 3 9
2011 06 20 Bk 1 3 9
2011 06 21 Tt 1 3 10
2011 06 22 R 1 3 9
2011 06 23 7N 1 3 8
201106 24 as 2 4 8
2011 06 27 Ft 3 4 8
201106 28 7R 2 3 7
201106 29 7R 2 3 6
201106 30 an 3 4 7
201107 04 7S 2 4 7
2011 07 05 7 1 4 7
2011 07 06 7N 1 3 6
201107 07 g 1 3 6
2011 07 08 an 1 4 7 21
20110711 7R 1 3 7 20
201107 12 7R 1 2 6 20
201107 13 Ft 2 3 6 21
201107 14 7S 2 3 6 21
201107 15 R 1 2 6 21
201107 18 an 2 3 7 22
201107 19 Ft- 3 4 8 22
201107 20 7N 2 4 7 21
201107 21 7R 2 4 7 20
201107 22 Tt 3 4 8 21
201107 25 7S 2 4 7 21
201107 26 an 2 5 7 21
201107 27 Ft 3 5 8 22
201107 28 It 4 6 9 23
201107 29 7N 3 6 8 22
201108 01 7N 3 5 8 21
201108 02 7R 2 4 8 21
201108 03 7S 1 4 8 21
201108 04 7S 0 4 8 20
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(=4EDIRS s 5 M >
BarEt BaEt TSGR 0BGt
2011 08 05 7R 0 3 7 19
201108 08 Tt 1 4 8 19
201108 09 an 2 4 9 19
201108 10 7S 2 3 8 18
201108 11 Tt 3 3 9 18
201108 12 7N 3 3 9 18
2011 08 15 I 3 4 9 19
201108 16 7N 2 4 8 19
201108 17 7R 2 4 8 18
201108 18 7R 1 4 8 18
201108 19 7S 1 4 7 18
201108 22 7R 0 3 7 18
201108 23 It 1 3 7 18
201108 24 iz 1 3 6 17
2011 08 25 7N 1 2 5 17
201108 26 7N 1 2 5 17
201108 29 7R 1 1 5 17
201108 30 7R 0 1 5 17
201108 31 an 1 2 6 17
20110901 7R 1 2 6 17
201109 02 iz 1 2 6 17
2011 09 05 iz 1 2 5 16
2011 09 06 I 2 2 5 16
2011 09 07 F- 2 3 6 17
201109 08 7R 2 3 5 17
201109 09 7R 2 3 5 16
201109 12 7S 2 3 4 16
201109 14 7S 1 3 4 16
201109 15 iz 0 2 4 16
201109 16 iz 0 2 4 16
201109 19 7N 0 2 4 15
201109 20 7N 0 2 4 15
201109 21 7R 0 1 3 15
201109 22 7R 0 0 3 14
201109 23 an 1 1 4 15
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weRst  WERE HBSGT HEgGT
2011 09 26 ik 1 1 4 15
2011 09 27 FF 2 2 5 15
201109 28 7t 3 3 6 15
201109 30 ik 3 3 5 15
20111003 e 2 3 5 15
20111004 oS 2 3 5 14
2011 1006 SAR 2 4 6 15
2011 1007 SAR 2 5 6 15
20111010 ik 2 5 5 14
20111011 ik 2 4 5 13
20111012 7t 3 5 6 14
20111013 7t 3 5 7 15
20111014 e 2 4 7 15
20111017 7t 3 5 8 16
20111018 ik 3 5 8 16
20111019 ik 2 5 8 16
20111020 ik 1 4 8 15
20111021 ik 1 3 8 14
20111024 7t 1 4 9 15
201110 25 7t 2 5 9 15
201110 26 7t 3 5 10 16
20111027 7t 4 5 10 16
20111028 ik 4 5 9 16
20111031 ik 3 4 9 16
20111101 ik 2 4 9 16
20111102 FF 2 5 10 17
20111103 ik 1 5 9 17
20111104 ik 1 5 8 16
20111107 oS 1 4 8 16
20111108 oS 1 3 8 16
20111109 ik 0 2 7 16
20111110 ik 0 1 6 16
20111111 ik 0 1 6 16
20111114 ik 0 1 5 15
20111115 7t 1 2 6 16
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20111116 2 1 1 . 16
20111117 7+ 2 5 ; 17
20111118 2 2 5 ; 16
20111121 B 2 5 6 1
20111122 7+ 2 3 6 16
20111123 P 2 3 s 16
2011 11 24 7+ 2 4 s 17
20111125 7t 3 5 . 18
20111128 7t 4 6 ; 1
20111129 7 4 6 g 20
20111130 2 4 6 ; 20
20111201 3 3 5 ; 50
201112 02 7 3 6 g 51
20111205 7+ 3 7 9 5
20111206 B 2 6 9 o1
20111207 7t 3 7 10 5
20111208 B 3 6 10 o1
20111209 B 2 5 10 -
201112 12 B 1 4 10 20
20111213 7+ 2 4 10 51
201112 14 7t 2 5 1 5
20111215 B 2 5 10 o1
201112 16 7+ 3 5 1 51
201112 19 i 3 4 1 o
20111220 7 3 5 1 5
20111221 2 2 4 1 o1
20111222 7t 3 5 1 51
20111223 7+ 3 6 1 5
20111228 s 3 6 10 )1
20111229 7+ 3 6 10 5
20111230 Bk 3 5 10 >
20120103 7t 3 6 1 53
20120104 2 2 5 10 53
20120105 7t 3 6 10 53
20120106 2 2 5 10 5
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et Bat FHgkarst HEGRET
2012 0110 iR 3 6 11 22
2012 01 11 7t 4 6 12 23
2012 0112 2k 3 6 12 23
2012 0113 ik 3 5 11 23
201201 16 k 2 5 10 22
20120117 7} 2 5 11 23
20120118 F 2 6 11 24
2012 01 19 F 3 6 12 25
2012 01 20 7S 3 6 11 25
2012 01 26 7S 3 5 11 25
2012 01 27 FF 3 5 11 26
2012 01 30 2k 2 4 10 26
2012 01 31 Ft 2 5 11 27
2012 02 01 k 2 5 10 26
201202 02 F 3 6 11 27
201202 03 F 3 6 11 27
2012 02 06 ik 3 5 11 27
2012 02 07 ik 2 4 10 27
2012 02 08 FF 3 5 11 27
2012 02 09 F+ 3 6 11 28
2012 02 10 k 2 5 10 27
201202 13 F+ 3 6 10 27
201202 14 F 4 6 11 27
2012 02 15 F 4 7 12 27
2012 02 16 7S 3 6 12 27
2012 02 20 7S 3 5 11 27
2012 02 21 F+ 3 6 11 27
2012 02 22 F+ 3 7 11 27
2012 02 23 ## 3 7 12 28
201202 24 S 3 6 12 27
2012 02 27 %S 3 6 11 27
2012 02 28 F 3 6 12 28
2012 02 29 Ft 3 6 12 29
2012 03 01 7S 2 5 12 28
2012 03 02 2k 2 5 11 27
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Baat st TRt KRRt
2012 03 05 7S 2 5 10 27
2012 03 06 7S 1 4 10 26
201203 07 an 1 4 11 27
2012 03 08 F- 2 4 11 27
2012 03 09 F- 3 5 11 28
201203 12 F- 4 6 12 28
201203 13 F- 5 6 12 28
201203 14 7S 4 5 11 28
201203 15 Ft 4 6 11 28
201203 16 7S 3 6 11 28
201203 19 7S 2 6 11 27
201203 20 R 1 6 10 27
201203 21 R 1 5 9 26
2012 03 22 F- 1 5 9 27
201203 23 R 1 4 9 26
2012 03 26 7 1 3 9 25
2012 03 27 Ft 2 3 9 25
201203 28 7 2 3 8 25
201203 29 i 1 2 8 25
201203 30 an 2 3 9 26
2012 04 02 R 2 3 9 25
2012 04 03 F- 2 4 10 25
2012 04 05 F- 3 5 10 25
2012 04 06 Ft 4 5 10 26
2012 04 09 Ft 4 6 10 27
201204 10 7S 4 6 9 26
201204 11 an 4 6 9 27
201204 12 Ft 4 7 10 27
201204 13 San 4 8 10 28
201204 16 F- 4 8 11 28
2012 04 17 R 4 8 11 27
201204 18 7 3 7 11 27
201204 19 Ft 3 7 12 28
2012 04 20 an 3 7 12 28
2012 04 23 7S 2 6 12 27
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2012 04 24 7t 3 5 13 .
2012 04 25 Bk 3 6 1 57
2012 04 26 7t 3 6 13 57
2012 0427 B 2 5 13 o
2012 04 30 7t 3 5 13 57
2012 05 02 7+ 3 6 12 >
2012 05 03 7+ 4 7 14 28
2012 05 04 B 3 6 13 57
2012 05 07 Bk 3 5 1 2
2012 05 08 B 2 5 11 iy
2012 05 09 Bk 1 4 11 e
2012 05 10 Bk 0 4 10 o
20120511 s 0 3 9 o
2012 05 14 s 0 3 g o
201205 15 7+ 1 3 g -
201205 16 B 1 5 g >
2012 05 17 Bk 1 1 g >
2012 05 18 7+ 2 5 g ’e
2012 0521 7+ 3 3 g o
201205 22 B 2 3 g o
2012 05 23 oS 2 3 . >3
2012 05 24 Bk 2 3 ; o
201205 25 B
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HAIF SRR AR T AT TR AR R ~ BHECRE ~ frEkx
B REBREE IR G E - 8 Y BEEESET
Xi, X, Xg, Xa RyBEMRCREL ~ BIPCREL ~ fnEKEL ~ iz
RE - HMTERET T THEE > 155 50 8 (X, Xn2
Xn3, Xna , Yn) BREELE - (0 BEEESH, n=1,2,...50)

QR s
F R I R R A R 2
Y=Xf+¢&, Hrf
Y1 Xy Bo &
Y = :yz X, = :XZi ,i:1,2,__.p,X:(1X1‘X2‘...‘Xp)”3: :'Bl o= :52
Yn Xpi B €n
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1.
2. HEREREE R B R R
3. RO TR
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it 2248 F %

2 R
X1 Y =92.12927 + 0.017779X,
Xz Y =62.02959 + 1.532061 X,
X3 Y =92.34735 + 0.085794 Xs3
X4 Y =95.48218 - 0.178993 X,
X1 X, Y = 57.75426+0.087668 X;+1.545532 X,
X1 X3 Y =91.54868+0.017559 X;+0.085332 X
X1 Xy Y = 94.38437+0.025058 X;-0.182271 X,
X2 X3 Y =61.10551+1.533305 X,+0.12988 X;
Xo Xy Y =63.1459+1.526845 X,-0.071221 X,
X3 Xq Y = 95.03969+0.057886 X3-0.176047 X,
X1 X2 X3 Y =56.85725+0.087392 X;+1.546716 X,+0.127969 X3
X1 X2 X4 Y = 58.8942+0.090699 X;+1.539981 X,-0.082157 X,
X1 X3 X4 Y =93.96238+0.024796 X;+0.056711 X5-0.17935 X,
Xa X3 X4 Y = 62.1991+1.528443 X,+0.119432 X3-0.065029 X,
X1 X2 X3 X4 Y =57.9933+0.090226 X;+1.54146 X,+0.115679 X5-0.076102 X,
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K THZE R A

S siA|
X, Y = 78.63815+0.424242 X,
X, Y =66.84296+1.232781 X,
X Y = 89.94413+0.643317 X,
X4 Y =93.45636+0.15586 X,
X1 X, Y = 57.8413+0.266364 X,+1.161943 X,
X1 Xs Y =74.6839+0.399892 X;+0.559779 X,
X1 Xa Y = 79.30072+0.432826 X;-0.072872 X,
X, Xs Y =63.09611+1.207672 X,+0.492136 X,
X, Xa Y = 63.60019+1.238319 X,+0.225555 X,
X3 Xa Y =88.10363+0.638829 X;+0.136194 X,
X1 Xp Xa Y = 55.00445+0.249365 X,+1.143603 X,+0.448064 X
X1 Xp X4 Y =56.96484+0.255491 X,+1.16695 X,9+0.086521 X,
X1 X3 Xa Y = 75.38423+0.408996 X,+0.560433 X;-0.077532 X,
X, X3 X4 Y =60.14589+1.213196 X,+0.48455 X3+0.209224 X,
Xo Xy XsXs | Y = 54.19864+0.239322 X,+1.148302 X,+0.446929 X4+0.080257 X,
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ATy A DL B AR
PranFfi5 A 4 ESBiHAL:

Y =57.99933 + 0.090226 X; + 1.54146 X, + 0.115679 X; -
0.076102 X4

PRI ICH ~ BRI SR BB , Xa , X F
5 > WIFBTRR BN — K (%) > () G
1.54146 7y

TIMTRTE 2B

BEARBR MBI 15 (B R EIRORE - R0 — (SRR
U | RESIRRTRR S ISR E?
AT REIE? BT EBRRATAE R RY) -
R2=§:—$, HrsSR= Y (5, -y) . s8T= > (y;-y)
Hefty R

Vi JEAEERAAE i BETEHIE -

y By PHME -

2 AR 1, ARGEAFRILEERIAAE SRR 2B v,

=
i
e

131



PR ERET R 2 AGH A EE & E T HRE ZRE
SERATT

ElIH 224038 S B K THZER R AR

2 RERE | PEF 2 REZRE | 7
X1 0.000155 15 X1 0.0687 12
Xz 0.338431 8 Xz 0.29638 8
X3 0.000354 14 X3 0.032894 14
X4 0.004793 12 X4 0.002067 15
X1 X3 0.34217 4 X1 X3 0.322483 4
X1 X3 0.000505 13 X1 X3 0.09338 10
X1 X4 0.005099 10 X1 X4 0.069124 1
X2 X3 0.339241 6 X X3 0.315508 6
Xo X4 0.339186 7 Xo X4 0.300702 7
X3 X4 0.004953 11 X3 X4 0.034471 13
X1 X2 X3 0.342957 3 X1 X2 X3 0.338232 2
X1 Xz X4 0.343171 2 X1 X2 X4 0.323076 3
X1 X3 X4 0.005252 9 X1 X3 Xy 0.093859 9
Xa X3 X4 0.339865 5 Xa X3 Xy 0.319222 5
X1 X2 X3 Xy | 0.343808 1 X1 Xa X3 X4 0.338742 1

HILFTR > K4 33% — 34% [Y#E ol A (full model)
g P AR R
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1.

Statistics Glossary — design of experiments & ANOVA
(http://www.stats.gla.ac.uk/steps/glossary/anova.html)

Kuiper S, Sklar J. Practicing Statistics: Guided
Investigations for the Second Course. Pearson Education.
(http://www.pearsonhighered.com/kuiperleinfo/assets/pdf/
Kuiper_Ch04.pdf)

163



Invited Article: An Experiment in Statistics

Dr. Tony S.T. WONG
Department of Statistics & Actuarial Science
The University of Hong Kong

Introduction

Students who have studied statistics are expected to recognise the
concept of confidence interval. In most textbooks, the idea of
confidence interval is that an interval estimate of an unknown
population parameter is a random interval constructed so that it has
a given probability of including the parameter (Miller and Miller,
2004). In the old days that information technology is very limited,
students may rely on imagination to gain insight on the idea with
the help of some real life examples. For brevity, we will restrict the
discussion of confidence interval in the case of normal population.

It is well-known that an 100(1-«)% equal-tailed confidence

interval for the mean 4 of a normal population with known
variance o is

Cl.=|{X-z i7+z 9
TR WT

where X is the sample mean (Miller and Miller, 2004). Below are
three true-or-false questions extracted from a self-study quiz from
Levine et. al. (2010):
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1. The confidence interval is centered about the point estimate of
the sample and indicates the probability that the sample
statistic is located within the interval.

2. o is the designation for the proportion of values outside the
confidence interval (in the tail(s) of the normal distribution) so
that 1- « is the confidence interval.

3. The further the confidence interval differs from the sample
mean (point estimate), the less confident you can be that the
population mean falls within that interval of values.

Students may have difficulties in responding to these questions.
The reason seems to be the confusion arising from
0] the known population parameter,
which plays no role in the formula of C.I.. Routine calculations
may also lead to the misconception that confidence interval is a
constant real line. This is in contrary to the fact that
(i) the confidence interval is random.
In addition, students are guided to draw a conclusion that with
100(1— &) % confidence the population parameter lies between the
C.I.. The following interpretation usually accompanies with the
conclusion:
(iii) if we could draw a large number of samples from the
population and find a confidence interval for u for
each sample, then about 100(L— )% would contain 4.
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It happens that points (i), (ii) and (iii) are inevitably vague because
students lack the experience. The situation is similar to the
Benedict’s test for reducing sugar. Without an experiment of
heating Benedict’s solution with grape juice leading to formation
of red precipitates, we can hardly visualise the process and result.
A concrete idea has yet developed in our mind. We are aware of the
importance of experiments in scientific learning but the
experimental approach to statistics will be difficult for some of us
to swallow. Some may insist that statistics is similar to
mathematics or equivalent to applied mathematics which is all
about proof and calculation. Kurt (1951) made an epochal remark:

If mathematics describes an objective world just like physics, there
is no reason why inductive methods should not be applied in
mathematics just the same as in physics.

We acknowledge that statistics and mathematics are not all about
formal proof, and experiments should have a place in the fields.
Borwein and Bailey (2008) noted that

one of the more valuable benefits of the computer-based
experimental approach in modern mathematics is its value in
rejecting false conjectures. A single computational example can
save countless hours of human effort that would otherwise be spent
attempting to prove false notions.

Experiments in mathematics appear to be a very powerful tool. We
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also treasure the fact that the experimental methodology to make
statistics more tangible, lively and fun for students. Some may then
ponder the spacious laboratory and apparatuses we need. Test tubes
and Bunsen burners are not required but a computer which is
available in all schools and most households. The purpose of this
article is to consolidate the idea of confidence interval through
experimental demonstration. Microsoft Excel is one of the many
popular computer softwares, offering a platform for statistical
experiments. It is able to provide many population distributions
and carry out random sampling.

Method

In order to carry out the experiment, readers are suggested to have
Microsoft Excel ready and follow the steps. The Microsoft Excel
may be viewed as a laboratory and each spreadsheet as a survey.
Each cell in the spreadsheet contains an observation from a
population. The command RAND() plays an important role for
random selection. It gives a random number between zero and one.
The use of RAND() mimics the situation that a random selection
takes place. For example, a candidate with identity 0.1234 is
selected if an output of RAND() is 0.1234. To begin with, we
consider a normal population with mean #=10 and variance
0°=2". The sample size is fixed at n=20. The parameters o&”
and n are assumed known and may change in different
experimental setups. The parameter s is a crucial experimental

factor which we can control in order to gain insight. It is in fact an
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unknown quantity of interest which we want to make inference by
drawing a random sample.

Step 1: Generate a random sample of size 20 from the normal

distribution N (10, 22).

(@) Type in cell Al the formula
= NORMINV (RAND( ),10,2).

(b) Drag from cell Al to cell T1.

Figure 1. Generate a random variable from N (10,22)

Each of these 20 cells contains a randomly selected observation
from the normal population N(10,22). The command returns a

random variable from N(,u,az) with identity RAND(). We can

revise the concept of random sample. It is defined as a set of

independent and identically distributed random variables.
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Independence means that the occurrence of an event does not affect
the occurrence of another. Each cell has its particular value of
RAND() which causes no effect on another. This guarantees
independence. ldentical distribution refers to the fact that the
observations come from the same population. Each cell is governed

by two input parameters =10 and o?=2% which ensure
homogenous population. If the value of £ in cell T1 is carelessly

input as 100, only the first 19 observations are obtained from the
same population but the twentieth is not.

Step 2: Construct a 95% confidence interval for z.
() Compute the sample mean of the random sample. Type in
cell V1 the formula

= AVERAGE (AL:T1).

(b) Construct the lower confidence limit. Type in cell X1 the
formula

=V1-1.96*2/SQRT (20) :

(c) Construct the upper confidence limit. Type in cell Y1 the
formula

=V1+1.96*2/SQRT (20) .
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Figure 2. Construct an upper confidence limit

It is not surprising that students can follow quite well until Step 2.
They can think of a similar situation of obtaining the height of 20
randomly selected students in a class of 40. The idea of confidence
interval will be better illustrated if we have k confidence intervals.
It is absolutely a tedious exercise if students have to keep the
random selection of 20 students for k=1000 times. In this tiny
laboratory, a simple click will do.

Step 3: Construct 1000 confidence intervals for u.
(@) Drag from row Al-Y1 to row A1000-Y1000.
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Figure 3: Construct 1000 confidence intervals for

The first 20 entries in each row represent a random sample of size
20. The sample mean of each random sample is calculated along
column V. Each random sample yields a confidence interval along
columns X and Y. The significance of the experiment lies on the
visualization of the 1000 confidence intervals. We can refer to
point (i) about the parameter «. Although it is not involved in the
calculation of confidence intervals, it controls the values of each
individual in the random sample. The inference on u« by
confidence interval will be illustrated in Step 4. Point (ii) is also
obvious now because the values in columns X and Y are different.
If we are asked why the 1000 confidence intervals are different
from each other, the answer is straight-forward that the sample
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observations are different. In short, confidence interval is a random
interval because it depends on the sample which is in nature
random, too. Point (iii) will be demonstrated in Step 4.

Step 4: Count the number of times « falls in the confidence
intervals.
(a) Check whether the unknown parameter £ =10falls in each of
the confidence intervals. Type in cell Z1

= IF (AND (X1<10,10<Y1),1,0),

where IF returns 1 if the argument is true and O if it is not,
and the command AND returns as true for the intersection of
two events. Here, we have 1 to indicate that « falls in the
confidence interval and 0 to indicate that it does not.

(b) Drag from cell Z1 to cell Z1000.

(c) Type in cell 21002

= SUM (Z1:21000).
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Figure 4: Count the number of times g falls in the confidence intervals
Point (iii) infers that about 950 confidence intervals would contain
£=10. What is your output in cell Z1002? As seen in Figure 4, the
value is 952 which is just about 950.

Conclusion

It is well known that experiment is an indispensable component in
studying a science subject. In statistics, it provides a compelling
way to generate understanding and insight because of the fun that
randomness shares with us. Now we can give affirmative answers
to questions 1, 2 and 3.
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Invited Article: The Road to Fairness

This article considers two pure mathematical problems on how
unfairness can be turned to fairness. We leave fairness/ unfairness
issues due to historic/ cultural/ financial reasons to sociologists/
philosophers/ politicians/ economists.

The first problem is classical and is rather elementary; the second
one, which is taken from the lovely book by The Art of
Mathematics by Béla Bollobas*, is more challenging.

Problem A: Coins have many uses apart from being a medium of
payment to facilitate transactions. For instance, coin tossing is a
simple and quick way of settling disputes in a civilized way or
deciding between two options. To serve such purposes, the coin
used has to be fair so that there is an equal chance of getting a head
or a tail. Suppose a coin is given but we are not sure whether it is

fair. What can we do? How can a possibly unfair coin be used “in
a fair way” ?

Problem B: We all know that by rolling two fair dice, the
probability of getting a sum of 7 is the highest and that of 2 (or 12)
is the smallest. Is it possible to create two (possibly different)
loaded dice so that each of the sums 2, 3, . . ., 12 comes up with the
same probability 1/11?

1BoIIobéls, B., 2006. The Art of Mathematics, Cambridge University Press
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*  Give some thought before reading the solution!

Problem A Solution

Consider the following simple procedure:

e Step 1: toss the coin twice and record the two results (e.g.
Tail-Tail, or Head-Tail)

e Step 2: if the two results are the same, repeat Step 1; otherwise,
if they are different, take the result of the first toss.

The examples below may help you better understand this
procedure:

HT —H
HH— TH —T
HH—TT—TH—T

Using this procedure, the chance of getting a head or a tail will be
the same. Try yourself by repeating the procedures many times, and
you will obtain roughly the same number of H and T. Without
using any calculation, can you explain why this procedure works?
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Problem B Solution

Solution 1 Here, we describe an interesting approach by Béla
Bollobés to tackle this question. Suppose that such two dice really
exist. We use aj, i =1, .. .,6, to denote the probability that the first
dice shows i, and bj, i =1, ... ,6, to denote the probability that the
second dice shows i. Of course, we have a; + ...+ ag=1 and b;
+...+ bg = 1. Next we define two functions by

Pit)=a+at+...+ agt’,
and
Po(t) = b1+ bat + . . . + bst®.

We call these generating functions for the two sets of probabilities

faj} and {Dbj} . They are polynomials of degree 5 because their
leading coefficients a, and b, are strictly positive. Why should we
consider these two functions? Let's consider the product of Py(t)
and P,(t). By expanding the product and collecting the terms, we
obtain

Pl(t)Pz(t) =a;b; + (albz + azbl)t + (a1b3 + a,b, + a3b1)t2 +...+ asbstlo :

Obviously, this is a polynomial of degree 10 because aghs # O.

The coefficients of this new polynomial has a very interesting

property :

» the coefficient of t° is a;by, which equals the probability of
getting a sum of 2 when rolling these two dice;
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«  the coefficient of t* is ash, + asb;, which equals the probability
of getting a sum of 3 when rolling these two dice ;

« the coefficient of t* is a;bs + ash, + asby, which equals the
probability of getting a sum of 4 when rolling these two dice ;

 the coefficient of t° is asbs +asbs, which equals the probability
of getting a sum of 11 when rolling these two dice ;

« the coefficient of t*° is agbs, which equals the probability of
getting a sum of 12 when rolling these two dice ;

Can you see the pattern here? In fact, forn =0, 1, ..., 10 the
coefficient of t" of the polynomial P1(t)P,(t) equals the probability

of getting a sum of n + 2 when rolling these two dice.

Going back to our guestion, we want to design two dice such that

each of the sums 2, 3, ..., 12 comes up with the same probability
of 1/11. This means that we have to find a;, ..., asand by, . .., bs
such that

1 1 1, 1,
Pl(t)PZ(t):H-I_Ht-I_Ht +“'+Ht

By using the identity
tmH — 1= (- DE™ " 4 e+ P+t 1)

we can rewrite the equation above as
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t11—1
t-1

11P1(t)P2(t) = y t+# 1.

As P;(t) (and also Py(t)) is a polynomial of degree 5, the LHS of
equation (1) has at least one real root (recall that complex roots of a
polynomial always come in pair, one conjugate of the other,
therefore any polynomial of odd degree must have at least one real
root). On the other hand, the polynomial t** — 1 has 11 roots
(called roots of unity, all lying on the unit circle on the complex
plane), among which 10 of them are complex numbers (a total of 5

11

. . . t
conjugate pairs) and the only real root is t = 1, hence (t 1) has

10 complex roots but no real root. Therefore, equation (1) cannot

hold, no matter how we choose a;, . . ., as and by, . . ., bg, and
hence we can conclude that it is impossible to create two (possibly
different) loaded dice so that each of the sums 2, 3, ..., 12 comes

up with the same probability.
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Solution 2 Next we outline a more elementary way of solving
this question, which makes use of the AM-GM inequality: for any
positive numbers x and vy, the arithmetic mean is always greater
than the geometric mean:

X+y2\/x_y.

2

Suppose that the two dice (represented by {a;} and {b;} ) exist,
the unknown probabilities ay, . . ., as; by, . . ., b should satisfy the
following system of equations:

aib1=1/11,

aibe + aobs + . . . + asb, + aghy = 1/11,

asbe =1/11.

We want to show that this system is inconsistent, meaning that it
does not have any solution. To this end, observe that

1
H = a1b6 + a2b5 + - + asz + a6b1 = a1b6 + a6b1.

Now apply the AM-GM inequality to the two positive numbers

a;bs and agb;, what do you get? Can you notice any inconsistency
here?
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