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FOREWORD

Welcome to- the twelfth issue of the School Mathematics
Newsletter (SMN).

As usual, the articles in this present issue come from different
individuals interested in the field of mathematics and mathematics
education, like classroom teachers and teacher educators. The
Mathematics Section of the Advisory Inspectorate Division would
like to thank them sincerely for their contributions, without which
this issue of the SMN will not come into existence.

Under the compulsory education system, mathematics teachers
are faced with the tremendous challenge of teaching students of
very different abilities, motivations and aspirations. To meet this
challenge, mathematics teachers need to equip themselves with a
repertoire of mathematical skills and teaching strategies to cope
with different teaching situations. To this end, the articles in this
publication cover a variety of relevant topics, ranging from
teaching methodologies (e.g., experiments on Mastery Learning
and Cooperative Learning) to contemporary mathematical
concepts (e.g. Fuzzy Logic). There are also some interesting
puzzles to tap readers' mind. We do hope all readers will find the
content of this issue informative and stimulating.

Once again the Mathematics Section wishes to express its
gratitude to all contributors, and also to our fellow colleagues in
the Section who have made good efforts in producing this issue of
the SMN.

Mathematics Section
Advisory Inspectorate Division
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R i The International
Encyclopedia of Education :
Cooperative learning (& fE28 ¥ ) is
an instructional approach in which
learners attain their goals and
rewards through interdependence and
cooperation with one another.

Jerry Rottier and Beverly J.0gan
7ZE Cooperative learning in Middle-

level schools — 2R EEEEY
RBEASEHNLPEEEE  (young
adolescents ) AU T EE :

(1) Cooperative learning tends to
promote higher achievement.
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(2) Cooperative learning promotes
the greater use of reasoning.

(3) Cooperative learning promotes
a postitive relationship.

(4) Cooperative learning promotes
more positive attitudes
toward subject matter.

(5) Cooperative learning promotes
higher self-esteen.

# i David W.Johnson R Roger T.
Johnson, T EREFTEITSHFEE WK
BH:—

(1) Mathematical concepts and
skills are best learned as a
dynamic process with the active
engagement of students.

(2) Mathematical problem solving is
an interpersonal enterprise.

(3) Mathematical learning groups
have to be structured
cooperatively to communicate
effectively.

(4) Cooperation promotes higher
achievement in Mathematics than
competitive and individualistic

efforts.

(5) By working cooperatively,
students gain confidence in
their individual mathematical
abilities.

(6) Choices of which mathematics
courses to take and what careers
to consider are heavily
influenced by peers.

>
>
Ful

(=)

FARHENNEFE2EEAFTF=H :
(/Mo &iE (Student Teams and

Achievement Divisions)

(2)/h P BE LE B % (Teans - Games -

Tournaments)

(3)M B T By & (Team Assisted

Individualization)
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(1) Johnson, David W. & Johnson,Roger T.:
Cooperative Learning in Mathematics
Education, New Direction for Elementary
School Mathematics, NCTM, 1989,

(2) Rottier, Jeny & Ogan, Beverly J.:
Cooperative Learning in Middle-Level
Schools, National Education Association,

1991.

(3) Slavin,Robert E.:Cooperative Learning
Theory, Research and Practice,The Johns

Hopkins University, 1990.

(4) Sharan, Shlomo: Cooperative Learning in
Small Groups, Review of Educational
Research, 1980.

(5) Webb, Noreen M. :Student Interaction and

Learning in Small Groups, Review of
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(6) The International Encyclopedia of
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A Probability Game

=

6143

In a game, there are three bags : A, B and C, each of which
contains 3 dice. The numbers on the 6 faces of each die are given
as follows:

Bag A Bag B Bag C

Istdie 004444 333333 222266

ond die  2,3,3,9,10,11 0,1,7.888  5,5,6,6,6,6

3

3rddie  1,23,9,10,11 0,1,7,8,89 5,5,6,6,7,7

3T

A man Y randomly selects a bag and randomly draws a die from
it. Another man X then chooses a Bag from the remaining two
and again draws a die in the same way.The dice are thrown. If
the number on X's die is greater than the number on Y's die, then
X wins; otherwise X loses. It could be found that the probability

- 16-

that X wins if Y chose a die from A and X chose a die from C is

180
324

(i) What can you conclude from this probability ?

(i) If you were Y, which bag would you choose in order to
maximize your chance to win ?

k% * ¥ ok * %k

The Openin
Hour of MT

has changed .
Please note. )

-17-
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Mastery learning is
Write SMN !
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c C, then AcC.

(4) fAcB, B

min { A_(X) ,B(X) } s
max{A(x),B(x)},

Define (ANB) : X— [0, ]] s.t. (ANB)(x)

(AUB) : X- [0, 1] s.t. (AUB)X)

AC(x) =1-Ax), forallxeX.

;X5 [0, 1] 5.t

AC

and
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Properties of Fuzzy Set Operations

(1)  (AUB) =(BUA) . (ANB) =(BNA),
(2) (AUB)UC = AUBULC) ,(ANB)NC = ANEBNO),
(3) AU@BNC) =(AUB)N(AUC),

ANBUC) =(ANB)U(AND),

(4) AU(ANB) =A ; AN(AUB) = A,

(5) AUA =A ,  ANA =A,

(6) (A9° =A

(7) XNA =A ,  XUA =X,
NA =9 ; QUA =A

(8)  (AUB)® =A°NBC ; (ANB)® = A®UB®
Remark : In general, it is not necessarily true that
AUAC =X or ANAC =¢
although it is true in our ordinary set theory.
Consider X=[0,1] and A(x) =x forall xeX.
Then (AUA)'2) =(ANAC)(%2) =" and hence
AUAC = X and ANAC # ¢.
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Role of Panel Chairman In
Remedial Teaching of
Mathematics in Secondary
School

Lau Ming Yee,

Mathematics Department,
Sir Robert Black College of Education

Remedial teaching was first introduced to Hong Kong
secondary schools in September 1982. In order to facilitate the
operation of remedial programs in subjects of Chinese and English
at the junior levels, two additional graduate teachers were
provided. An additional graduate teacher and two non-graduate
teachers were respectively provided in September 1983 and
September 1986, to carry out remedial teaching in other subjects,
to help in career guidance, to promote extra-curricular activities
and social services in the schools. Since then, many secondary
schools in Hong Kong have started remedial teaching of
mathematics, again, mostly at junior levels.

The main objective of running remedial programs in the
subject of mathematics is to give additional help to students, who
are relatively falling behind and cannot catch up with the rest of
the class. It is believed that through small group teaching, the
mathematics class teacher could help these students develop
positive attitude towards the subject, to regain confidence in
themselves and ultimately to have the motive to learn mathematical
skills and to appreciate the beauty of mathematics.
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Regarding the implementation of remedial teaching in
secondary school mathematics, the role of the Panel Chairman
becomes more important. The success of running the remedial
programs, to some extent, depends on his effort and leadership. It
is most desirable that he himself takes part in the actual teaching
of remedial classes. In doing so, he can realize the basic
difficulties that the other class teachers are facing every day. With
the cooperation of other panelists, his first task is to make a careful
diagnosis of students' general strengths and weaknesses in
mathematics as well as their needs. On the basis of the resuit of
the diagnosis tests, an appropriate mathematics programme for the
whole school can be designed. Hereby, teachers can gather
together to work out the common core and optional syllabuses
catering for the needs of both the mainstream and the remedial
classes. Meanwhile, the panel chairman should ensure that there is
adequate coordination across levels to provide a smooth
progression and continuity for students of different ability groups.

The coordination between teachers of the mainstream classes
and those of the remedial classes is vital. The panel chairman
should arrange regular meetings, both formal and informal ones.
Through these meetings, they can design the scheme of work,
select suitable core and optional items for teaching, share
experience in the use of teaching aids, formulate and carry out
policies on how to set examination and test papers. Last but not
the least, teachers can share and interchange their own experiences
on every aspect of mathematics teaching.

Teachers in Hong Kong are sometimes lonely. They need
both professional and moral supports. It is, therefore, one of the
role of the panel chairman to offer professional advice to the
teachers engaged in remedial teaching. He should have mutual
understanding with the class teachers. He should also try to keep
himself well informed of the actual running of the remedial classes.
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He should be ready to give help to his fellow colleagues. He
should try his best to provide administrative support for teaching
strategies. This can be done through the purchase of relevant
books, references and audio-visual aids.

In practice, there are many problems associated with remedial
teaching that have no ready solutions. However, the panel
chairman at these times can provide the moral support to his
colleagues. He can show his full understanding and concern, he
can recognize the good work and the contribution of the teachers
and he should show his care by taking part in the exploration for
possible solution to the encountered problems.

Rome was not built in one day. To carry out remedial
teaching of mathematics in secondary schools is a difficult task.
However, with the best lead by the panel chairman, we are
marching towards our goal.

* ok k Aok ok Kk
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How Students Solved It "'43: l5

5
W

CHEUNG Pak-hong
Department of Curriculum Studies
The University of Hong Kong

In the summer of 1992 I had a chance to meet about sixty senior
secondary students selected as trainees for the Hong Kong team
to participate in the International Mathematical Olympiad (IMO)
1993. Before they left the short meeting I distributed to each
one ten problems to solve within five weeks. These problems
were taken from Quantum, an American students magazine of
mathematics and science based on Kvant published in Russia.
Most of these problems are much easier than IMO problems and
demand only knowledge of mathematics below Secondary S.
Whereas textbook and public examination 'problems' can usually
be solved by applying routine algorithms, these problems are not
straightforward and require exploration with insight and
perseverance. Only about one-third of the trainees sent in
solutions to one or more problems. The small number of
responses reflected that the majority of these wvictors of
examinations were not interested in solving genuine problems in
mathematics. However, a number of the solutions submitted
demonstrated a high standard of problem-solving by some

students. In this article, I shall try to discuss the strategies,
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based mainly on students' ingenious solutions, to successfully
solving these problems. Readers are encouraged to try to solve
the problems before reading the solutions and comments.

The Problems

1. The lengths of CB and CA of AABC are 10 and 15
respectively . The bisector of ZC meets AB at D. Prove that
the length of CD is less than 12.

2. Prove that any non-negative integer n can be represented in
the form

n= (x+y)P +3x+y
2

with non-negative integers x and y, and that such a
representation is unique.

3. A quadrilateral is inscribed in a parallelogram whose area is
twice that of the quadrilateral. Prove that at least one of the
quadrilateral's diagonals is parallel to one of the
parallelogram's sides.
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4. Three frogs zre playing - what else? - leapfrog. When frog A

jumps over frog B, it lands at the same distance from B as it
was before the jump (and, naturally, on the same line AB.)
Initially the frogs are located at three vertices of a square.
Can any of them get to the fourth vertex after several

jumps?

On straight lines AB and BC containing two sides of a
parallelogram ABCD, points H and K are chosen so that the
triangles KAB and HCB are isosceles (KA = AB, HC =
CB.) Prove that the triangle KDH is also isosceles.

6. (a) When a number N is multiplied by 8, the sum S(N) of its

digits can, for some N, decrease (for example, S(75) =
12, whereas S(8X75) = S(600) = 6). Prove that it can't
decrease by a factor of more than 8. In other words,

prove that
SN, 1

S(N) 8 for any natural number N.

(b) What are the other natural numbers & for which a positive
c), can be found such that

S(kN)
S(N)

ZCk

for any natural number N? What's the greatest suitable
value of ¢ for a given £?
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. A pair of jeans with a total area of 1 have five patches on

them. The area of each patch is not less than 1/2. Prove
that there are two patches such that the area of their
common part is not less than 1/5.

Two congruent circles intersect at points A and B. Two
more circles of the same radius are drawn : one through A,
the other throi;gh B. Prove that the four points of the
paired intersection of all four circles (other than A and B)
are the vertices of a parallelogram.

Positive integers are written at points of a line segment
according to the following rule : at the first step two 1's are
written at the ends of the segment; at the second step their
sum 2 is written in the middle; at each subsequent step the
sum of every pair of neighbouring numbers (obtained from
the previous steps) is written in the middle of the segment
between them. How many 1992's have been written at the
1992nd step?

10. A lion rushes about a circus ring with a radius of 10 m. It

runs 30 km along a broken line. prove that the sum of the
angles of all the turns on its route is greater than 2998
radians.

-45-



Comments and Solutions

PROBLEM 1

This problem is easy for those who use trigonometry. However,
trigonometry is seldom useful for IMO problems. The following
solution, based on the one proposed by HA Lik of Pui Ching
Middle School (S6), is a beautiful one .

In a triangle ABC let CD be the bisector of angle ACB,
AC=15BC=10

Draw a line through B parallel to AC and intersecting CD
produced at E. Angles BEC and ACD, and hence BCE, are
equal. Therefore, triangle BCE is isosceles. So BE = 10.

Because of the similarity of triangles ACD and BED,
CD/CE = 15/(10+15) =3/5.

But CE <BC + BE = 20. This gives CD <(3/5) x 20 =12
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A similar approach is to construct a line through D parallel to
AC and intersecting BC at F. Try to solve the problem this way.
How about drawing lines parallel to BC instead of AC?

How can one think of such a solution? Let's try to learn a lesson

from it:
What is the special feature of the given conditions?
A pair of equal angles.
What is our goal?. An inequality on lengths.

Our strategy is to find a route from the given conditions to the

goal.

Is there any property of triangles involving equal angles in
different triangles and the sides of these triangles?

How about similar triangles?
Are there any similar triangles in the given figure?

If no, can we construct two by adding a line?

What kind of line will produce angles equal to the given ones
and hence produce similar triangles?

If you are stuck at some stage, why not work backwards?
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What inequality on lengths of sides of triangles is the most

obvious to you?

Have you ever heard about the triangle inequality - the sum of
lengths of any two sides of a triangle is always greater than the
length of the third side?

Try to bridge the gap between the subgoals established by our
strategy and solve the whole problem. Even if you are through,
try to spend sometime thinking about alternative solutions and
possibilities of modifying the given problem to cover more

general situations, if appropriate.

PROBLEM 2

Although some students were able to solve this problem, their
solutions are long and often the necessity to prove the
uniqueness of the representation was overlooked. It is too
naive to expect IMO-type problems on natural numbers can be
solved by simple induction only. Instead of starting with
induction, why not substitute the first few pairs of non-
negative integers into the given expression systematically to
search for a pattern? After some trials, the following patterns
should be obvious:
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Based on our pattern, we can proceed to present our solution

Let us set the sum s = x +y > 0. Then the set V(s) of values
assumed by

(x+y)22+3x+y - s22+5+x,
when x varies from O to s, consists of all the integers from
(s>+s)/2 to (s2+s)/2 +s, each of them assumed once.

Now let us notice that the last number of V(s) and the first
number of V{(s+1) are consecutive .
2

2
s +S+S+1=£ﬂ2*‘i1

Therefore, the sets V(s) cover all the non-negative integers »
without overlaps or gaps. Since any n gets into one and only
one of the sets V(s), it can be represented in the required form.
Also, s, x and y =s - x are determined by » uniquely.
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PROBLEM 3

This problem is easy for those students who use trigonometry
and algebra to produce ﬁclumsy solutions. However, two nice
approaches were given by some students. LAU Wing Hon of
Christian Alliance S. C. Chan Memorial College (S86), SIU
Yiu Hang of Tang King Po School (S7) and LEE Wai Fun of
St. Mark's School (S7) solved it by first assuming that both
diagonals of the quadrilateral are not parallel to any side of the
parallelogram and then deduced from this assumption a

contradiction to the given relationship between the areas .

Suppose the diagonals of the quadrilateral are both not parallel
to the sides of the parallelogram. Construct lines KP, LO, MR
and NS parallel to the sides of the parallelogram. Depending on
the positions of the vertices of the quadrilateral, the different
situations may be represented by the following cases in general :

K
]
i

|

i

Figure 1 Figure 2
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Since the area of a parallelogram is always bisected by any one
of its diagonals, we have:

in case 1 (figure 1), area of parallelogram ABCD = 2 x area of
quadrilateral KIMN - area of parallelogram PQORS;

in case 2 (figure 2) , area of parallelogram ABCD = 2 x area of
quadrilateral KZMN + area of parallelogram PORS.

In both cases we arrive at contradictions to the given condition
that the area of parallelogram ABCD is twice the area of
quadrilateral KIMN. Hence at least one of the quadrilateral's
diagonals is parallel to one of the parallelogram's sides.

CHAN Tsz Lung of La Salle College (S6), CHAN Tsz Ho of
Ying Wa College (S6) and HA Lik of Pui Ching Middle
School (56) used another approach to solve the problem : they
assumed that one diagonal of the quadrilateral is not parallel to
the sides of the parallelogram and then deduce from this
assumption, using the given relationship between areas, that the
other diagonal must be parallel to two opposite sides of the
parallelogram.

If a diagonal of the inscribed quadrilateral, say KM, is parallel to

a side of the parallelogram, we are done. Otherwise we mark the
point P on BC such that PM is parallel to 4B.
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Since the area of triangle PMN is
equal to half of the area of

parallelogram PMAB, and the area of
triangle PML is similarly equal to half
of the area of parallelogram PMDC,
the area of quadrilateral PLMN is

therefore equal to half the area of ¢
parallelogram ABCD.

Thus the quadrilaterals KIMN and PLMN have the same area.
Subtracting the triangle ZLMN from both of these quadrilaterals,
we get two triangles, LNK and LNP, with the common base and
equal areas. From this it follows that BC is paraliel to the
diagonal LN.

PROBLEM 4

This problem was solved by TSUI Ka Hing of Queen
Elizabeth School (S6), LAW Hiu Chung of Wah Yan
College, Kowloon (57), CHAN Tsz Lung of La Salle College
(S6) and CHAN Tsz Ho of Ying Wa College (S6). Some
others attempted to present a valid approach but their
presentations were long-winding, confusing and focussing only
on the initial jumps instead of the general case. Mathematics is
not just computation. You have to learn to communicate your
ideas logically and concisely to others using words. The strategy
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to solve this problem is firstly representing the given conditions
by suitable mathematical conventions - coordinates in this case;
then trying to establish a condition on the positions of any frog’
before and after a jump over another frog at any position. The

following solution is similar to those proposed by the few
successful students .

The answer is no. To prove it, let us introduce a coordinate
system on the plane such that the initial positions of the frogs get
the coordinates (0, 0), (1, 0) and (0, 1). When a frog sitting at
(x, y) jumps over a frog at (a, b), it stands at the point
(2a-x, 2b-y). So the parities (oddness and evenness) of a frog's
coordinates do not change after a jump. At the start each frog
had at least one even coordinate. Therefore, none of them can
hit a point with two odd coordinates, in particular the point

(1, 1) - that is, the fourth vertex of the square.

o —————

pid ) (2a-x,2b-y)
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PROBLEM 5 (1) S(4+B)<S(4)+S(B),

(2) S(A4+ 4+ +4)SS(4)+..+S(4),
(3) S(nd)snS(4),

4) S(AB)<S(A)S(B).

The plainest solution to this problem is to show that triangles
AKD and CDH are congruent (4D = HC, AK = CD, £ DAK =
2 DCH). Almost all students who submitted any solution solved
the problem this way. It is my fault to include such a below-level | . Here comes our solution for part (a) :

'exercise' in the problem set.
We denote by [a,a,,...a,] a natural number with the 10K-th

digitequalto af ((=0,1,2, .., n).

PROBLEM 6

Let A=[asa ;..a,] andB= [b,b_,..b,]be any two natural
TSUI Ka Hing of Queen Elizabeth School (S6) solved this numbers. Without loss of generality, we assume that m <n
difficult problem and presented a lengthy but perfect solution : and hencethat B=  [b,b,,...b ., b.b,i--.b,] where

without any mistake. I shall present here an improved version of

his solution. To solve this problem, it is worthwhile for us to bp = by, = .= byy =0
explore a special case first : S(kN) = S(N). 1t should not be too Foreachi=1, 2, .., n, there exists an integer ¢; (=0 or 1) such that
difficult to observe that powers of 10 are suitable choices for k;
among them 1000 is the least one divisible by 8. This gives us d; =a + b + ¢,;-10¢c; isthe 10i- th digit of A + B,
S(N) = S(1000N) = S(125x8N). : dy=a9+b—10cp and dyy; =¢, (Co=0o0rl)
If we can prove that S(125x8N) < §(125) x S(8N), or more : 8¢ A+B)='§di
generally, that S(AB) < S(4)S8(B) for any two natural numbers A =0
and B, then we may use the fact_that S(125) = 8 to complete the | | _ ia,- +ibj . z”:q —~102n:c,-
proof for (z). We shall prove this crucial inequality by using a =0 =0 =0 =0
hill-climbing process - we shall prove the following inequalities = S(4) + S(B) - 9ici
in succession, the prcof of each of the inequalities (2)-(4) =0
< S(A)+S(B)

depends on the validity of the preceeding one :
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Assume, for some natural number £, any X natural numbers A4,

Ay, ..., Ay satisfy the inequality

S(Ay+ Ayt A) S S(AD+. AS(A)

Then, for any k+/ natural numbers A, 4,,..., 4, 4.5

S(A + Ay + A + Ap)) S S(4 + Ay A4S A )
< S(AD+. AS(A) +S(Ag4y)

It follows by induction that, for any natural numbers 4, 4,,..., 4,,
S(Ay + Ay +. + Ay + A) SS(A)+. AS(A4) +5(4,)

As a particular case of this inequality, for any natural numbers 7 and A4,

S(nd) <nS(4) .

Finally, since A= f{aja,;..-3,] ,

S(AB) < S(ay10" B) + S( 110" B)+...+S(ayB)
= S(a,B) +S(a,_B)+..8(ayB)
< 4,S(B) +a,_S(B)+...+3,S(B)
= S()S(B)

Now the required inequality follows :

S(N) = S(1000N)
= §(125x8N)
< §(125) S(8N)
= 8S(8N)
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For (b), re-examination of the case & = 8 in (a) leads us to
generalise it to any number which divides a power of 10, that is,

numbers of the form 275" where m and n are non-negative
integers. The argument is similar to that in (a).

For any natural number N and any non-negative integers m and »,

S(N) = S5(10™ N)
= §(2"5™2"5" )
< 8(2"5™)S(2"5" N)
1 _S(2"5"N)
S(2"™) " S(N)

Furthermore, for N = 2"5",

S(2m5"2"5™y  S(10™y 1
§(2"5™) S(2"5™)  S(2"s™)

Hence, for £=275", 1/8(2"5") is a suitable value of ¢, and

this is also the greatest possible value.

As there are no other obvious choices for £, it is natural for us to
conjecture that for any k=2"5"¢, where q(#1) is coprime
(having no common factor except 1) with 10, the ratio

S(kN)/S(N) can be made arbitrarily small by choosing suitable
values for N. If this conjecture is wrong, our effort in 'proving' it
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may then lead us to discover other choice of k for which a
suitable c, exists. Since, S(AN) < 5(2"5")S(gN), it suffices for
us to consider the simpler case k¥ = q. We wish to find a
sequence { N, } of natural numbers (dependent upon ¢q) such that
S(gN,) is constant while S(N,) increases without bound. The

cruicial question is : How can we find { ¥, }?

Instead of guessing wildly, why don't we use some property
which distinguishes ¢ from integers of the form 2"5" 7 We know
that whereas the reciprocals of 2"5"can always be represented
as finite decimals, reciprocals of our g's will always be equal to

recurring decimals in the form0.a,4,...4,4,4;...4@,,..., which is in
turn equal to
(aa,...a,] (=[a1a2...am] )
99...9 10" -1 '
This property of ¢, which will be proved in our solution, leads us

" tothe equality
qlaa,...a,]=10" -1

Naturally, we may consider the sequence
[a4,...a,] , [a2,...4,4/4,...4,] , [a,4,...a,0,,...4,013,...4,],
. as a choice for { N, } However, a quick check reveals that for
N =[aa,...a, ]X(10® ™ 4100727+ +1), S(qN,)=9mn,

which increases with 7. But don't be disappointed. We are very
close to a suitable choice for {N,}. Note that
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S(gN,+1)=5(10") =1, which is a constant. Should we then
consider the alternative

N, =[aa,...a, ]x(107 " 1 100-D" 4 41y 4192

The rest is straightforward and let us now present our formal
solution,

Consifier any natural number q(> 1) coprime with 10,
By using the pigeonhole principle, we conclude that there exists

twq numbers in tht_a form 10" -1, » being a non-negative integer
having equal remainders when divided by ¢. Denote these twc;

numbers by 10°~1 and 10’ ~1, where s > t. Their difference
10°(10" = 1)is then divisible by g. Denote s - by m and
(10" - 1)/g by R. For any natural number #, let

N, = R(10"™" 410"+ +10™ +1)+1
10™ 1
q

+1.

Since R<10" -1,S(N,) =(n-1DS(R)+S(R+1) > (n-1)S(R).
On the other hand, S(gN,)=S8(10" —-1+¢) =1+S(q~1) =S(q)
since q < 10™ and the last digit of g is non-zero.

Finally,

S(gN,) _ _S(9)
S(N,)  (n=-DR

— 0 when n— oo |
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For any natural number & =2"5"¢,S(kN) < S(gN)S(2"5") and
hence the ratio S(AN)/S(N) can also be made arbitrarily small.
Therefore only natural numbers in the form 2"5%are suitable

values for k.

PROBLEM 7

No student could solve this problem. The solution is, in fact, not

difficult to arrive at by first expressing the given conditions in

suitable mathematical conventions :

Let x,(k=0, 1, 2, 3, 4, 5) be the area of the part of the jeans
that is covered by exactly ¥ patches. Then the area of the jeans
is

A =X+ X X, + X+ x, X =1

The sum of the areas of the 5 patches is

A =x,+2x,+3x, +4x, + 5% 2 %,

the area of the n-fold intersection of patches being counted here

n times.

5 o .
The sum of the areas of the (2) (= 10) paired intersections 1s
equal to
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4 = 3 4 5
hy =X + ) X+ 5 x,+ 5 X5

=X, +3x, +6x, +10x,

Our purpose is to show that 4,/10 2 1/5, that is, 4,> 2.
Obviously, this inequality can only come from A4 >5/2, and
probably with the help of the equality 4, = 1 as well. A natural
response would be to consider 24, —34,:

24 -34,=-3x)—x,+x,+3x, + 5%, + Tx; < 4,
but

2A1-3A022><§——3><1=2_ |

Hence 4,2 2 and thus at least one of the 10 possible paired

intersections has an area not less than 2/10 = 1/5.

PROBLEM 8§

This is an easy problem and a number of students solved it in
different ways. The first solution is based on those proposed by
LAM Hin Shun of STFA Leung Kau Kui College (S6), LAU
Wing Hon of Christian Alliance S. C. Chan Memorial
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College (56) and KU Chong Man of Ying Wa College (S5). By analogy with the equality

In each of the solutions, we shall denote the centres of the given of angles subtended by the
circles by C, D, E, F, and their pairwise intersection by X, L, M, same chord at points of the
N. same segment, angles

subtended by the same chord
Since the circles are

at points of congruent
congruent, quadrilaterals
KDAC  and NFAC are
rhombuses. KD ,CA, and NF

segments are also equal.
Hence ZAKN = ZAMN,
LAKB = ZAMB, and £BKL =

are parallel and equal, and £BML.

thus quadrilateral KDFN is a

parallelogram. Consequently,

KN and DF are equal and . Therefore the opposite angles LKN and LMN of quadrilateral
parallel. . KLMN are equal. Similarly, the opposite angles KLM and KNM

are also equal and so quadrilateral XLA/N is a parallelogram.

Similar argument on two other rhombuses LDBE and MFBE will

lead to LM = DF and LM/DF. A third solution is suggested here for your comparison.
Segment CD cuts the
Therefore LM and KN are equal and parallel, and hence common chord AK of circles

quadrilateral KLMN is a parallelogram. C and D at its midpoint P.
Since the circles are
The second solution is based on those suggested by CHEUNG congruent, P is also the
Kwok Koon of SKH Bishop Mok Sau Tseng Secondary midpoint of CD.

School (S5), LI Tsan Hang of Ying Wa College (85), CHAN
Tsz Lung of La Salle College (S6) and CHAN Tsz Ho of Ying

Wa College (S6).
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Similarly, segment CF and the common chord AN of circles C

and F have the same midpoint 0.

It follows that PQ is a midline of both triangles CDF and AKN,
so DF = 2PQ = KN and DF//PQ/KN Replacing C with E in
this reasoning , we know that DF and LM are equal and parallel.
Thus KN and LM are equal and parallel and we can conclude

that KLMN is a parallelogram.

PROBLEM 9

No students could solve this problem, which demands the solver
to replace 1992 by smaller natural numbers first. This 1s

followed by searching for patterns, generalising and proving.

Writing out the first few lines of numbers resulting from

successive steps of our process, we obtain the following table :

1 . —s

1 1

.

: 2 3

1 4 5 2 5 3 q

e o

— +

7

h
-

1 5 4 T 3 i 5 :." i 7 4 5

b

16594117103118[351219297125]35[!2102“495s
Gt —— D — O (el —— e E —O—l—O———4
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Clearly all new numbers that appear in the kth line of the table -
that is, at the ith step of the process - are greater than the new
numbers that appeared in the (4-1)th step, which in turn are
greater than the new numbers from the (4-2)th step, and so on.
So the new numbers writen down at the kth step are all not less
than k. This means that the nth line of our table contains all
numbers n that ever appear on the segment in the course of our
process.

Let us try to find how many of these n's there are.

Every time we write down a number # according to our rule,
between the neighbouring numbers @ and » - @ we have a pair of
numbers a and »n in that line of the table, where a < » and
obviously n-a <n. Conversely, if a pair {a, n), @ < n, occurs in
the table - that is, » stands to the immediate right of a in some
line - then the number » of this pair (and not a) appears for the
first time at this position. So the number of #'s in the nth line is
equal to the number of pairs (g, n), a < n, that occur in our
table. . '

A careful study of the table reveals that, for 2<n<6, a pair (a,n)
occurs in our table if and only if a and n are coprime.

We shall now prove that every pair (a, b) of coprime numbers a
and b occurs in the table exactly once, while every other pair
does not occur at all. We shall do it by induction overs=a+b :

For s = 2 the statement is obviously true - the only pair with s =
21s (1, 1).
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Let the statement be true for all pairs (a, b) such that a + b <,
and let us consider a pair (a, b) such that a + b =s. Since the
table is symmetrical with respect to its vertical midline, we can
assume a < b. Pair (a, b) occurs in the table if and only if pair
(a, b-a) occurs in the preceding line.

a b-a

g b b-a

But a + (b - a} = b <5, so by the induction hypothesis our
statement is true for (a, b-a), and common divisors of the
numbers a and b-a are the same as those of a and b. Therefore,
the statement is true for (a, b), and we are done.

So the number of 1992's written after the 1992nd step is the
same as the number of positive integers coprime to 1992 and less
than 1992, The prime divisors of 1992 are 2, 3 and 83, By the
Principle of Inclusion-Exclusion, the desired number is given by
1992 - A + B - C where:

4o 1992 1992
2 3 8
1992 1992 1992 _

=1684,

B= + =352
2x3 2x83 3Ix83
and C:ﬂ: .
2x3x83
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The final count 15 1992 - 1684 + 352 - 4 = 654,

Finally, the number of 1992's written after the 1992nd step is 654.

The Principle of Inclusion - Exclusion states that .

If4,A4,,...,4, are finite sets, then
|4 U4,U..U4,|

= Z|4]- 24N 4|+ 4N 4N Af 4D 4N 4NN 4,
Here |S| denotes the number of elements of §.

If we denote by 4,4, and 4, respectively the sets of multiples of 2, 3
and 83 not exceeding 1992, then:

A= |4+ |4+ 4]
B=|AN4|+[4NA4|+]|4N4)
and  C=|4N4NA4]

Thus the number of positive integers coprime to 1992 and less than
1992 is 1992-|A,UA,UA,|
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PROBLEM 10

No students gave satisfactory solution to this problem, which
can be solved in the following way:

Denote the segments of the lion's route by xy,x,,%;,..., x,and the
angles of its turns by o}, &,, 043,..., 0f_; (the number of turns is 1
less than the number of segments). Let us straighten the route
by turning it successively around the ends of segments x;
through angles o to make each x,, the extension of x;, and
rotating the ring together with the segments.

Instead of a broken line we get a straight segment LL', 30000 m
long consisting of the smaller segments
LL, =x,, LiL; =%,,...,Li L =x4.

Now let us follow the path of the ring's center O during
successive rotations. The first rotation around I, takes O into
point O, such that L0, = LO<10 and £OL,0, = o, Therefore
00, < 10@.,. Similarly, the distance from O, to the next position
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O, of the center is less than 10a,, and so on. It follows that the
distance between the first and the last positions of point O can be
estimated as:

00" <10(0, + 0oL, +...+0, )

On the other hand, the inequality LL'<S LO + 00"+ O'L’ yields
OO'2LL'-LO-0'L’

=30000-10-10
= 29980.

So o +0,+... 40 > 2998 radians.

Our New Address

Mathematics Section,
12/F., Wu Chung House
197-221 Queen's Road East
Wanchai, Hong Kong.
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Pythagorean Numbers

Did Pythagoras prove the theorem that bears his name? The
proof of the proposition is attributed to Pythagoras (540 B.C.)
by various writers, including Proclus (460), Plutarch (1st
century), Cicero (c. 50 B.C.), Diogenes Laentius (2nd century)
and Athenaews (c. 300). No one of these lived within four
centuries of Pythagoras, so that we have only a weak evidence
to believe that Pythagoras was the first to prove the theorem.
However, Pythagoras is credited with the discovery of a simple
method of finding Pythagorean numbers, (a, b, ¢} which satisfy

the equation

The method is :

(1) Choose any positive odd integer & larger than 1 and square it.

(2) Express the square as the sum of two consecutive integers b and

b1, ,
(3) Then a, b and b+1 form a Pythagorean Triple.

E.g., take a=3,thena2 =0=4+5
Then (3, 4, 5) is a Pythagorean Triple.

- 70-

Moreover, one can prove that if (a, b, ¢) is a Pythagorean Triple
in which a<b<c, there is one and only one such (a, b, ¢) if a is
prime.

Also, if (a, b, c) is a Pythagorean Triple, is it always true that

(i) eaxbxc isamultiple of 60?
(ii) one of the numbers a, b, ¢ is divisible by 4?

%%k o e ok * %%k

our new address|

a
So please note

We've moved
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Any triangle is isosceles !

In AABC, the angle bisector of ZBAC and the perpendicular
bisector LX of BC meet at X. XM and XN are perpendiculars

from X to AB and AC respectively.
A

>

We can prove that AAMX=AANX, ABLX = ACLX. Consequently,
AM=AN, MX=NX and BX = CX. Again ABMX = ACNX and so, BM =
CN. Finally, AB = AM-BM = AN - CN=AC and

AABC is isosceles !!!
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| vt 0 atisprmen A Formula for

Generating Primes
[ LN e O [ Ol |

Mathematicians have long dreamed of finding a formula which
generates all prime numbers or at least generates prime numbers
only.

Leonhard Euler (1707-1783) played around with the simple
formula n2 + n + 41. For n=0 to n=39, the formula works
perfectly well; but for =40, the formula fails.

Many mathematicians tried to find one such formula but
unluckily all of them failed. Then, some began to look for better
formulae which could generate either more prime numbers or
mostly prime numbers.

Making use of some fast computing machines, people found that
Euler's simple formula was surprisingly good. For numbers
smaller than 10 million which are generated by the formﬁla,
47.5% of them are prime. For values of n under 2398, almost
50% of the generated numbers are prime. And for values of n
under 100, the formula yields 86 primes and only 14 composite

numbers .
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MORE ABOUT =5
DIVISION OF ="
POLYNOMIALS :

TSE Ping-nam,
NG WAH COLLEGE - SECONDARY

In junior secondary mathematics teaching, the normal teaching
sequence on basic operations of polynomials will be addition,
subtraction, multiplication and division. For each of the first
three operations, students are usually introduced two working
methods - horizontal and vertical modes, as I often call them.
For instance, in the addition of the two polynomials 2+ 5x ~7x?
and 2x?-9x+4, students may adopt one of the following
modes :

Horizontal mode

(245x-7x)+ (2x2-9x+4) =(-7x* +2xH+(5x-%) + (2 +4)
=55 -dx+6

Vertical mode

-7+ Sx + 2
+) 2x* - 9x + 4

-5x% - 4x + 6
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However, when dealing with division of polynomials such as
finding the quotient and the remainder when 6x2 - 2x + 1 is
divided by 3x + 2, nearly all students perform the division by
using a vertical mode called long division as shown below :

VYertical mode

_ 2x-2
Quotient = 2x-2 3x+ 2)6)(2 —2x+1
Remainder = 5

6x2 + 4x
~-6x+1
—6x—4

5

Could we, as in the case of addition, have a similar horizontal
mode for the division operation? The following tries to illustrate
a possible horizontal operation for division of simple
polynomials. It starts with the following fact that

Dividend = Quotient x Divisor + Remainder.

Hence,
Dividend _  Quotient x Divisor + Remainder
Divisor Divisor Divisor
. Remainder
= Quotient + —
Divisor
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So when 6x2 - 2x + 1 is divided by 3x + 2, it can be done as follows :

Horizontal mode

6x* —2x+1 _ 2x(3x+2)-4x-2x+1

3Ix+2 3x+2
—Hx+1
=2x+
3x+2
P ~2(3x+2)+5
Ix+2
=2x-2+ >
x+2
Quotient =2x -2 Remainder = 5

The reasons why the above treatment is seldom found in current
junior secondary mathematics textbooks are possibly due to
more working steps involved and the necessary manipulation
with divisor in the numerator. Nevertheless it is pedagogically
desirable to include the above in our teaching for at least we can
give our students a whole, and complete picture of the two

modes for each of the four basic operations of polynomials.
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Tracking the Tonkey

Each arrow in the following diagram
represents a jump of a monkey from
one tree to another. No jump is to be
repeated.

\l iy
W\—«—/

C

1.From which tree does the monkey start ?
2.At which tree does the monkey stop ?

3. How many possible paths are there ?
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wfaw BB BT :

B — 8 H

In a university there are six
times as many students as

o 72

BE
™ o
4 %
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If there are S

students and P professors,
find the relation between P and S.

professors.
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F_EHENAMOEBEWT

Yesterday your father asked you
what was the temperature. You
said,"The temperature is y”
degrees Celsius where y is an
integer." Find vy.

ERXFPHXBEAMBMBEREELZDVDE . K
HmHg: "THREEREBEKYyE, vy BB
B, 0 K vyo
EEHEARKRELNER, BEXLF B
H, EEXBELESINERDT
R BEBKY MER HFE
A. 3 13 50%

B. BFE B % 4 15%

C. 5 3 11%

D. 1 2 8%

E. 0 <y £ 3 1 4%

F. 27 1 4%

G. 2 1 4%

H. 30 1 4%

* A HEREER
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Solve the following equation:

(x - 1)*-* =1

BT HHER:

(¢ - 1)*x-* =1
EEAMNBNEREENRKRELESLL 0°
B — %, EESRWNT
%R x EEBKE HBIZTFI2FE
A. 2 16 61%
B. 1 6 23%
C. A B X 2 8%
D. 1 or 2 1 4%
E. (x-1)* 1 4%

* A AL BEERXK
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.Algebra word

(1982)

problem solutions:
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misconception.
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Translation

2.

BMAE

5B &L

Lochhead,J.

(1981) .
difficulties in learning

Clement,d.,
mathematics.

Monk,G.
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1. International Mathematical Olympiad

The 33rd IMO was held from 10 to 21 July in Moscow,
Russia, The contest was on 15 and 16 July 1993. It was the
fourth year for the Hong Kong Team to participate in the event.

The Hong Kong Team won a Silver Medal, two Bronze
Medals and two Honourable Mention. Among the 56 participating
countries, Hong Kong Team was at the twenty-sixth place in the

competition.

The 34th IMO would be held in Istanbul, Turkey in July
1993. Members of the Hong Kong Team had been selected . The

six members were:

CHAN Tsz-ho (Ying Wa College)

CHU Hoi-pan {(Chong Gene Hang College)

LAM Chi-wai {Chuen Yuen College)

LIN Kwong-shing (Tsuen Wan Government
Secondary School)

TSUI Ka-hing (Queen Elizabeth School)

YUNG Fai (Chuen Yuen College)
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The Prize Giving and Flag Presentation Ceremony was held
on 19 June 1993.

2. IMO Snapshots

The Mathematics Section planned to publish seven quarterly
issues of "International Mathematical Olympiad Snapshots". The
first three issues had been published and sent to schools in January
1993, April 1993 and July 1993 respectively.

3. IMO(1994) Logo Design Competition

There were a total of 409 entries in the IMO(1994) Logo
Design Competition. The champion design would be used as the
MO(1994) Logo. The champion was WONG San-keung of
Queen Elizabeth School. The First Runner-up was POON Tak-
nai of Shau Kei Wan Government Secondary School and the
Second Runner-up was FUNG Ho-yin of Ma On Shan Tsung
Tsin Secondary School.

4. Asian Pacific Mathematical Olympiad (APMO

The Hong Kong Team won three Silver Awards, four
Bronze Awards and three Honourable Mentions in the APMO
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held this year, The three Silver Award Winners were TSUI Ka-
hing of Queen Elizabeth School, CHAN Tsz-lung of La Salle
College and LIN Kwong-shing of Tsuen Wan Government
Secondary School.

5.The Tenth Hong Kong Mathematical Qlympiad (HKMQO)

184 secondary schools participated in the Tenth
HKMO . After the heat events, 40 schools were selected to enter
the final event which was held on 13 February 1993 at the hall of
the Northcote College of Education.

The Prize giving Ceremony was held after the Final Event.
The Assistant Director of Education, Mr, C, L. HO and the
Principal of Northcote College of Education, Mrs. A. S. K.
CHENG were the guests of honour and they presented the
trophies and prizes to the winners.

The Champion of the competition was Clementi Secondary
School. The First Runner-up was Ying Wa College and the
Second Runner-up was Pui Kiu Middle School.

The Champion of the Poster Design Competition for the
Tenth HKMO was MOK Hoi-yan of Tsuen Wan Government
Secondary School. The First Runner-up was Jacqueline CHAN
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of Leung Shek Chee College and the Second Runner-up was
WONG Yik-bun of St. Stephen's College, Stanley.

The heat event of the Eleventh HKMO was scheduled to be
held on 11 December 1993.

6._ HKMO Poster Design Competition(92-93)

The adjudication of the HKMO Poster Design Competition
(92-93) had been completed by the Judging Panel of the
Competition. The Champion was TSE Yuen-ling of Queen's
College Old Boy's Association Secondary School. The First
Runner-up was LAU Ka-yan of Queen's College Old Boy's
Association Secondary School and the Second Runner-up was
YU Man-ha of Lung Kong World Federation School Limited
Lau Wong Fat Secondary School. The champion poster will be
reproduced and issued to all secondary schools and the three
winning posters together with the twelve meritorious posters will
be exhibited at the Northcote College of Education during the
Final Event of the Eleventh HKMO.

7. Mathematics Teaching Centre

The opening hours of the Mathematics Teaching Centre had

been rescheduled as
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Wednesday 9:00a.m. - 12:30 p.m.
2:00p.m. - 5:00 p.m.

Saturday 9:00a.m. - 12:00 noon

A TTRA Resource Corner in Mathematics had been set up
in the Mathematics Teaching Centre.

8. Change of Address
The new address of the Mathematics Section had been

changed to
Room 1207, Wu Chung House,
197-221 Queen's Road East,
Wanchai, HK.

)
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I would like to express my gratitude to those who have
contributed articles and also those who have given valuable

comments and suggestions to the newsletter

The SMN cannot survive without your contribution. You
are, therefore, cordially invited to send in articles, puzzles, games,
cartoons, etc for the next issue. Anything related to mathematics
education will be welcomed. We particularly need articles on
sharing teaching experience, classroom ideas, teaching
methodology on particular topics ,organization of mathematics
clubs and even the organization, administration and co-ordination
of the mathematics panel. Please write to the SMN ( with your
contact address included please) as soon as possible and the
address is

The Editor,

School Mathematics Newsletter,
Mathematics Section,

Room 1207, Wu Chung House,
197-221, Queen's Road East,
Wanchai, Hong Kong.

For information or verbal comments and suggestions, please
contact the editor on 8926553,
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