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Foreword

Welcome to the 24th issue of the School Mathematics
Newsletter (SMN).

The School Mathematics Newsletter (SMN) is for mathematics
teachers. It serves as a channel of communication on
mathematics education in Hong Kong. Of all the articles
contained in this issue, we are pleased to note that about half
were contributions from Mathematics teachers, who would like
to share their experiences and ideas with others on school
mathematics teaching. The rest of the articles are contributed by
academics and colleagues in the Mathematics Education

Section.

In the existing education system, mathematics teachers are faced
with the tremendous challenge of teaching students of very
different abilities, motivations and aspirations. To meet this
challenge, mathematics teachers need to equip themselves with
necessary mathematical skills and teaching strategies to cope
with different teaching situations. To this end, the articles in this
publication cover a variety of relevant topics, ranging from hot

issues of mathematics teaching to daily applications. We do
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hope that all readers will find the content of this issue

informative and stimulating.

The Editorial Board of SMN wishes to express again its
gratitude to all contributors, and also to the fellow colleagues of
the Mathematics Education Section who have made good efforts

in producing the SMN Issue 24.

SMN provides an open forum for mathematics teachers and
professionals to express their views on the learning and teaching
of mathematics. We welcome contributions in the form of
articles on all aspects of mathematics education. However, the
views expressed in the articles in the SMN are not necessarily
those of the Education Bureau. Please send all correspondence

to:

The Editor, School Mathematics Newsletter,
Mathematics Education Section

Curriculum Development Institute

Room 403, Kowloon Government Offices
405 Nathan Road

Yau Ma Tei, Kowloon

email: math@edb.gov.hk
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3.  Experiences Sharing on Primary Mathematics Lessons with
Coding

Dr LEUNG King-man, Ms TANG Pui-yuk

To arouse and motivate students to learn mathematics and apply
mathematical knowledge and skills to solve problems in
different subjects have been teachers’ and researchers’
longstanding concern. A growing number of studies and reports
all over the world refer to the importance of integrating Science,
Technology, Engineering and Mathematics (STEM), in order to
meet the increasing challenges of the 21st Century. STEM
education can be an innovative way of learning and teaching
mathematics, particularly on how coding can be implemented in
the primary classrooms. This paper reports the experiences of
teachers and students in the primary mathematics classrooms in
the course of how using tasks related to coding to enhance
student’s computing and mathematical thinking. The focus of
this report will be put on student’s learning progress and the
teachers’ experience mainly gained in the primary Mathematics

lessons with coding.
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INTRODUCTION

In many mathematics classrooms today, students still learn
mathematics as acquiring the mastery of a set of predetermined
procedures and skills. Teachers perceive their job as transmitting
the content of mathematics by demonstrating the correct
procedure and making sure students practice the skill of using
these procedures (Goos M., 2004). When students are able to
provide a correct answer to the question posed by teachers, both
teachers and students often appear to feel satisfied and think that
they have acquired the kind of mathematical thinking valued by
society. In this fashion teachers are likely to continue with this
traditional teaching practice. In recent years, a growing number
of studies and reports, all over the world, refer to the importance
of integrating Science, Technology, Engineering and
Mathematics (STEM) in order to meet the increasing challenges
of the 21st Century (Baker & Galanti, 2017; Rocard et al., 2007).

In addition, integrative approaches among STEM subjects have
positive effects on student attainment, with better results in
elementary school (Becker & Park, 2011). Recently, it is noted
that mathematics lessons with STEM elements can provide
students with the context in which they can make meaningful
connections between mathematics and STEM subjects (Becker

& Park, 2011). As such, the purpose of this study is to examine,
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collect and report the experiences of teachers and students in
Hong Kong elementary classrooms on how teachers’ use of
mathematical tasks in the lessons (Stein, M.K., & Smith, M.S.,
1998, Stein M K, et al., 2000) to facilitate students to learn
coding and how students can apply their mathematical

knowledge and skills to solve the STEM activities accordingly.

BACKGROUND AND RATIONALE

STEM education can be a form of innovation for teaching
mathematics (Fitzallen, 2015) and to increase mathematical
performance (Stohlmann, 2018). Moreover, task-based
approach adopted in the lessons is one of the popular ways
recommended to primary mathematics teachers and
mathematical tasks can be examined from a variety of
perspectives including the number and kinds of representations
evoked, the variety of ways in which they can be solved, and
their requirements for student communication (Stein M K, et al.,
2000; Ainley & Pratt, 2002). Regarding the tools adopted in this
study, mathematical tasks can be examined from a variety of
perspectives including the number and kinds of representations
evoked, the variety of ways in which they can be solved, and
their requirements for student communication (Stein M K, et al.,
2000). For the coding tasks developed and used in this study,

students are arranged in groups and discuss how to write codes
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to solve the mathematical problems, for examples, by using the
Scratch (Scratch 3.0, 2019) to write codes to draw different
polygons, by using Micro:bit (Micro:bit, 2015) to write codes to
generate symmetrical figures & to generate digits to form multi-
digit numbers, or by using Python (Python 3.7.4, 2019) to write
codes to calculate the area of the trapezium or other planar
figures. Through group work in the mathematics lessons, the
lesson is more interactive and students can apply their
mathematics knowledge and skills to solve the related tasks and

their computational skills can be fostered as well.

METHODOLOGY

The teacher-researcher served an important role and one of her
major tasks was responsible to collect the data. Her school
(FKLYS School) joined two government STEM projects. One
started in 2016 and ended in 2018 and the other one was still an
on-going project started in 2018. The teacher researcher served
as the key person of these two projects and conducted school
visits for the participating primary schools to collaborate with
teachers to design, develop and try run the STEM L&T activities
including the coding mathematical tasks. For the data collection,
they were collected through classroom observation, document
analysis, teachers’ discussion and students’ annotated work

collected. The qualitative approach is mainly adopted to conduct
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the study. Also, a partnership amongst the participating
researcher and school teachers of primary schools was well
established to generate and develop different coding examples
with the authentic situation on the mathematics lessons. For the
past few years, lots of lesson observations and teachers’ face-to-
face discussion were conducted. The participating researcher has
got a closer relationship with those teachers involved,
understood the processes taking place and what teachers do and
think about the mathematical tasks used in the lessons, and how
and why. Through helping teachers do the self-reflection on how
to improve the quality of the task, the task activities are designed
and developed for students in different primary levels to
encourage more student-student interaction in the classroom, to
enhance students' computational & mathematical thinking and
to use diversified learning activities and IT tools for improving
learning and teaching of mathematics (Wing, 2006). For the
analysis on collected examples or developed coding tasks and
the analysis on qualitative data that followed, this study aimed
to explore (i) how coding tasks can enhance students’
computational & mathematical thinking by task-based teaching
as a means to provide an interactive environment for learners to
achieve the learning outcomes; and (ii) how students can apply
their mathematical knowledge and skills to solve the STEM

coding activities in mathematics lessons.
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DATA ANALYSIS, DISCUSSION AND FINDINGS

As teachers know task-based teaching as a means to provide
opportunities for developing learners’ cognitive skills and
mathematical ability, different mathematics topics are selected
to develop appropriate tasks for students in different grades.
During the teachers’ preparation meetings with the researcher,
the coding software Scratch, Micro:bit & Python are identified
for the study as for the consideration of the factors related to
their nature, coding platform and user-friendly interface for
students to use. For the first round trial, teachers identify a
mathematics topic in primary 6 related to the polygon. Scratch
is chosen and it is because students can drag and drop the pre-
set codes to easily form the required instructions to complete the
tasks by inputting parameters, said “length=30" & “turn right
angle=60" etc. During the lessons, teachers distributed the task
sheet to students who had already formed in groups of 3-4
persons. After answering the teacher’s guiding questions for the
drawing polygon task, students discussed among themselves and
attempted to write and run their codes to perform the task. Below

(figure 1) was the classroom situation at that time captured.
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Figure 1: Scratch sample script and demonstration in the

lesson

Students feel easy to complete the task to draw a polygon as they
mainly insert the parameters into the blanks. For the second
round trial, teachers identify a mathematics topic in primary 5
related to multi-digit numbers. Micro:bit is chosen this time. It
is because its “5x5 dots” interface can display a digit randomly
through inputting codes. Students can write simple codes to
control it. Similar lesson arrangement as the first trial is adopted
and during the lessons, teachers distributed the task sheet to
students and discussed with them how to perform the task and
what the task is required. Then, students tried to write and run
their codes. Below (figure 2) was the classroom situation at that

time captured.
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A!"

Figure 2: Micro:bit sample scripts & output and students’

outcomes

Students completed the coding task and showed their learning
outcomes successfully and satisfactorily. For the third round
trial, a mathematics topic in primary 5 related to calculating
areas is selected and programming skill is needed. Thus, Python
is chosen this time and students try to write simple codes to
perform the task including “input” & “print” commands. Similar
lesson arrangement as the first two trials is adopted. Below

(figure 3) was one student’s work captured at that time.

base = float{input{'Base of parallelogram is: ')}
height = float{input{"Height of parallelogram is: "))
area = base * height

print{"Area of parallelogram is: ', area)

Figure 3: Python sample scripts in the task sheet & students’

outcome
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In sum, teachers’ reflection on the above trials is that (1) students
show interests in learning codes; (2) students can apply their
mathematics knowledge and skills to solve the task problems by
writing codes; (3) students take time to familiarise with the IT
platform/tools as some syntaxes are strange to them and; (4) the
selection of appropriate IT tools (said Scratch, Micro:bit or
Python) is a bit difficult as per their cognitive development. On
the other hand, students’ feedback is positive and consistent that
(1) they are glad to learn mathematics in this environment; (2)
through task approach, they can connect the mathematics
knowledge to daily life problem/situation; and (3) writing codes
to solve mathematics problems are very interesting and it makes

the lessons more interesting and dynamic.

CONCLUDING REMARKS AND RECOMMENDATIONS

This paper aims to share the experiences gained in the STEM
“Seed” project and try to contribute issues on coding in the
primary mathematics lessons by presenting the 6 development
of mathematical tasks with the elements of STEM integration.
To face challenges related to STEM integration, it is
recommended to develop adequate learning and teaching
resources for teachers to implement and use in the lessons for
teachers’ use and reference. Diversified teaching strategies and

learning approaches have also been suggested. As a result, the
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following are suggested to enhance the learning and teaching of
mathematics with STEM/coding elements : (1) to stimulate and
sustain students’ internal drive for learning, teachers have to
select, adapt, or design materials to suit the range of abilities and
interests of their students; (2) task-based teaching as a means to
provide opportunities for developing learners’ cognitive skills
and mathematical ability is encouraged and coding embedded in

the task can enhance students’ computational skills.
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¢ 23 Envelope
#23% Penguin Dictionary of Mathematics > & % % Envelope
R AT

“A curve that touches (is tangent to) every number of a given
family of curves.” (Nelson, D., 2008, p. 146)

“In general, a family of curves is defined by a parameter m,
and members that differ by a small amount om will interest.
The locus of these points of intersection as om tends to zero
becomes the envelope. The equation of the envelope can be
found by equating to zero the partial derivative with respect to

m of the equation of the family.” (Nelson, D., 2008, p. 146)
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7.  The Easter Eggs in the Examinations

WONG Hang-chi
International Christian Quality Music Secondary and Primary School
Dr CHEUNG Ka-luen

The Education University of Hong Kong

Introduction

The Hong Kong Diploma of Secondary Education Examination
(HKDSE) is organized by the Hong Kong Examinations and
Assessment Authority (HKEAA) every year. The examination
is set for the Secondary 6 students and is considered as the
entrance examination of the universities. Over the years, there
are quite a lot of interesting problems in the HKDSE, some of
which have very elegant solutions. These solutions are like the
hidden “Easter Eggs” for students. In this article, we aim to
discuss and investigate some of those problems in the HKDSE

this year.

2020-DSE-MATH-CP 1 No. 16
The 3rd term and the 6th term of a geometric sequence are 144
and 486 respectively.

(a) Find the 1st term of the sequence.
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(b) Find the least value of n such that the sum of the first n terms

of the sequence is greater than 8 x 10'8

The solution of (a) involves some standard techniques of
geometric sequences. Let @ and » be the Ist term and the
common ratio respectively. According to the question, we have
two equations ar? = 144 and ar® = 486 . After solving, we have
r=1.5and a = 64, provided that the terms in the given sequence
are all real. Since the calculations are quite simple, we omit the

detailed steps here.

Part (b) of the question deserves our attention. The question
called for “the sum of the first n terms”, which gave us the clue
to apply the summation formula of a geometric sequence. We

then set up an inequality

4(1.5" -1
s o

Therefore, we have
1.5">6.25 x 10"+ 1
Since the common logarithmic function is increasing, we have
log 1.5" > log(6.25 x 10 + 1)
which implies
nlog 1.5>10g(6.25 x 10'°+ 1)
Using a calculator, we obtain n > 95.38167941, and so the

required least value should be 96 .
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Everything seems to be fine, except for the step that we apply
the logarithm. According to the examination regulations, only
calculators that are “HKEAA Approved” may be used in the
HKDSE. However, these calculators, such as Casio fx-50FH 1I,
usually do not support high-precision arithmetic (HPA). In fact,
Casio fx-50FH II can handle at most 15 significant figures in its
memory. In other words, the expression
6.25 x 10'®+ 1 =62 500 000 000 000 001

will be rounded off to 62 500 000 000 000 000, correct to 15
significant figures in the calculator memory. For this question,
the round off error is tolerable. It is because we can later verify
that

64(1.5% -1
J”Tl = 6.852981824 x 108 <8 x 108

while

4(1.5% -1
ﬂlsb'Tl ~1.027947274 % 101> 8 x 10'8

Unfortunately, this method does not always work. It might fail

in some situations where the round off error cannot be ignored.

Let us approach this problem in the general situation. Suppose
that we have a geometric sequence with the 1st term @ > 0 and
common ratio » > 1 . We aim to find the least value of n such

that the sum of the first n terms of the sequence is greater than
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some constant b > 0 . Using the method suggested above, we

have
a(@ —1) -
r—1
-1
and so 7> bira_) +1
: : -1

Using logarithm, we have n log r > log bira_) + lj

b(r—1

log Jra—l +1
Thus, the least value of n 1s 1
ogr
. b(r—1) .

We observe that if J’”a_l is very large, say, over the order of

10" , then adding 1 to it becomes virtually negligible in the

calculator. We may get into trouble if it happens that

b(r—1) << b(r—1) +1

a a
b(r—1
log(ira—l + lj
It is because when we compute the value of log r
b(r—1)
log( ra )
using the calculator, the “approximate” value of log r

might be returned instead.
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To demonstrate this situation of the round off error, let us

consider the following example.

In the geometric sequence 9 , 90 , 900, ..., find the least value
of n such that the sum of the first n terms of the sequence is at
least 106
The question is equivalent to finding the smallest positive
integer n such that

9+90+900 + ... +9(10)"~' > 10'6
It is obvious that the common ratio of the geometric sequence is

10, we can then establish the inequality

9(10" — 1)
01 =10%

Therefore, we have
107> 1010+ 1
By trial and error, we can easily see that
106 <10 + 1
and 107> 10" + 1
Since the sequence 10” is monotonic increasing, we conclude

that the required least value of n is 17.

We shall see an interesting phenomenon if we try to solve
107> 1010+ 1
using a calculator instead. Since
log 10" >1log(10'6 + 1)
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we get nlog 10 >1og(10'¢ + 1)

Astonishingly, we arrive at the result n > 16, which gives the
least value of 16. How come we have two different solutions to
the same question? It seems that we have done each step under
logical deduction, but why the calculator returns an obviously
erroneous answer? Recall that the HKEAA approved Casio fx-
50FH II can handle at most 15 significant figures. The problem
here is that 10! is far larger than 10'°. To be precise, we know
that
10+ 1 =10 000 000 000 000 001

To store this exact value into the calculator, at least 16
significant figures are required, which exceed the memory
capacity of Casio fx-50FH II. Therefore, the calculator will
automatically round off the number to 10'®, and thus give rise to
an incorrect result. In fact, we can use computer programs that
support HPA to find the approximate value of
log(10'¢ + 1). The following value is found by Wolfram Alpha,
an online computational knowledge engine developed by the
company Wolfram Research.

log(10'% + 1)
~ 16.000000000000000043429448190325180593640482375

401514738622407081
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Interested readers might visit the Wolfram Alpha website
(https://www.wolframalpha.com/) to explore the engine. We

thus find that log(10'® + 1) is slightly larger than 16, but a

calculator just do not have enough significant figures to display

this value to a higher precision.

The moral of this question is that checking the answer is always
important. A calculator is a merely an aid when solving
problems. Not only should we make suitable use of the
calculator, but also justify our answers by appropriate logical

reasoning.

2020-DSE-MATH-CP 1 No. 19

PQORS is a quadrilateral paper card, where PQ = 60 cm,
PS = 40 com, ZPQOR = 30°, ZPRQ = 55° and
ZQPS = 120°. The paper card is held with QR lying on the

horizontal ground as shown in Figure 1.

School Mathematics Newsletter Issue No. 24



97

Figure 1
(a) Find the length of RS.
(b) Find the area of the paper card.
(c) It is given that the angle between the paper card and the
horizontal ground is 32°.
(1) Find the shortest distance from P to the horizontal
ground.
(i) A student claims that the angle between RS and the
horizontal ground is at most 20°. Is the claim correct?

Explain your answer.

Parts (a) and (b) merely involved some relatively simple
techniques in trigonometry and mensuration, and so we shall

omit the detailed calculations here. But note that the result of (a),
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RS = 16.90879944 cm = 16.9 cm will be used in the later parts

of the question.

Concerning (c)(1), it is helpful for us to draw some auxiliary lines
in the figure in order to help us understand the situation. It is
clear that the point G on the horizontal ground closest to P must
be vertically below P. In other words, G is the projection of P
onto the horizontal ground. We then join G and P. Now, the
required distance is GP. It is given that the angle between the
paper card and the horizontal ground is 32°. This information
lead us to think of the angle between the two planes PORS and
GQOR, with the line of intersection QR. It is natural to drop the
foot of perpendicular A from P to OR, and draw the lines GH

and HP, as shown in Figure 2 below.

Figure 2
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Thus, we have ZGHP = 32°. As we know that HP = 60 sin 30°
=30 cm, we have GP = HP sin 32° =30 sin 32° = 15.9 cm.

But wait! In Mathematics, it is crucial to justify that our answer
is correct. By definition, the two arms of the angle between the
planes PORS and GOR must be both perpendicular to OR. By
construction, we can make sure that Z/PHQ = 90°. Nevertheless,
how do we know that ZGHQ also equals 90° ?

Actually there is a little trick here, namely, the theorem of three
perpendiculars, which will be added into the revised curriculum,
as mentioned in Learning Objective 14.8 in the Curriculum and
Assessment Guide (Secondary 4 - 6). It is recommended that the
schools should implement the revised senior secondary
Mathematics curriculum for the Compulsory Part at Secondary
4 to 6 progressively from Secondary 4 with effect from the
school year 2023/24.

The theorem of three perpendiculars states that if GP is
perpendicular to the plane GHQ and ZPHQ = 90°, then
ZGHQ = 90°. The marking scheme produced by the HKEAA
took this theorem for granted in this question, and did not
include a proof of this fact. However, we found it beneficial for

teachers and students to understand the theorem more
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thoroughly. Two different proofs of this theorem will be
presented here, the first using the elementary geometric

approach, and the second using vectors.

Let us investigate the first method. As GP is perpendicular to the
plane GHQ , GP must also be perpendicular to any straight line
on plane GHQ , in particular GQ and GH. By Pythagoras’
Theorem, we have
GP*+ GQ*>=PQ* ... (1)
and
GP*+ GH?*=HP? ... (2)
Also, since ZPHQ = 90°, we deduce that
HP*+ HQ?>=PQ* ... (3)
Substituting equations (1) and (2) into (3), we get
(GP?> + GH?) + HQ? = GP* + GQ?
GH? + HQ* = GQ?
The GP? term amazingly canceled out, and using the converse

of Pythagoras’ Theorem, we conclude that ZGHQ = 90°.

The second proof is very elegant and it involves the techniques
of vectors in the Extended Part Module 2. In the foregoing
arguments, the dot product of any two vectors a and b is denoted
by a - b. The term “inner product” or “scalar product” are also

sometimes used interchangeably in some textbooks, with the
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notation «<a, by standing for a - b. It is well known thata - b=10
if and only if a and b are orthogonal, that is, either a and b are
perpendicular to each other, or at least one of the vectors a and

b equals 0.

We know that GP is perpendicular to the plane GHQ, and so
— — — —
GP - GH =GP - GO =0
By hypothesis, ZPHQ = 90° implies that
— —
HP - HO =0
Next, we consider the product
— — — —> — — — —
GP - HQ =(GH + HP)- HQ = GP - (GQ — GH)

Using the associative law of the dot product, we expand the

parentheses and obtain
—> —> —> —> —> —> —> —>
GH - HQO + HP - HQO = GP - GQ - GP - GH
— —>
Hence, we have GH - HQ =0

and the result follows.

Finally, we come to the most intriguing part (c)(ii). The question
called for the angle between RS and the horizontal ground. This

angle is also known as the “inclination” of the straight line RS.
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We know that the inclination of RS is defined as the angle
between RS and it projection RK onto the horizontal ground, as
shown in Figure 2. We aim to determine the measure of ZKRS

to check whether it is indeed less than or equal to 20°.

What makes this problem so challenging is the fact that RS itself
is lying on an inclined plane. Besides its length found in part (a),
we have very little information about its position. The solution
to this problem is quite extraordinary, and it requires us to “think
outside the box.” The idea is to produce PS and QR to intersect
at point 7. It is evident that G , K and T are collinear. Note that
ZPTQ=180°-120°—30°=30°= ZPQT

Therefore, by using sides opposite equal angles, we can verify
that APQT must be isosceles, with PT'= PQ = 60 cm. This is the
key observation that guides us to find the way to solve the
problem. Using similar triangles AGPT ~ AKST, we know that
KS _ ST _60-40 _ 1
GP PT 60 3

Simplifying the expressions, we get

By (a), the required inclination is given by

KS  _10sin 32°

sin ZKRS = p¢ = 16.00879944
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We ultimately find that /KRS~ 18.3° <20°, and hence the claim

1S correct.

The method presented above relies very much on the
perpendicular distance from S to the horizontal ground. If a
candidate failed to solve (¢)(i), it is very likely that he/she would
lose most of the marks in (c)(ii). However, the question (c)(ii)
called for an angle. It seemed to us that the inclination of RS is
not directly related to the length of K, and there should be some

workarounds that enable us to solve it without finding K.

This is indeed the case. Let us try to approach the problem in an
alternative way. From S, we drop the foot of perpendicular M to
OR produced. By the theorem of three perpendiculars, we know
that KM and MQ are also perpendicular to each other. Therefore,
ZKMS = 32° is the angle between the paper card and the

horizontal ground, as shown in Figure 3.
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Figure 3

In AKMS and AKRS, we have

KS )
Ms —sin 32°
and
K
_Rg =sin ~ KRS

By dividing these two quantities, we obtain

SInZKRS _ MS _ 0 /MRS for KS#0
sin 32° S

Since the sine function is increasing in the first quadrant, it

suffices to show that

sin 20°
sin 32°

sin Z/ MRS < ~ (0.645
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With the help of part (a), it is surprisingly easier than one would
expect. We know that
Z QPR = 180° —30° — 55°=95°
and
ZRPS=120°—95°=25°
Using sine theorem in APRS, we have

RS PSS
sin ZRPS sin ZPRS

Hence,

16.90879944 N 40
sin 25° sin ZPRS

which implies ZPRS = 88.74300895° or 91.25699105°
(rejected). Thus, we have sin ZMRS = sin(180° — 55° —
88.74300895°) =~ 0.591 < 0.645 , and we are done.

This problem encapsulated many important Mathematical
concepts, such as trigonometry, 3-dimensional (3-D) figures and
mensuration. The use of multiple solutions to the question could
help students to build up the connections between various realms
of Mathematics. Nonetheless, the teaching and learning of these
principles have been quite challenging for most teachers and
students. It is usually quite difficult to visualize the figures in the
questions, especially for 3-D geometry. Fortunately, we can
make use of information technology to help students understand

the problems. For instance, there are some Dynamic Geometry
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Software (DGS), such as GeoGebra, that can support 3-D
figures. The DGS can allow the user to change the angles in the
figure and show the results automatically. Figure 4 shows one of
such projects to visualize the above mentioned question (Chik,
2020). One can adjust the slider to modify the measure of ZGHP
and observe the behavior of ZKRS accordingly.

PR RS v H&G
PH PG v | OR produced
su sk V| 25RK

Figure 4
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Besides using DGS, some teachers also like to make paper
models to help explain the concepts to students. Figure 5 shows
a paper model demonstrating the above problem. The advantage
of using these models is that they are more authentic to students.
Researchers have found that making sense of Mathematics
problems in the real world situations is important in enhancing
the learning motivation of students (Boaler, 2015). The paper
models can be constructed at a relatively low cost. The students
can actually touch it, move it, and observe the change of the
angles. They also help students appreciate that Mathematics can
be fun and approachable.

Paper model is created by Yeung Chi Keung,

Yuen Long Lutheran Secondary School
Figure 5
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Conclusion

The HKDSE Mathematics Examination may be a nightmare for
many secondary students. Some schools use the “traditional
approach” which emphasise on the memorization of theorems
and formulas. We indeed have some reservation to this
approach. In the previous examples, we have seen that just
following the procedures blindly might not be the wisest way of
tackling a problem. We may also miss a lot of fascinating
“Easter Eggs” hidden in Mathematics. Through innovative
teaching strategies and learning activities, teachers can guide
their students to investigate and discover the joy of problem
solving. We hope that the above discussions of the problems
could help shed some light on both Mathematics educators and
students in the preparation of the HKDSE.
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8.  Exploration and Development of Effective Strategies for
Implementing STEM Elements in Secondary Mathematics
IP Ka—fai, Gavin
Kwun Tong Government Secondary School

gavinip@edb.gov.hk

STEM education has been promoting in Hong Kong for several
years. As a proactive senior form Mathematics teacher, I am
always keen on visiting different seminars, workshops and
Expos to acquire its latest information of development and
innovative 1ideas for brainstorming. Their integration of
relatively low-grade Mathematics, however, is commonly seen.
Mathematics is used as the means in the calculation for scientific
findings but throughout the process, there is little motivation on
student’s interest in learning Mathematics and pursuing

advanced subject knowledge.

In my observation and assessment, I would summarise a few
reasons why our Mathematics elements cannot play the major

roles in STEM education in Hong Kong for the time being.

1. Teachers are too busy to allocate sufficient lesson time in
analysing and devising some tailor-made STEM exemplars.
2. Most Mathematics teachers may not have sufficient

knowledge of other Science, Technology and Engineering
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subjects for designing some qualified, subject-based
exemplars.

3. Textbook publishers have certain ready-made and user-
friendly teaching resources, but they are often some small-

scaled Mathematics instead of STEM-natured projects.

It would thus be the best if we can investigate and refine some
learning and teaching activities in the enhancement of students’
ability on integrating and applying knowledge and skills of
STEM-related subjects, as well as working out the creative

solutions to strive for excellence.

I would like to share here a practical, user-friendly and low-cost
topic which can integrate STEM elements well into even our
senior form curriculum. This is about the Android Mobile Secret
Screen Lock. Android accounts for approximately 85 % of all
smartphones sales to end users worldwide, so the majority of our
students should be familiar with its operations, which is much
helpful in drawing their attention and stimulating their interest

in-class participation.

We can apply the concept of setting Secret Screen Lock to
Permutation and Combination, which is a relatively new topic

after launching the revised senior secondary school curriculum
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in 2009. The whole activity lasts one double-lesson of around 80

minutes.

First of all, the teachers should introduce to their students the
unique lock pattern of Android mobile using nine dots 1 to 9.
We can only use horizontal, vertical or diagonal straight lines to
connect the dots continuously. If we try to connect two dots
directly via a third unconnected dot in between, then this third

dot will also be connected and counted in our PIN.

Under the above rules, the students should identify that 4136 is
invalid because the line connecting 1 and 3 also passes
throughout an unconnected 2. The correct PIN is thus 41236
which consists of five dots instead of four. Similarly, there is no
4192 but only 41592. On the other hand, 24136 and 654192 are
two valid Secret Screen Locks. We can refer to the given figure

for better illustrations.
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This is a common-sense that the security level is upgraded if
more dots are used in the lock, as the thief would find it hard to
guess the correct Secret Screen Lock by trial and errors and to
unlock the Android Mobile. Nevertheless, there is one
“Mathematics in Life” question that the people often overlook
in real-life: How many locking patterns are there for a different
number of dots the users select? Is your own Secret Screen Lock
secured in avoiding loss of private data if it is stolen? This is the
main theme of the double-lesson, counting the number of valid

ways in lock setting.

The above introduction needs approximately 5-7 minutes to
complete. How can the teachers make use of this mobile lock to
organize the meaningful learning and teaching activity about
Counting: Permutation and Combination? From my observation
in the tryout lessons, I would suggest three completely different
tactics to cater to teacher’s characteristics and students’ learning
diversities. You can compare their pros and cons and decide

which one is most suitable for yours.

First Lesson Plan — Suitable for Students having Higher
Ability (Suggestion)
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The teachers can distribute a paper
° ° ° sheet consisting of twelve such 3 x 3
grids which are identical to the
Y Y @ appearance of Android Mobile Lock
Pattern to each student. For

[ ] (5] @ convenience, any two students who

are sitting together will be asked to

form a group for the upcoming activity.

Starting from two digits, each student is asked to decide his/her
own Secret Screen Lock and draw the design on the paper
provided. He/She will then let the partner of the group to guess
the Secret Screen Lock at most 3 times. Record the results of

success/failure in guessing.

Predictably, the students would hardly guess the correct pattern.
This would then be a good introduction to ask for their
explanation mathematically why the guess is so difficult even
with just 2 dots chosen. The students are then asked to
investigate the number of possible pairs of secret codes that can

be formed with 2 digits before reporting.

It is believable that some groups would offer the answer P> =

72. The teachers should explain to the students that the actual
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number of possible patterns is less than 72 due to some straight
lines connecting 3 points. Using Dot 1 as an example, the pairs
13, 17 and 19 are impossible because they would pass through
the dots 2, 4 and 5 respectively. The students may use simple
counting or other methods to identify there are totally 16 illegal
patterns. The real number of patterns that could be formed was
thus 72 — 16 = 56.

After completion of the trials with 2 digits, the students are
guided to proceed to 3 digits and the working procedures are
similar to that before except the students are allowed to raise 5
YES or NO questions to get some hints for the guess. Students
are encouraged to raise creative questions like “Did your pattern
contain one axis of symmetry?”, “Did your pattern contain a
triangle?”, “Did your pattern contain a cross?”, “Did your

pattern pass through the central dot 5?7, etc.

As the number of ways involved is much more than that of 2
digits, the students would find them extremely difficult to guess
the answers even hints can be provided from their questions
arisen. Teachers can again help the students to explore and to
identify that it has 320 different ways to set the Mobile Secret

Screen Lock in Android. The methodology is as follows:
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Correct Number of ways

= Number of ways selecting 3 dots at random without restriction
— (Number of Ways that the first connection is invalid by having
Any Corner connected to the other 3 Corners or any 4 dots
between the Corners connected to its opposite dot) — (Number
of Ways that the first connection is valid but the second
connection is invalid having Any Corner connected to the other
3 Corners or any 4 dots between the Corners connected to its
opposite dot)

= oP3—(4x3+4x1)xT—[(5x3+7x1)x4—-(4%x2+

2x1x4)]
= 504-112-(88-8-8)
= 504-112-72
= 320

If the time permits and the student’s ability are relatively high,
teacher colleagues can proceed to the secret mode using 4 digits
and the students can ask 10 YES or NO questions to get more
hints. No matter whether the students are wise enough to guess
the pattern or not, the teachers can teach them mathematically
how to obtain 1,624 as the correct number of ways in this lock

set.

School Mathematics Newsletter Issue No. 24



117

As an extended activity, teachers can ask students to use the
mathematical patterns they inquired from above to induce how
many possible locks can be built using 5 to 9 dots and discuss in
the next lesson should they have the interest to pursue advanced

knowledge of Combination and Permutation.

Second Lesson Plan — Suitable for Students having Average

Ability or Above (Suggestion)

If the students are of average ability with fair learning
motivation, it would be better for the teachers using another
approach to conduct the lessons because the students might lose
interest quickly by failure in guessing the right patterns a few

times if we still adopt the first lesson plan.

For instance, the teachers may start the lesson using a few Apps,
like local Public Bicycle Systems on streets or those Meal
Ordering Systems in restaurants, to pinpoint the essence of
security in data transfer. As they can be used regularly in the
real-life by the students, this is hopeful we can draw student’s
attention concerning Smartphone security and can successfully

stimulate their interest to engage in the coming STEM activities.

The teachers can then divide the students into 9 to 10 groups

with each group consisting of 3 to 4 students. In the first warm-
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up activity, each group is asked to design the Smartphone
pattern using one digit only and kept it secret. They are then
requested to calculate the number of possibilities, which is ¢C;
= 0. It is believed they can work out the answer easily for some

senses of success.

The teacher can then choose one digit by himself/herself as own
secret code and let the students guess it. The students are
allowed to raise creative “YES or NO” questions as hints for
guessing the randomly set pattern, like “Did your selected dot
lie above the middle horizontal line?”, “Did your selected dot
lie on L.H.S. of the middle vertical line?”, etc. It is expected
this simple activity can develop an engaging atmosphere that
the students would maintain high-level participation and
develop their generic skills by raising some meaningful

questions throughout the process.

After the relatively simple warm-up activity, each group is told
to design its Smartphone pattern using 2 digits this time and
keep it secret. Teachers can ask the students to evaluate the
number of patterns formed by selecting 2 out of 9 dots at
random without restrictions, which is ¢Cz x 2! or oP> = 72. The
students are allowed again to raise some creative “YES or NO”

questions to guess the pattern like “Did your pattern contains
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an axis of symmetry?”, “Did your pattern passes through the
middle dot?”, etc. The answer should be guessed correctly after

about 5 to 6 trials.

After successful identification of the pattern in this second
activity, the teachers need to illustrate that the actual number of
possible patterns is less than 72 due to some straight lines
connecting 3 points. The teachers can give their students 3 to 4
minutes to analyze and to identify there are 8 straight lines (3
horizontal, 3 vertical and 2 diagonals) which contribute 8 x 2 =
16 illegal patterns. The real number of patterns that could be
formed using 2 digits is thus 72 — 16 = 56.

After the student gets familiar with the rules of setting the lock
pattern, the teachers can introduce the third activity in which
each group will be asked to design the Smartphone pattern
using 3 digits and again the “YES or NO” questions could be
raised to guess the pattern. After two activities that the students
have warm—up already, it is believed the discussion will be
fiercer among students but no group may be able to guess the

right answer due to too many possible choices.

The teachers can draw accordingly different figures on the

board to teach the students how to find the correct number of
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patterns that could be formed by using 3 digits. The teachers
need to state that oP, for n > 1 (i.e. oP3 = 504 in this activity ),
is not the correct answer. It is because there are illegal patterns
generated, like 128, 537, 482, etc. which passes through either
more than 3 points or some previously connected points that
violated the principles. Teachers can apply a simple application
of the Inclusion-Exclusion Theorem in Combinatorics to teach

the students patiently in a step-by-step that

Correct Number of ways =9P3 -8 x (2x2x6+2)+12x2
=504 -8x26+24
=504 —208 + 24
=320

The three components of the first step above can be carefully

explained to students as follows:

I.  The first term 9Pz is the number of ways selecting 3 digits
among nine possible choices at random without restriction,

which is the same as that appeared in the First Lesson Plan.

II. For the second term 8 x (2 x 2 x 6 +2), we have
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(a) The digit 8 refers to 8 invalid straight lines (i.e. 13, 17,
39, 79, 19, 37, 28 and 46) with 2 points just counted
but they have an intermediate uncounted point.

(b) The first 2 refers to the two orientations of the same
invalid line, for instance, 136 and 631 are counted as
2 different ways even their appearance is the same.

(c) The second 2 refers to the flowing positions of an
invalid line. For example, if it has three points 1, 5 and
7 chosen, it can be drawn either by 1475 or 5147.

(d) The digit 6 refers to the remaining 6 dots on the grid
that can be chosen to draw the line.

(e) The last 2 refers to the number of invalid straight lines
formed by 3 collinear points. For example, we
consider the invalid line formed by three digits 1, 5
and 9. There are 3! = 6 different arrangements in
which four ( 159, 951, 519 and 591 ) are valid while
the other two ( 195 and 591 ) are invalid.

III. For 12 x 2, we have to aware that in Il we have some invalid
patterns double—counted that we need to deal with and take
them out. There are 12 such patterns concerned ( 139, 317,
179, 397, 137, 319, 197, 379, 173, 391, 719, 739 ), all

involve any 2 of the 8 invalid straight lines in II. (a) above
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that are adherent to each other, while x 2 is to consider the

two orientations of the same pattern.

As the conclusion, the teachers can briefly discuss with the
students how this STEM exemplar can integrate the theoretical
calculation and real-life application of Smartphone security
effectively, and let them see how the advanced Counting skills

can be used in reality.

An extended after-lesson activity may be arranged that the
teachers can write down the number of Android Mobile Lock
patterns which can be constructed using 4 and 5 digits. In the
meanwhile, all students are asked to think whether they can
develop any mathematical pattern if the number of patterns is
unlimited for an increasing number of dots available on the

mobile phone.

Third Lesson Plan — Suitable for Students having Average

or Below Ability ( Suggestion )

For this Lesson Plan, the students are assumed to have only
fundamental counting techniques and they do not know much
(or any) on Permutation nPr and Combination nCr. We can see
how this exemplar can still be workable by using simple

counting method in the double lessons.
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Like our Second Lesson Plan, the teachers are suggested to begin
from less number of dots like one or two only, to enhance the
chance of success and the confidence of students in forthcoming
challenges when the number of dots is increased to 3 or more.
This can also enhance the opportunity for building up more

proactive and constructive student participation.

The teachers can start the lesson by emphasising the security
importance in online data transfer for the protection of personal
data. Besides, a brief introduction of the Enigma machine, an
encryption device invented by Alan Turing in the mid-20th
century to protect the commercial, diplomatic and military
communication, can be used to discuss with students on the
selection of best security method (PIN, Pattern or Fingerprint)
to protect the valuable data in their mobile phones. This
introduction can help to relate this essential real-life problem to

the upcoming activities for students’ attention.

In the first part of the lesson, the teachers introduce the
principles of setting Secret Screen Lock in Android
Smartphone so the students understand what kinds of codes are
valid or invalid. Each student has to find out the number of

security patterns starting from 1 and 2 dots. A few students are
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then asked to present his/her findings of each case on the board

in details for class discussion.

When the students know only some simple counting principles,
the most foreseeable approach for 2-dot case should be 9 x 8 —
8 x 2 =56. But from what I observed in the tryout lessons some
students could give other innovative and creative approaches.

One example is as shown below:

I.  For digit 1, there are 5 valid connections: 12, 14, 15, 16
and 18. Applying the concept of rotational symmetry, digit
3, 7 and 9 should construct 5 valid connections.

II. For digit 2, there are 7 valid connections: 21, 23, 24, 25,
26, 27 and 29. Applying the concept of rotational
symmetry, digit 4, 6 and 8 should construct 7 valid
connections.

II. For digit 5, it can be joined to all other 8 remaining digits
as valid connections.

IV. Correct Number of ways =4 x5+4 x 7+ 8 =56

The students can relate an S.1 concept: Rotational Symmetry

to facilitate their simple Counting!
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With carefulness and effort, it is believed that many students
could understand how to find the right answer 56 patterns with

the help of ideas brainstormed from class discussion.

After the students get familiar with the locking patterns, the

teachers can classify the students of | ¢ S C
3 to 4 students and ask each group to (S: g (5:

find the number of Smartphone
security patterns using 3 dots. The teachers can help the
students by dividing the 9 dots of the pattern into 3 groups: 4
pieces of corner C (i.e. 1,3, 7 and 9 ), 4 pieces of side S ( i.e.
2,4,6,8)and 1 central dot O ( 5) and each group is required
to think about the corresponding number of combination case

by case.

The teachers can then assist the students using the easiest 3
corners ( 3C ) to explain its invalidity. The other cases like 2
corners and 1 side, ( 2C 1S ), 1 corner and 2 sides ( 1C 2S),
etc., are also introduced and the students are brought to see
various possibilities in each case and its number of patterns
available. The teachers can use a few diagrams drawn on the

board to illustrate that
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Number of Patterns
Case Connection Patterns
Formed

3C None 0

CSC 4x4x3=48
2C 1S

SCC 4x2x1=8

CcoC 4x1x3=12
2C 10

OCC I1x4x1=4

CSS 4x4x2=32
1C 2S SCS 4x4x3=48

SSC 4x4x2=32

CSO 4x4x%x1=16

COS 4x1x4=16

SCO 4x4x1=16
1C1S 10

SOC 4x1x4=16

OCS I x4x4=16

OSC I x4x4=16
3S SSS 4x2x1=8

SSO 4x2x1=8
2S 10 SOS 4x1x3=12

OSS 1 x41 x3=12

Total Number of Ways | 320
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The students are guided to identify the number of patterns
formed in different cases above and see if their work can be

combined to generate the final answer 320 patterns correctly.

If time permits, the teachers can ask each group to design the
Smartphone pattern using 4 dots and kept it secret. In each
series, when a group is selected at random, the other groups
could ask their members “YES” or “NO” questions to clarify
the unknowns and to guess the pattern. The number of
questions is unlimited. The group which can offer the right
answer wins the series. The students should be active in
discussion and can guess some patterns correctly with hinted

questions raised.

The teachers can ask them to use advanced approaches in
finding the above answers should they have learnt Permutation

and Combination later.

Using the “Android Mobile Secret Screen Lock” exemplar
above, as an illustration, we find that an exemplar can be used
on the students of various levels if we could slightly adjust the
teaching approach to cater for student diversity. Its introduction
serves as an objective of “throwing a sprat minnow to catch a

whale”, putting a sample here for colleagues’ reference so they
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can also prepare their exemplars for different topics of various
levels themselves confidently. Through sharing hands-on
experiences by our frontline teachers, hopefully, we can turn
out not only the curriculum leaders but also life-long learners

to strive for academic excellence in Hong Kong.

Reference Material 1 — 320 Different Secret Lock Patterns

using 3 Digits
Please find below 320 patterns of Android Mobile Secret Lock

that can be formed with 3 digits out of 9. Upon student’s inquiry,
the teachers can show them these data for convenience and

reference.

123 124 125 126 127 129 142 143 145 147
148 149 152 153 154 156 157 158 159 162
163 165 167 168 169 183 184 185 186 187
189 213 214 215 216 218 231 234 235 236
238 241 243 245 247 248 249 251 253 254
256 257 258 259 261 263 265 267 268 269
274 275 276 278 294 295 296 298 321 324
325 326 327 329 341 342 345 347 348 349
351 352 354 356 357 358 359 361 362 365
367 368 369 381 384 385 386 387 389 412
415 416 417 418 421 423 425 426 427 429
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459
487
519
536
561
576
592
624
652
681
698
745
761
786
841
856
874
923
948
963

435
471
489
521
537
562
578
594
625
653
683
721
748
762
789
842
857
875
924
951
965

436
472
492
523
538
563
581
596
627
654
684
723
749
763
812
843
859
876
925
952
967

438
475
495
524
541
564
582
598
629
657
685
724
751
765
814
845
861
879
926
953
968

451
476
496
526
542
567
583
612
632
658
687
725
752
768
815
847
862
892
927
954
981

452
478
498
527
543
568
584
614
634
659
689
726
753
769
816
849
863
894
941
956
983

453
481
512
528
546
569
586
615
635
672
692
729
754
781
832
851
865
895
942
957
984

456
483
514
529
547
572
587
618
638
674
693
741
756
783
834
852
867
896
943
958
985

457
485
516
532
548
573
589
621
639
675
694
742
758
784
835
853
869
897
945
961
986

458
486
518
534
549
574
591
623
651
678
695
743
759
785
836
854
872
921
947
962
987

129
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Reference Material 2 — Python Program

The Python program below can help to show all the number of
ways that the Secret Screen Lock can be formed for different

number of digits the user adopts, from one digit to all nine digits.

from itertools import permutations
from Queue import *
lines = {'13":2, '46".5,'79"8,
'17"4,'28"5,'39"6,'19":5,'37":5}
#tlip ab to ba.
def switch(s):
return s[1]+s[0]
#adding flipped lines into the checking list
e=[]
for line in lines:
e.append(switch(line))
foriine:
lines[1] = lines[switch(i)]
#checking if the middle number appears AFTER the line is filled
#which is invalid
def check(s,lines):
for line in lines:
pos = s.find(line)

if pos > -1 and str(lines[line]) not in s[:pos]:
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return False
return True
#main program returning all possibilities for every number
def ():
now =0
q = Queue()
for i in range(1,10):
q-put(str(i))
#while not q.empty():
while now <= 8:
a = q.get()
if len(a) > now:
print now+1, q.gsize()+1
now += 1
for1in'123456789":
new = a+i
if 1 not in a and check(new,lines):

g.put(new)

fO)
Results: I. 9 2. 56 3. 320
4. 1624 5. 7152 6. 26016
7. 72912 8. 140704 9. 140704
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[1] https://en.wikipedia.org/wiki/Surface-area-to-

volume_ratio

[2] https://www.acs.org/content/acs/en/education/resources/hi

ghschool/chemmatters/past-issues/archive-2013-

2014/animal-survival-in-extreme-temperatures.html

[3] https://alevelbiology.co.uk/wp-
content/uploads/dlm_uploads/2017/06/AQA-AS-Biology-

3.3.1-Surface-area-to-volume-ratio.pdf
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development/renewal/STEM/STEM%200verview_c.pdf

2] FHRERENFH(CaAT ) Bop
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