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The principal objective of <the School Mathematics
Newsletier (S.M.i.) is to imorove the teaching of school mathematics.

You will find a variety of articles in S.l.N. expounding -
views,; theories; experiences and critigues together with an 2xtensive
assortment of information supnlied by + .ose directly involved.

Wle hope %o provide a vertiable pool of ideas for teachers to use,
including recreational material. We also hope to create a challenge
corner to include puzzles, wroblems and other investigations that may
be of interest.

An important aspect of S.lf.N. is thie correspondence nage.

We ish to encourage »neople to express tihcir views freely and hope

to establish a forum in this resvyect. Do if you have something

to say or something to argue about, whatever your field in education,
put your pen to paper and forward your correspondence to the Editor,

School Methematics Newsletter, Mathsmatics Section, Advisory Inspectorate,

Bducation Denartment, Lee Gardens, Hong Long.

L

We extend cur thanks to all who have contributed to this
montihl'ls issue. ’

F. Parkin



Conference on the Teaching of Mathematics
in Secondary Schools

The Cmnference to be held on May 6, 1978 at Grantham College of
Education, Gascoigne Road, is organised by the University Graduates
Association of Hong Kong and the School of Education of the Chinese
University of Hong XKong and sponsored by the Mathematics Section, Advisory
Inspectorate, RBducation Department. The aim of the Conference is to provide
a forum for teachers to exchange their ideas and experience on the teaching
of Mathematics in secondary schools. The outline of the programme for the
Conference is given below :—
9,00 - 9.30 Registration
9,30 - 9.45 Opening address
9.45 -10.45 ‘alk by Dre. 35.C. Cheng
10.45 -11.00 Recess
11,00 -12,00 Workshops (lst round)
12,00 ~ 1,00 Iunch break

1.00 - 2.00 Film show

2,00 - 3,00 Workshops (2nd vround)

Exhibition of books, teaching aids and calculators will be held from 11.00 a.m.
to 5.00 PeMa

All teachers are welcome to attende.

For further details, please contact the Mathematics Section, Advisory
Inspectorate, Education Department, Hong Kong. (Tel. 5-774001 Ext. 36 ).

Metrication Seminars for Teachers

A series of metrication seminars designad to promote the further use
of metric units in the teaching of matnem tics ars being organized by the
Mathematics Teaciming Centre. They will include talks, discuszions and
exhibits.

At the time of writing, ssven seminar Sy z2ch attended by more than
120 primary school teachers, have already been lLinld with the help of District
Iducation Officers. Seminars of similar ﬂ@turu for secondary schocol teachers
will be held in summer,

Hetrication posters,; metrication box 2nd reference pamphlets will be
distributed to the pariicipants in the seminars.
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A Programme for Primes

Mr, A:.Gs Brown
£eDo (CoIoS.)
Education Department

o 2n---l 2n---l
Editoral Note: Although Rm = /710° 47 - 10 [10° a7 >

gives a 'formula' for the nth prime Hn, it is nct & very useful one,
To calculate Bn) from this formula, it is necessary tg know the valuecs
of KUy P2y ceveeo; Hn) and the value of & correct to 2 decimal places.
There are a rumber of similar formulae, tut they all suffer from the
same defect. There is as yet no formu>  which we can ceolculate the
value of Rn) for any given n without previous knowledge of its value,
and no rule for the prime which fcllews a given prime. By means of
a programmable calcoulator (HP—ZS), Mr. Brown writes a programme with
49 programme steps which (i) genersztes all primes greater than or
equal to 5, (ii) displays the next prime that follows a given number,
and (iii) may be used to verify whether a given rmumber is prime or not,
= m
= a2
* A= = P O =,02030005000000070 o0o06cas

ZE;7 represents the integral part of x.

JeSo

Calculator lodel : HP-25

Instructions :

1. Stere .2 in store 7.

2, Iunsert number to find next prime,

3. Press R/S to find next prime.

4. For completely new start go back to step 2.
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IN MATHEMATICS?

““Dr. CHING SHIU CHING

In Hong Kong we often heard that a mediocre student'did well
in Mathematics when studying abroad. Thisis not an isclated incident.
If this is so, the phenomenon itself is worth investigation.

To do this an international achievement measurement is needed.

One of the well kmown surveys of achievement in education
across nations is the IEA=——The International Study of Evaluation of
Educational Achievement. This organisation, since its inception in
1962, has conducted several international surveys in educational
achievements, In these surveys, it was found that achievements of
students were related not only to a number of pedagogical factors
such as course content, tecacher gualifications and classroom
schedules, but also to many socio-economic factors in the studied
countries.

" The IEA study on mathenatics achievement was done in 1964
with twelve participating countrics. They werc Australia, Belgium,
England, Federazl Republic of Germeny, Finland, Francc, Israel, Japan,
The Netherlands, Scotland, Sweden and the United States of Americae

In the survey, the target populations were the 13 year old
students and the pre-university grade, sinec they represent the two
major terminal points of education in these countries, The 13 year
0ld population was further subdivided into ta and 1b. The 1a
popul ation was for all students who were aged between 13:00-13:11
(year:mbn%h) at the date of testing, while the 1b population was
for the grade level in which the majority of students were of  age

13:00=13: 11,

The test for 1b population consists of 70 questions, - The

following table shows its composition.



Topic Number of gquestions

Basic arithmetic 13
Advanced arithmetic 18
Elementary azlgebra 12
Intermediate algebra 4
Buclidean geometry 13
Analytic geometry 1
Set 4
Affine geometry 3
Others 2

Total 70

The test had been administered to 132,775 students. from 5348
schools in the twelve nations. The result of the major findings were
analyéed and published in the two volume book cdited by the director
of this prcject Professor T, Husen. In 1970 the writer had the
opportunity to invite a group of testers from the Third-year
Mathematics Special Coursc in the Northcote College of Education to
conduct this test. In the Hong Kong survey, 415 studentse from 14
schools were sampled, These included students from urban and rural
scheools, Chinese and Anglo-Chinese schools, grammar and technical

schools,

- As the test used was for the 1b population; our samples
were students in classes in which the majority wore of age 13:00-13:11.
In the sample thcre were 215 male students and 200 female students.
The result of the test is given in the distribution table below.
For comparison, the statistics from the international inquiry are

dalso listed.



Distribution of scores in percentage

Score Hiong Kong Twelve nations total
0 1.0
1+5 10,0
6-10 0.5 | 11.0
11=15 0.2 12.0
1620 0.7 12.0
21=25 2.5 12.0
26=30 344 10.0
31-35 TeT 10.0
36-40 1240 7.0
41~45 18.3 6.0
46-50 2.7 40
51-55 1649 3.0
56-60 10.4 1.0
61-65 5¢1 0.5
66=T0 1¢4 0.1
Mean 44;2: 23.0
S.D. 9.9 15.0
Distribution of Test Score in Hong Kong
: Hong Kong
Twelve M =44.2
Nations SeDe = 99
% U = 23.0 ’
S:De=1540
7

Scores



meﬁérhoﬁg'Kbhg students méde a mean scorc of 44.2 withnén
standard deviation of 9.9, This mean score is high in comparison with
that obtained by the twelve nations. From the above tablzs it can be
seen that two thirds of the Heng Kong students scored bstween 40 and 60
out of a mazimuwn score of 70. The overall mean is 21.2 marks higher
than the average mark of the twelve nations, In terms of standard

deviation thisg is 1.4 3.D.

At first, this figurc seems unrcasonably high and casts doubt”‘
on its validity., But ac we look at it from the angle of sclectivity of ‘
samples, this is not hard to explain. In 1570 there were only about -
50% of the 13:00-13:11 age group children in schools in liong Kong, while
all the twelve nations nearly had 100% of the age group in schools.

Assuming the test population in Hong‘Kbng represcnts the upper
50% of the age group, the CONnglSOP of the scores could be maae more
meanlngfully Jlth the upper 50,5 of the twelve natlons ;chlbvamentu,
The following table shows this comparison. In this table we could see
that Hong Kong falls behind Japan and Israel and becomes the third '

highest nation in mathemctics achievement.

0f course, achievement mcasurement as such should not be mie-
interpreted as an international géli6£;<.If is not difficult to scc
that score of achicvement does not necessary reflect successful learning,.
In fact, any educational achievement is only an outcome of fthe ecducational
complex formed by dozens of variables. As thosce variables are in no way
equal in the investigated countries,; we arc in no position to soy whidh

are really the better achievers,
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SETS OF NUMBERS WHOSE MEANS AND STANDARD

DEVIATIONS ARE ROUND NUMBERS

by Greogry CHAN and Joseph SHIN

To calculate the standard deviaticn of a set of
numbers, a student may
(a) use a calculator that has a built-in program for doing

the job, or

/”(',, m)Q A
(o) use the formula S;:vfl“:xﬁ’“** - 1¥X - )
[N A

where o is a suitable constant, or

(c) use the formula s = J‘“ ~ - X, Or

N
LY
(d) use the formula s = A/m(x;q X)

Method (a) gives us the answer in a short time without
any labour in calculation. A student who uses this method
to do his exercise only gains the skill of using the cal—
culator. So, this method is only recommended when the

student has well understood the meaning of standard deviation.

Method (b) is recommended in many books written before
electronic calcalators became cheap and popular. Examples
of using method (b) are often shown in table forms with
a methematical proof of the formula preceeding it. But when
electronic calculators {without built-in program to calculate

standard deviation) are available, the best constant for o



-~

is zero and so the formula becomes the one in method (e).
Hence, nowadays, .method (¢} is preferred to method (b).
- In fact, the formula in method (¢) is much easier to apply

than the formula in method (d).

Nevertheless, the formula in method {(d) is the mosi
instructive formula. It helps students to understand that
the‘standarﬁ deviation of a set of numbers is the root mean
square of the deviations of the numbers from the mean.
Doubtléssly, it is the most crumsy formula to apply
especially when the mean is not a round number. Because
of the instructive value of the formula, it is recommended
to encourage stu&ents to do a few examples using this |
formula. But, to releaf their difficulty in calculation,
it is recommended to provide students with sets of'numbefs
(not too many in number) whose means are round numbers.

And students will appreciate if the standard deviations

are also round numbers and thej are told of this before they
start calculating. So, when they find that their answers are
not round numbers, they will look back and check their cal-
culations, and if their answer is a round number, they are
sure that the correct answer is obtained and would have :

some sense of satisfaction.
The following table listz several sets of numbers

whose means are all zero and their standard deviations are

round numbers.

13
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On Standard Deviaticons
KXo Lo Suen
Mathematics Section, E. Do

Which of the following

N

s 2
[R5
P
e

N

>4

1
=

g

N

Standard Deviation =

T A =2
Standard Deviation -V/ — gig (xi - %)

iz correct ?

Normally in school, we arec faught that the standard deviation
of a set of numbers Tyy Xpy eccovey X ale defined as

I~ n
S U -2
= =, (x -%)

- i
i=1

but if you happen to buy a calculator which hos e key for stadard deviation
then you may notice that the vilue of standord deviation is calculated from
the formula

{

n

=2

T > (x; = %)
i=l

It is quite interesting to know why there is such a difference.
Lat us now consider a porulation

et T ———
L ot —

consisting of m numbers. The populaticn mean A4 , and porulation
variance 0 are given as ’
m
2 1 X 2
0= E ya (Zi"/u'>
i=1 ’

A sample of n mumbers x,, X,y X35 sc000y X, arc selected from the porulaticn.

i
=1 B
H-M
i ls
)
N
2

¥

TN :
) population mean = m
! Z'y Z29 o000y Zm / . P e
) . populetion variance = J
\M‘\‘—M—-hn‘.\‘”’" - _‘,.»/’
1
i .
v _a sample is selected
e, T—
- = } i = T
- . saliple mean = 2 '
1y 2 5 Fn semple variance = §°

\N

15




The sample mean x and the sample variance s2 are calculated as

1 n
I.—:niz1 }%_

)

S= (% -%)°

i=1

5

z
a8

It is quite natural to ask whether or not =, s2 are reasonablc
estimators of the population mean ;v and the population variance g2 2 To
define a resonable estimator, we imagine that for every sample of n numbers
from the populstion, the mean and variance are calculated (actually the total
no. of samples is N = C’ﬁ ). Let those sample means and sample variances be

X x X
1’ 27 3g o9000c00000y xI\I

2 2
S%i sgv 83, ®00aqco0eo00y§ SN

It is natural to say that x, s2 are réasonable estimitors of & ando® if

Mea.n- Of$x1’ 12913’ 0000000006000y XN}:-.}L )

H
.

f 2 2 2 21 42
Mean Ofi 519 2, 83, gqoauan»a‘ﬂlodig SN?:O-

Unfortunately, only the first of the above holds. Thus g2 is not a resonable
estimatorgé in mathematical term; not an unbiasecd estimator% of the population

variance In any case, if we change the definition of g% as
- 1 n
n -1 ; o (x- 0)?
i=1

%hen it becomgi a, reasonable estimator. Generally speaking, for any population,
e

¥ 1s reasona to use 1e Sampie mean
n
— l X -
X = X i
n 1 = 1

0
to estimate the population mean g = % ;25:; - z; and to use the number

ST

n -1

m
to estimate the population variance 0% = S (z; - )»)2., A mathematical
proof is given below. 1=1

Supposge that X : Xyg o g eocecey xhzand Y2 Jg 0 Yo 1 eeoey, are

’ m
mean A and Va,rianceO"Z° The following properties will be used and are listed
for reference,

independent random samples from the population z : Z1 ' 20 4 eocscoy 2 with

16



P ¢ - .
Definition: E(x) =i S oxm =3 V@) s 2o (x)°
Prob, 1 E(ax) = a‘E(x)
Prob. 2 E(x+y) = B(x) + E(y)
Prob. 3 B(x2) = V(x) + (B(x)) *
Prob. 4 V(x+y) = V(x) + V(y)
Frob. 5 V(ax) = aZV(X)

Firstly we are going to see that the mean of the sample
means is equal tc the population mean. ‘ '

n N . N . v
- 1 E ‘ - [ 1 ;—n““ W
e . " = E — .
TTR 4G i =) n T b
L S 1
=3 =T By) =5 ()

since each X, is an independent random variable of the population.

We are now in a position to investigate the mean of the
sample wvariances

2 _ 3 < -2
5 %1% >‘”’“i- (% - x ,
2
2 _ 1 Z’” 5 .
By Frob. 3’ s = E L1= ~ Xl - x )
Tn' 2] .
2 - 1 2 ) —2
B) - RC [ A Xi‘J - E(X ), by Prob.2,
i=1 »
_n
10N 2 -2
= H L“-/ E(Xl) —'E(X ) sooooss ¥
i=1
For each i, we have E(Xf) = V(Xi) + [E(Xi)j 2 by Prob. 3,
2 2
= (T + //1/
Also, E(XQ) = V(%) + [E(Xi

s by Prob. 3,

L S b
=V{z = M M

17



1 ; ‘ 2
[ "‘2 » V(Xl) + ‘//( by Probe 4,5,

n T
Y

2
J 2
= +
LM
On substituting into *, we have

B2 21 S (2 e’ ) - (Cep?)

i=1 ’

o)
[4

2 2 U 2
= {J +/(,{ -n -/LL
n~1
2
= T
n
n 2 12 2
Bquivalently, B(— s°) o (=) (==0%) = g, by Probs 1e
n—-1 n~1 n
n
L 2 _L.E x - 3)2
But n—-1 5 = n—1 (Ki -,
Y
n
This means that ;lT (xi - E)z is a better estimator of the
1]

population variance'Cf2.

(Reproduced from "Clementi Middle School Golden Jubilee Issue™)
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A Problem on Locus

Albert Tce
S5.K.l, Kei Hau Secondary School

Given: (i) A fixed line L,
(ii) A fixed point A outside L
(iii} If B is any point on L, construot the cauilateral trlmnﬂ]w ABP.

Find the locusg of P,

Z‘Solutlon;7 Without loss of genorality, lot
point (0,1). Let the co—ordina
ais g TC‘l rumber. Then we fo
and lot the co-ordinatcz of T be (fo)
Thus

e x—-axis, and A be the
be (a,"os7 say, wherc
quilateral trianglce ABP,

o e e
MNP b1 = Ax2 4 (y-1)2 =f‘v”(x—-a,)2 +y

By eliminating a, woc get

| iy~ e ST

oxd x° 4 y2 -2y = %% 4 y° -1
sc that
o 2
4x® (x% 4 y% c2y) = (5% yo- 1)2
ieee X mytioxPyle8xPyroxiioyil = O,

vhich is a quartic equation.
However, this equation can be rewritten into

(N3 xby+1) (43 2=3-1) (% (3=1)2) =0

which represents a pair of strsight lincs passing through (O 1)

with ?1opv - 43 and ;f? respectively, and a point of sigulerity,
viz. (0,1)

Hence, the locus of F ig =z pair o:

>4
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A SURVEY ON THE ATTITUDE OF SCHOOL CHILDREN

TOWARDS THZ USE OF CALCULATORS I& SCHOGCLS

The survey, in the form of a questionaire, was made last yvear on
four classes of fourth formers (i = 152) in Clementi Middle School. A copy
of the questionsire (translated into English) is given in the appendix.

I. Anelysis of replies

The sample consists of four Form 4 classes, two Science (74 boys
and girls) and two Arts (78), giving a sample size of 152. The replies show
no significant difference between the Sclence and Arts classes, though one
would think the former had more occasions to do calculations than the latter.
However, all children have to take mathematics irrespcctive of whether they
take other science subjects or not, and it seems that the possible use of
calculators in mathematics alone is enough to make the Arts classes think
favourably of it.

More than 77% of children in the sample have some experience using
calculators and 60% of them or their families own a calculator, while less
“thanl¥% of them have a slide rule and almost all 6f”Ehem prefer a calculator
to a slide rule.

It !s interesting that the inore advanced calculators have a greater
appeal than those that can only handle simple arithmetic, though the latter
are more widely advertised in newspapers.  The preference for advanced types
springs partly out of a wish to have the best; however, there is a genuine
desire to get rid of involved computations with a calculator and to do away
with mathematical tables (Questions 6 and 11).

It also appears {(Questions 9 and 10) that children do not find the
idea of allowing the use of calculators in public examinations objectionable;
indeed, over 76% think candidates may bring their own calculators.

To summarize, the calculator has become a common calculating aid
among school children. Because of its cost and limited speed, the slide
rule has never been popular. An electronic calcualtor, even a simple one,
can work very much faster and children like it better than a slide rule or
mathematical tables. They see it as a useful aid and think it should be

allowed in public examinations.
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IT, ' Mathematical Tables vs calculators - a reflection

Some people are justifiably suspicious of the role of calculators
in mathematics education - will they not impair children's grasp of
fundemental operations like addition and multiplication ? To many peonle
the multiplicaticn table is something to be memorized at all cost and to
be known backwards., To them calculators are not without objection because
they enable children to do multiplications accurately and quickly without
requiring them to memorize their tables,

I think the multiplication table is useful only because we cannot
always carry a calculator around. If one day svery watch is also a
calculator (which is very likely to happen, siven the present trend of
miniaturization of calculators and quartz waiches), much of the usefulness
of the multiplication table (which is its portability) will have been lost.
The multiplication teble illustrates no mathematical principle (except the
commutative law of multiplicaticn, perhaps) and a man who knows 3 x 6 = 18
by heart is not necessarily = better mathematician than one who works it
out the long way, as (6 + 6) + 6 = 12 + 6 = 18,

Besides, one can learn the multiplication table with the help of
a calculator by checking one's memory againzt the LED display. (A type of

calculator advertised in Dollar Saver displays YiS and NO instead of numbers.,

A child enters a calculation on the machine and also its answer, which he got
by his own calculation. If the answer is right the machine displays YES; if
NO he has to do it again. Of course this kind of toy is not a 'calculatcr!
in the strict sense).

With Logarithms, mathematical tables may be better than calculators
in eliciting the mathematics behind their use. As for compound interest, it
is more than likely that involved computation will distract children from
the mathematics, which is just that the accumulated sum (interest +
original deposit) follows a geometrical progression. (Because they are
living in an age of 'buy now pay later', calculations with hire~-purchase
repayments is of some practical importance. However, such work is mathematic-
ally barren and can easily become boring if too much time is spent on it. A
calculator enables cne to get the answer without the obsession of the
computation. )

The strength of logarithm tablies as a learning a2id is its limited
range: To find log 314.2, one has tc write it as logz (3,142 x 102) = log 3.142 +
log 102 = 2 + log 3.142, thus reinforcing two theorems of log
calculation. (This necessity to transform a number becomes a dis dvantage
when it is only the numerical snswer that matters.) This limitation also

gives trigonometric tables some merit. Thus
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sin 120° = sin (180° = 60°) = sin 6C° = 0,8660
is more than a mere calculation.

Apart from this merit (which arise cut of the weakness of tables

@)

as a computational tool), tables camnot stand up favourable against

electronic calculators educationally, not to say as computational tools,

o

The idea of a limit and convergence, for example, is bhetter brought out
with a calculator than laboriously with tables,

There are other surprises, If we press 1 (radian) and then cos,
and then the cosine of the display, then cos that, etc., the sequence of
displays oscillates slightly and eventuelly stabilizes 2t .7390851332,

This is interesting, for not only have we solved the equation cos x = X, We
are also inspired to investigate the seguence

COS X, COS COS X, COS COS CCB X; osooooe
Given x, must this sequence converge ? If yes, to what limit ? Etc.

With a programmable calculator the mathcmatics muster has an even
more powerful teaching aid. Programming is now scmething within reach, and
children can learn the technique of writing programs and through them learn
many other things, as, approximating to the area of a circule by & sequence
of regular polygons and hence calculating 77 to any desired degree of
accuracy, finding the 100th prime, doing a numerical integraticn, comparing
an approximation dy = £' (x) dx with A y = £f(x +56x) - £(x), generating
a get of random numbers (possible with some models) to simulate a random
experiment and even nuclear dieinfegration, etc,.

In short, the calculatcr is not just a computational tool, good
as it is at that. It is a useful tsaching aid for the exposition of
certain topics, and its use makes it possible to teach others hat are
otherwise difficult or impossible to teach. If one remembers that the one
single merit of mathematical tables is also a drawback, and that calculators
can do no harm to the learning of 'pure! slgebra and geometry, calculators

w%ill have an appeal over and above their ability to do calculations guickly.

Reference

1, A.G. Brown, Electronic calculators and their use in education.
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Replies are shown in the form 'm -+

rerlies from the

Hewve
O Yes

5 + 62 = 11

Do you or any m

id Yes

45 + 46 = 91

AFPERDIL

THE UESLTICNAIRE

. .
a'y the number

whore m is

Science cls ses 2nd n the number from the Arts classes.

you ever used an electronic calcul=stor?

Yo

"}
8 18 + 16 = 34
ember of your family own a calculator?

1 Yo

61

Do you want to have a calculator to yourself?

3 Yes
T2 + 76 = 14

3 Yo
e

If yes, how much are you willing to pay for it%

[} Under $50

10 + 11

21
Which of the fo

24+ 1=

(V]

32 + 52 = 84

62

37T + 25

Do you think
School?

[ Yes
61 + 68

3C

= 12
if yes, when
Ora

54 2 =1

i $50 - $100 T\ Over $100

48 + 59 = 107 12+ 8 =20
llowing types will you buy, if cost is no prcblem 7

7 Simple calculetors (+—xv and perhaps one key for
& constant)

[l Scientific calcilators (+-x2 J& 1nx sin cos ctc.)
T3 Programmable scientific calculators

hoolchildren should he sllowed to use calculaztors in

™ Yo

e}

> 11 + 10

21

should they be zllowed?

w2 I r.3 T17F.4 and shove

0+ 1 1

15 + 25 = 40 54 + 50 = 104
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6.

Te

8.

%

10.

11.

12.

Do You think children must first be thoroughly at home with the four
operations of arithmetic before they can be allowed to use calculators?
] Yes O No
72 + 15 = 147 2+3 =5

In your opinion, working on comrlicated arithmetical operations

9+ 12 = 21 1 will strengthen your understanding of mathematics
65 + 66 = 131 [ tends to digtract you from the essence of an
argument

Do you think all schoolchildren should éhould lsarn to use calculators?
1 Yes 1 No
70 + 72 = 142 4+ 6 =10
Should they all have a calculator that they can bring to school for
daily use?
{1 Yes I No
61 + 67 = 128 13+ 11 = 24
Should the use of calculators be allowed in the Certificate Examination?
I Yes » [J No
56 + 69 = 128 154+ 9 =24
If suitable restrictions are made on the types allowed, will it be fair
to candidates to allow them to bring their own calculators to public
exams. 7
[1Yes 3 No
56 + 60 = 116 18 + 18 = 36
Do you think caloculators are going to replace mathematical tables?
1 Yes 1 No
58 + 6l=1.19 16 + 17 = 33
Do you or your family own a slide rule?
[ Yes 3 No

T+ 6 =13 67 + 72 =139
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13, Have you ever used a slide rule?
1 Yes T Mo
11 + 10 = 21 63 + 68= 131
14, If you are given a choice between a slide rule and an electronic
cdlculator, which will you prefer tc use?
3 Slide rule 2 Calculator

24+ 0=2 72 + 786 = 150

<9
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Short Fotes on Twe Experimerts with Frime Numbers
L.,L. Li

By wsy of introduction : a prime number is a natural number not
divisgible by any other natural number with the trivial exception cof
1 and itself; 1 is not taken as a prime.
Of classical interest in the Theory of Prime Mumbers is the Goldbach
Conjecture which clzims th:t every even rurber is decomposable into
the sum of two prime mumbers. For example:

1000 = 47%+521, 1002 = 455+503,

2000 = 76041231 and 2002 = 97141031

There are other decompesition "theorems®™, some rroved while others
are verified up %o some large numbers. FPrcofg,; in general, are
extremely diffieult.

The author would like to &dd two more decomposition rules (beliwved
to be original) just to further complicate the situation.

Rule 1 Every prime 7 7 is decomposable into the sum of double a
prime and another prime, i.e. prime = 2P1 + P2

Rule 2 Tvery prime Z 19 is decomposable into the sum of double a
prime and triple another prime,; i.e. prime = 2P1 + 3P2

Rule 1 is numerically verified up to 937 and Rule 2 verified up to
307 by the author using a slow computers
The decompositions are not unique, €.g.,
101 = 2x2497 = 2x11+479 = 2x17+67
2x20+43 = 2x41+19 = 2x47+7

fl

according to Rule 1, and, c.ge,
101 = 2x7+3X29 = 2x31+3x13
= 2x43+3x5

according to Rule 2; the number of possible representations in both
decompogitions hss the tendency o increase as the original prime
gets larger.

The interested recder may like to examine whether the above

decomposition rules for prime numbers can also be applied to
sufficiently large odd numhers.
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Are Circumscribable Quadrilaterals Always Inscribable?

Joseph Shin,

A quadrilateral which can be circimscribed to a circle is said
to be circumscribable., A4 quadrilateral whish can be inscribed in a circle
is said %o be inscribable. Iow would you answer tlis question: Are
circumscribable quadrilsterals always inscribable? You might find it
interesting to pause in your reading at this point., Certainly squares are
circumscribable as well as inscribable. Isosceles trapeziums -also favour
the affirmativs, However, what happens if the figure is not so "regular”?
After a momentts thought, you will find out that the answer is negative,

The problem then remaings what conditions must be placed additionally
on the circumscribable quadrilateral in order that it is inscribable? One
way of attacking a problem such as tiis is 4o use a method suggesved by

George Polya : take the problem as solved. Supposc the circumscribable

quadrilateral as shown in the figure is also inscribable, then a
| a+ ¢ =b+ d \\\\\

80 that (a =1)° = (o - )2, 4 \%\\

giving T S (1) 08 -

and ol+ P = 180° N ).

Now a2 + b2 — 2abcoss = X2 = 02 + dg ~ 2cd cosB

so that a? + b2 —“2abcosa4 - (a? + b2 - 2ab) = 02+d2— 2cdcosp ~ (c2+d2~2cd)
" giving 2ab (1 = cosy) = 2cd (1 - cosP) ‘

iees ab(1 - cosy) = cd (1 + cose) e

This result is not nice since it containg an angles, We prefer
a neat and compact expression. By considering the area of the quadrilateral,

we have :
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4A

BoA

[}

2

(24)

(ab sinsl+ cd sin@)2
(ab + cd)2 ein‘ed

2d25in20L+ 2abed singo(.

since sinel = sinﬁ
a.2b2sin2d.+ c
ab (4-cosd) ab (1+cosd) + cd (1+cosl)cd (1-cosel) + 2abed sinzo(,
od (1+cosel) @b (1+cossl) + ab (1-cosgl) cd (1-cospl) + 2abod sin%l
abed [(1+oosd,)2 + (1-—cos°L)2 + 2 sinzc(,]

4abed

abcd.

This result is beautiful! Thus we may want to predict the following

pi'opositions

e
¢

Proposition 1 s A circumscribable quadrilateral with its area eguals the square

Proof

root of the product of its four sides is inscribable.
Since the quodrilateral is circumscribabley, a + C = b + d, so that
a2+b2—-2ab=.02+d2~20d.
Now, a2 + b2 ~ 2ab cospl = x° - ® + d2 - 2cd cos By SO that
a2 4 b° = 2ab cosel-~ (a,2 + b2 - 2ab) = % + a° - 2cd cos B~
(02 + a2 - ocd)
S ab (1 - cosd) = cd (1 - oosts)

Since A =./abed, 4 abcd = (2A32

"

(&b sinel+ cd sinﬁ)2

= a2b2 sinZgL+ 02d2 sin?g + 2abed-
sinelsin IQ

sb (1 + coml) ab (1 = cospl) +
cd (1 -~ cosP) cd (1 + oosfs) +

2abcd sinolsin [9

It

ab (1 + cosal) cd (1 - cos(e) +
ab (1 = cosd) cd (1 + cos/g,) +

2abcd sinel sin P
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= abed iw(1 + cosel) (1 = cosB) + (1 = cosd)
(1 + cosB) + 2 sin« sin?]

- 2 cogpcosB + 2 singsin?]

N

= abcd

abed }2 - 2 cox (d+ B)i

This implies that 4 =2 = 2 cos (w(+B)

Hence, ol+ B = 180°

Propogition 2 : A circumscribable quadrilateral iz inscribadle if and only if
its area equals the square root of the product of its four sides.

Proof : Combine the above discussion and proposition 1.

A lesson based on the material outlined above will be of value to
students in several ways. Not only it gives a necessary and éufficient
condition for circumscribable quadrilaterals to beinscribable, but also it
demonstates that a proposition that is not truc may sometimes be svjalvaged
by imposing the correct additional conditions“to mal%e 1t true, ..Polya's
method serves as an introduction to mathemati‘oal discovery., It is ht;ped

that this note may suggcest paths to discovery to be traveled by students,
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How Many Primitive Pythagorean Triples

Are Themselves in Arithmetic Progression

For positive integers a, b, ¢ we shall call the ordered triple
(a,b,c) a Pythagorean triple provided a2 + b2 = 62, A Pythagorean
triple (a,b,c) is called primitive if a and b are relatively prime.
The purpose of this article is to prove
Theoram (3,4,5) is the only primitive Pythagorean triple which is
itself in arithmetic progression.
Suppose (a.b,c) is a Pythagorean triple which is itself in
aritmetic progression with cammon difference x, then
c~b=3x ¢c-a=2x
Let y = a nvx, then a,b,c may be represented by
a=X+Y, D=2x+y, c=3x+4+Y (G)

Since (a,b,c) is Pythagorean,

(x + 3% + (2x + 9% = (3x + ¥)°
so that . y = 2%

. Interested readers may verify that by choosing a positive
integer x and letting y = 2x, (G) generates exactly once all Pythagorean
triples which are themselves in arithmetic progression. It is interesting
to note that a, b are relatively prime if and only if x = 1 (and hence
y=2). Nowforx=1, y=2,a=3,b=4andc=25

Thus we come to the conclusion that (3,4,5) is the only
primitive Pythagorean triple which is itself in arithmetic progression.

A1l Pythagorean triples which are themselves in arithmetic progression

are of the fom (3k, 4k, 5k) where k may be any positive integer.
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Compexrison between C,D.C. and Amalgamated Syllabus

Algebra C.D.C, Amalgamated
Numbers ¢ Conversion of denary numbers into binary numbers and vice-versa <. .
Positive and regotive v v
Formulae : their menipulation sud numerical applications v v
Percentage : convesting fractions %o percentage and vice-versa v v
percentage in everydzy problems : interest rate, growth and depreciation; profit and v v
logys, dicocount,; etc.

. . .
Approximation and measurement v v
oignificant figures v v
Polynomials in one vuriable not higher than the third degrse : Simple cperation with polynomials v ¥

wwwm&Omem&wob of polyncmiazals, €.8. v v
5 s o 5 px" + gz + v = (bx + k) (mx + n)
. . -~ o hs
Fractorization of ac + boy a - b7, 2 + 2ab + b \ v
3 3

a” + b : v
Hotation of function vV v
. o .
Remainder Theorem V v
L.Coley HoGoFo of polynomials LoC.M, only v
Algelralc expresuions v V

HFinomial expansions with integral indices V.
Simple algebraic fractions v v
Ratioy Proportion . v v
Variation v
solution of Linear equations in one unknown v v
simultaneous linear eqguations in two unknowns \' v
quadratic equations in one unknown : 2 real roots only v
" Relations between roots and cwvefficients of quadratic egquations in one unkuown as exercises v
Solution of simultaneous eguations (one linear and one quadratic in two unknowns) v v
wimple problems leading to quadratic and simultaneous equations v v
Distinctions between equations and identities Vv v

35 Jeoe
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CoeDoC, Amel gamated

3imilar triangles v v
Qosmw¢osd triangles , v v
Isosceles triangles implied v
The distance of a point from a straight line v v
Parallelograms implied v
Hid-point wnd intercept Theorem v
Pythagoras' Theorem and its converse v 7
Terpencicular bisector and amgle bisector v v
Jircles, arcs, chords v v
Mgles ws a segment v v
Cyclic guadrilateral v )
Mongerts v v

ingles in the alternate segment

Trizolometry

deasure of aniles in degrees and in roediams v v
wength of arc and area of sector of a circle v v
The function of mwsoazmomwzmn tanzent and their graphs in the interval 0 to mqq. v v
The relation tan 6 e mwmlmw wHSN e + Qomm 8 = 1 S v , v
Jolution of right-angled triangles, with simple applications v v
Hasy problems in three dimensions soluble by analysis into right-angled triangles v v
3inc and Cosine formulae and their applications v v
ires of a triangle as & ab Sin C. v v
Basy trigonometric eguations (solutions in the interval O to muw. " v
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Jalculation and use of standard deviation as a measire of dispersion

wimple ideas of probability with
law to easy problems

3 - ( test

T

Rocreational lathiematics

~application

of the addition law and multiplication

39
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CLASSROCH _ NOTHS

waries
, I3
a’) =N ( 3L+ 1 ) XLc";lj, vhen % = 2/27
(D. ¥, Fergu Jon, Mathematical Gozette)
rfJ 4 e
¢ ! 2 . .
b) t_.._. ( ) x = 13/7; wien X = ';3/25
=4 2 v

(D, G, Tahta, Mathematical Gazette)

Schur's inequality

a) IfA420 and =, ¥y, 2 art, u,ll positive, tuen
Mz = y) (k=2 + 37 (7 ~2) (=% + 22 ~2) (z-5)20
(G, N, Watson, Hathematical Gazette)

»—q
J

b) Let £(7) be a positive function of ¥, monotone or convex, in
some interval and let x, v, z belong to this interval. Then,
unless X = ¥ = 2y
£(x) (x - y) (x~2) +£(y) (v - 2) (v - %) + 2(z) (z=x) (z-y)0
(B, M, Wright, ilathematical Gazetie

A test for divisibility by 19 Cross off the last digit and add to the
number remaining twice the digit crossed off. If the result is
divisible by 19; so is the original number.

(J. Kashangaki, lathematical Gazette)

e.8s To test whether 1032099 isdivisible by 19, we proceed as follows 3

1032099 == 103209 + 2x9 = 103227
~e=y 10322 + 2x7 = 10336
~==3 1033 + 2x6 = 1045
==} 104 + 2%x5 = 114
~=3 11 + 2%4 = 19
This shows that 1032099 is divisible by 1%

a0 is not sufficient tc ensure the convergence ofz an

Let an = Log (1 + -=-L- Y, then ap —=> 0
iV

‘However, ; a, = Z log (1 + -—31—)
. - 5

B

1]
mi
!._'
]
ag
—~~
3
+
-\

{
=
o]

03
2}
~—

{
log (I + 1)

n

e O (P, ¥, Cody, Mathematical Gazette)




GQuadratic polynomials and prime numbers.

x2 + X+ 41, prime fo. =40< x<39
x2—'mx+ 1601, prime for O0<x<T9
XZ«X+AH, - prime for -395x <40
22 + 79z ; 1601 4 prime for ~793<x<0

X - 2999x + 2248541, prime for 14’60 =x <1539

Trigomometrical factors and identities
(i) 1+ sin 2x = (cos x + sin x)2

(i) 1+ sin 3x = (1 - sin x) (1 + 2 sin X)Z

(iii) 1 - sin 3x = (1 + sin x) (1 -~ 2 sin x)2

(iv) 1+ cos 3x w (1 + cos x) (1 = 2 cos x)z

(v) 1= cos 3% = (1~ cos x) (1 + 2 cos x)2

(vi) sin 3x + cos x = (sin x + cos x) (sin 2x + cos 2x)
(vii) sin 3x - cos ¥ = (cog x - gin x) (sin 2x - cos 2x)
(viii) cos 3x + sin x = (cos x = sin x) (cos 2x + sin 2x)
(ix) cos 3x - sin x = (cos x + sin x) (cos 2x - sin 2x)
(x) sin 3x + cos 3% = (cos x = gin x) (1 + 2 sin 2x>

(i) cos 3x -~ sin 3x = (cos x + sin x) (1 - 2 sin 2x)

(xii) For positive integers n and p,

- Ay
sin (m+p)x + cos nx

\ = tan px + S&C DPX.
ces (n+p)x + sin nx

( Walter F, Grieve, Mathematical Gazette)

log}q) = O 7

log (~1) w log ( :';L“ ) = log 1 =1log (~1) =0 = log (~1) = -log (-1)
o.o 210g (—1) = O; :
ie€e log (=1) = 0. (4o J. lLiowie, Mathematical Cazette)

Power ~ sums of a seguence
n

Lo . 5
a) It C 2L, z"=(§tq)"

vhere p, ¢ are positive integers and € is a constant,
then pal; gel and Cmi. (S..M. HGdmonds,; Mathematical Gazette)




9

10,

11.

126

1 3e

14,

b) If for <11 integers n>1 we have x_>0 and

n 2 n 2
2 0 L
2 o= (5T %)
(_a (= 1
then x, & W (F. Gerrisi, Mathematical Cazette)

sguares of the third c*del possess the
f the sguares of the aumbers in the “outside®
1 i

Magic scguares All magic
property tiat the sums o

columns or rows ars equal. (D. 3. Bperson, Hsthematical Gazette)
Sums of two scguares An integer is the sum of 4 sguares if and only
if it may be expres ssed in the form 21 4?41), Wwhere n is any integer

and N is the sum of two triangular numbers,
(A, Sutcliffg; Hathematical Cazette)

Powers of £1r1 -

— e
— .k

Denote ¢ by Sk.Then
¢ al

3

4
b) 281 = 37 + 35 (Bdmonds, Mathematical Gazette)
MTu02
1
2 1+x2
L "1
i
- "gﬁif” (put x = _1_)
g T y
== a7
. 2
ool w O, (Richard Bectham,; Mathematical Gazette)
- e 2 ~ 7
2J”seojxdx aj~[sec (1= tan"x) + sec”x fay

2 3 .

=j‘seo XX + jksec x tan"x + sec’x ) dx

T~ ” - = . ’p/',, - Y

= log (sec x + tan x) + ) d(sec x tan x)

= log (sec x + tan x) + sec x tan = + C

r 3 i .

e | S€C xdx = §Llog (sec x + tan x) + sec ¥ tan x + C
(M. 4. Jerome, Mathematical Gazette)

Number curiosity

15+9Z+45+95 70+ 97 = 194979

28 + 4+ 68 +7 +8 « 08 + 58 + 18 = 24678051

L2



15« Fibonacci sequence 1; 1y 2y 3¢ s 95 13y esessae
. 5
Qbserve that 2 x 3 = 1+ 12 + 27

B~ & f\2‘ 2
3 x 9 e 1+ 1 2 4+ 3 N
o > 2
5z 8 a 1 + 1+ 27 + 3 + fz,-
Can this patiterrn be gimneralized 7 -

16 Circle passing throuzh thres points

Find the equation of the circle which passes through

P (3,3), & (6,4) and R (7:1)

[uolutloﬁ! The circle on GR as diameter hes the eqguation
(x~5) (=T + (7= 4) (v = 1) =0,
iece x2 + ¥y = 13x =~ 5y + 46 = C.
The straight line QR hae the equation

¥ -4 e~t=1 (x-56)
6 ~ 7

B

leGe 3x + y = 22 = O
Now x° + y2 - 13X ~ 57 + 46 + k (3x + ¥ =~ 22) = Oseses(*)
represents circles through ¢ and R for valuves of the
parameter k. Choose k to make (*) pass through P7
that 15 :
+3%2-13(3) -5(3) +46+k(3(3)+3~ 22) =0
ook = 1o
Thus the required equation is

X2+y2-13x—5y+ 46+ (3x + 5 ~ 22) a0

i.e. x2 “+ y2 - 0% = 4y + 24 =0
(Cliffsrd Bond, Mathematical Cnzette)
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*

If a nwiber N, having nr digits, is divisible by P, where P is any
factor of (10° - 1), then any number with the sans digits cyclically
permuted will also be divisible by P.

(8s Farameswaran, Mathematical Gazette)
IfTa+b+caCand x+y+ 2 =0, thgn 5 "
4 (ax + by + cz)° = 3(ax + by + cz) (a” + d° + c“;
£
\

~2(b=0) (c=a) (a~=D (y=2) (2~ =z

Let a, denote the n-th Fibonacci number, sc that

a1 = 1
a:2=1y
a = a + a
n+1 n -1 0
Ten (i) a, =a 2= 2
2n m o, Bl
(ii) Boneq = Pnaq T % (W, 4. Capstick, Mathematical Gazette)

In a Pythagorean triangle, the length of one of its sides is
divisible by 5. (Y. U, Dashir, Mathematical Gazette)

I am at a corner where I have the choice of two independent bus
systemz, buses on sach running at ten-minute intervals., How long
may I expect to wait for a bus ?

(ANS : 3 1/3 minutes)

1f f(x) is differentiable and f(x) is continuous in a<x $h,
and £'(a) =« £'(b) = 0, then there is at least one 6 in a<e <b
such that
£(e) ~ fla) = £1(0)
& - a
(T, M. Flett, Mathematical Gazette)

If o trian~le be similar to the triangle formed by ite medians,
then the sum of the squares on twe sides of the triangle is equal
to twice the square on the third side.
(Ae 4o X, Ayyengar, Mathematical Gazette)

2 ) .
To solve x° - px + g = O grephically, plot the points (0,1) and
(pyq) on squared papers Draw the circle with these two points as
diameter. Then this circle mests the x~axis in the points whose
x—coordinates are the roots of the equation.
(J, W, Hesselgreaves, Mathematical Gazette)

. . . 2
Find a quadratic equation % + ax + b = O whose two roots are the
coefficients a4be (Teiji Nakazawa, Mathematical Gazette)
(a3 s x° + 2 =2 20)

Given an equi-arm balance and weights of 1,3;9 and 27 units, how
to weigh 38 units if ycu are allowed to put the weights in either
scale=pane
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Suppose that you have three bozes, one containin~ itwo black marbles,
one containing two white marbles, and the third, one black marble
and one uhite marble. The bhoxes are labelled according to their
contents wmeweroeews. B[RO, and BW,  Someonc has switched the labels
so that every box is now incorrectly labelled. By drawing a marble
from an appropriate box, you can determine th: contents of all three
boxess Which box must be chosen T ihy ¢

Bind out tive unkrowns

L 438L
_ ALL
+ B AAL

BASES

(AFs 37413
733
+ 9113 )

47319
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taken as expressing the official views of the Fducation Depariment, 3
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University lecturers, college of education lecturers and methematics
teachers whe wish to contribute articles for publication are more than
welcome. Contributions need not be typed. For further informaticu,
pleass contact the Editor, School Mathematics Newsletter at 5-7740C1
ext. 36, :
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